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INTRODUCTORY TOPICS IN CELESTIAL MECHANICS 2
1. CENTRAL FORCE FIELDS

In this section we will discuss the main properties of central force fields. We
refer to the books [3], [8], [12] and [15].

1.1. Definitions and examples. Given a continuous map f: (0,+00) — R
we associate to f the continuous field

PR\ {0} 5 R, F(x) = f(lxl)%,

where d = 2 or d = 3. The field F' is termed central force field.

[Feo1=2(3)

F1GURE 1. The changing-sign continuous function f generates a planar field F
that is attractive on the ball of radius 2 and repulsive on the exterior of such ball.
Points with distance 2 from the origin are equilibria.

Being z = x(t) the position of a point particle with unitary mass at time ¢ in
the force field F', Newton’s seconds law is the second order ordinary differential
equation

X

(1) &= F(r) = f(lz])—
]

In a central field, the force acting at x is always parallel to z: the force points
towards the origin if f(|x|) is negative; when f(|z|) is positive, the force has
the same direction of z. The field F' is termed attractive if f(r) < 0 for any
r € (0,+00), it is termed repulsive if f(r) > 0 for any r € (0, +00).
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Example 1.1 (Newtonian gravitational field). Given a positive constant p > 0
and the function

1
flr)=-173
the corresponding attractive central force field is the Newtonian gravitational

field
i

e
The system of second order differential equations describing the motion of a
particle moving in a gravitational field generated by a mass fixed at the origin

then is
Ti = _#xi
(x1+x2+x3)

F(z) = T, r € R*\ {0}.

NI

i=1,2,3.

The singular set {0} is usually term collision set.

Example 1.2 (a-gravitational field, o > 0). The Newtonian central force field
can be generalized, considering different intensities of the attracting force. This
can be done introducing a parameter o > 0 and defining

_ M
fo‘(r) - _TlJroz'
The corresponding central force field then s

2l
Fa(ﬂf) = —W.’L’,

r € R*\ {0}.

Of course, a« = 1 corresponds to the Newtonian case. In literature we refer to
the case a € (0,2) as to the weak-force interaction, while when o > 2 we talk
about strong-force. The role of this parameter is central in the study of the
occurrence of collision in weak (or variational) solutions of this problem.

A (classical) solution of a central force dynamical system (1) is a function
r: 1 — R d = 2,3, for some interval I C R, that admit second order
derivative and such that (1) is satisfied for any ¢ € I.

Example 1.3 (Circular solutions for gravitational fields - Kepler 3" law). For
any o > 0 let us consider the circular planar trajectories
Tpult) = p(cos(wt), sin(w), 0),

where p and w are positive constants.
Since Ly, = —w2x¢7w, it turns out that x4, solves

(2) T(t) = Fo(x(t)), teR
iof and only if

w? = pﬁa that is w = \/ﬁp*%Ta.
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Hence, for any fixed o > 0, we deduce the existence of a 1-parameter family of
planar periodic circular solutions of the a-gravitational field. More precisely,
for any p > 0, the circular motion centred at the origin, with radius p and
period

2T 2T 24a

T=T@%—w=;E02

solves (2). Let us observe that when o = 1 this fact is the content of Kepler 3™
law for circular trajectories.

1.2. Basic properties and conserved quantities. Let z : ] C R — RY,
d = 2,3, for some interval I C R, be a solution of (1), then = enjoys the
following symmetry properties:

(P1) for any ¢ € R the function z.(t) := x(t + ¢) solves (1) (translation invari-

ance)

(P2) x7(t) := z(—t) solves (1) (time reversibility)

(P3) for any A € O(d)! w4(t) := Ax(t) solves (1) (isometry invariance).
Futhermore the following result holds.

Proposition 1.4. A central force field is conservative, that is, there exists a C-
function, termed potential function, U: R?\ {0} — R such that F(x) = VU (z).
Furthermore if v : I C R — R?, I C R, is a solution of (1), then the total

enerqy
L.
h= Sl = Ux()
15 constant for any t € I.

Proof. Fix ry > 0 and define

|z
Uy (x) == f(s)ds, for any x € R?\ {0}.

To
Then the " partial derivative of U is

oU,, o i |

Remark 1.5. Since the (family of ) potential introduced in the proof of Propo-
sition 1.4 depends just on |z|, with a slight abuse of notation we define

(3) Uy (r) = /T f(s)ds, for every r > 0

IRecall that O(d) = {A € Ma(R) : ATA = AAT = I}
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and we write equation (1) as

Example 1.6. To the a-gravitational field introduced in FExample 1.2 we can
associate the family of potentials

M H
Ur, (r) = e + Car, Cary = o
0

In order to select one potential, a natural choice is to require the normalized
condition
lim U(r) =0,

r—+00
that corresponds to consider the potential
0
U(r) = :
( ) ar®
The conserved total energy of a solution x for the gravitational field, defined on
I CR, s

B - ———  tel

1
h = ~,
alz(t)|

T2

Fixed the total energy h € R, since the kinetic part of the energy 1|i(t)] is
positive, solutions for the dynamical system (1) with total energy h are neces-
sarily confined to the Hill’s region of level h

Hy = {x e R*\ {0} :h > -U(x)}.

Let us observe that when the boundary of Hj is not empty, a solution touch
such a boundary when its velocity is 0. Furthermore, from Remark 1.5 it follows
that Hill’s regions for a central force field are radial sets.

Example 1.7. Hill’s regions associated to the a-gravitational field are

’Hh::{xe]R3\{0}:h2— a }

alz|®

When h > 0, since a and p are positive, we immediately deduce that H; =
R3\ {0}, while when h < 0 orbits are confined to the ball

o= {2 € B\ (0} 5ol < — L= Buy(0), vl - (—%)

Let us now consider the angular momentum associated to the position vector,
x = z(t), of a particle moving in a central force field, that is the vector
c(t) = x(t) N z().

The following result was discover by Kepler, observing the motion of Mars.
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Proposition 1.8. Given a solution of (1) defined on I C R, there ezists a
vector ¢ € R® such that

c=ux(t)N&(t), Vtel.
In particular, solutions of (1) describe planar curves.
Proof. Since in a central force field x(¢) and &(t) are parallel, it turns out that
¢ty =a(t) Na(t) =x(t) NE(t) =0, Vtel,
and the thesis follows. []

Remark 1.9. When ¢ = 0, then the motion x is 1-dimensional: there exists a
unitary vector v € R3 and a function A : I C R — R such that

z(t)

|(2)]

Now on, without loosing in generality, we will assume that the central force
field F is planar, that is F: R*\ {0} — R2.

cv and z(t) = A\t)x(t), vVt e I.

1.3. Sectorial velocity and Kepler’s second law. Given a continuous func-
tion z: I C R — R?\ {0} let us introduce the continuous functions

r: I CR— (0,400) and ¢: I CR—R
such that
(4) x(t) = r(t) (cos V(t),sind(t)), Vit e I

The function 7(t) = |z(t)| is uniquely determined, while J(¢) is unique up to
2km-translations, with k£ € Z. Assume now that that for some ty,t; € I such
that ¢y < tq, there holds

e J(t) > 0 for every t € (ty,t,), and
° ﬁ(tl) — ﬁ(to) < 2m,

and consider the set (see Figure 2)
D :={sx(t): s € [0,1],t € [to, t1]} .
Then the following result holds.

Proposition 1.10 (Kepler’s second law for central force fields). Let ¢ be the
conserved angular momentum for a solution x: I C R — R?\ {0} of (1) and

let ty, t1, v, 9, D as above. Then
1
Area(D) = 5(751 —to)]c|.

Briefly, in equal time the radius vector sweeps out equal areas.
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b Ufa)

FIGURE 2. the area of the region D depend only on the time necessary to the
particle to move from the initial point x() to the final one z(¢;) and on the
constant quantity |c|.

Proof. We compute the area of the region D in Figure 2 by means of Gauss-

Green Theorem?. Let v = ~; U v, U3 be the following counter-clockwise

parametrization of the boundary 0D in polar coordinates:
y1(t) = z(t) = r(t) (cosV(t),sind(t)), t € [ty,t1]
Y2 (t) = (1 — t)r(t1) (cos¥(t1),sind(t1)), te€[0,1]
v3(t) = tr(ty) (cos¥(ty),sind(ty)), t€[0,1].

The segments 5 and 73 do not give any contribution to the computation; hence
the surface of D reduces to the integral on 7, (t) = x(t) = (z1(t), z2(t)), that is
tq

Area(D) / (D)da(t) — oy (Daa(t)] dE = / P2(8)0(8) dt.

to to
We obtain the thesis as far as we remark that, since 9(t) > 0,
| = r2(1)0(t), Vit € [to, t1].
L]

1.4. The effective potential. Given a solution of (1) in polar coordinate as
in Eq. (4), we introduce the vectors

e (t) = ég& = (cosV(t),sin V(1)) ey(t) = (—sind(t), cosI(t)) .

It turns out that

c(t) =r(t)e,,  @(t) =7(t)e, +r(t)0(t)ey
and

() = (f(t) . r(t)zéﬂ(t)) er + (27’“(t)9(t) + r(t)q'si(t)) e,

2The area of a regular domain D C R? whose positive boundary (i.e. the normal vector poits outside the
region) is parametrized by the closed and regular curve v(t) = (z1(t), z2(t)), t € [a, ] is

b
Area(D) = % / o (s (£) — i1 () (8)] dt.

(if 7y is the justapposition of a finite number of regular curves we just use the additivity of the integral).
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By virtue of Proposition 1.4 and Remark 1.5, Eq. (1) reads

#(t) = U'(r)e,(t).

Comparing with the expression of Z(t) already computed we obtain

{ﬂ) r(£)92(t) = U'(r)
2i(1)8(t) + r(1)J(t) = 0.

Since 9(t) = TLC(L), the first line of the system is the second order differential

equation in the scalar variable r(t)
ef?

=

This equation can be written as the one-dimensional conservative system

(5) #(t) = V'(r(1)),

where

+U'(r(t)).

el

2r2

is the effective potential of a central force field having potential U.

Summing up: fixed |¢| > 0 we can (try to) solve the one-dimensional second

order differential equation (5), then we replace the expression of r(t) in 9(t) =
[&

200 and we deduce

V(r)=U(r) -

I(t) = Yo + /t t le‘s) ds.

1.5. The equation of orbits in polar coordinates and Bertrand’s the-
orem. The energy conservation law for Eq. (5) reads

h, = =r(t) — V(r), for some h, € R,

comparing this expression with the conservation of energy in the whole system
in polar coordinates, we obtain

h=%M®P—WW@D
1 1

_ Eyaz(t) 4 5#@)&?@) —U(r(t))
_ %ﬁ(w V() = hy

Hence
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Assuming 7(¢) increases (strictly) on some interval [y, t1] we obtain a first order
equation in the variable r:

#(t) = /2 (h + V(r(t))).

By the assumed monotonicity, the map r : [to,t1] — [r(fo), r(¢1)] is invertible
and we can write t = t(r) with ¢ : [r(t9), r(t1)] = [to, t1]. From the conservation
of the angular momentum we compute

¢] di) |/
5 e —
r(t) dr— \/2(h+V(r))
and we obtain the equation of orbits in polar coordinates
r(t1) |C|/T2
) /2 (h+ V(1))

As already observed when we have introduced the notion of Hill’s region, the
energy relation possibly imposes a bound on the radial variable, indeed

1

9(r) =

(t) = V(r)=h.

Inequality —V(r) < h gives one (or more) annular region in the plane 0 <
Tmin <7 < Tmax < +00. If rpae < 400, then the motion is bounded and takes
place inside the ring between r;, and ry.c. Points where r = r.;, are called
pericentral, points where and r = 7.« are apocentral; each of the ray leading
from the origin to a pericenter or to an apocenter is an axis of symmetry for
the orbit. In general the orbit is not closed and the angle spanned by the piece
of orbit between a pericenter and the consecutive apocenter is given by

-
SNATEND)

Orbits are closed if and only if © is commensurable with 27, that is © = 272
for some m,n € N\ 0. If this condition is not satisfied then each orbit is
everywhere dense in the annulus.

O =

Theorem 1.11 (Bertrand’s Theorem). There are only two cases in which all
bounded orbits in a central force field are closed: the Newtonian gravitational
field and the harmonic oscillator field, which are generated by the potentials

Ulr)=% and U(r)=—kr*, pk>0.

The proof of this result can be found in Arnold’s book [3] in Chapter 2.
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1.6. One-dimentional motions in an attractive central force field. In
this section we describe the motion in a central force field when the angular
momentum is 0; in this case, as already observed in Remark 1.9, the motion is
one-dimentional, hence there exists a unitary vector v such that

z(t) = r(t)v.
Eq. (1) then reads
P(t) = f(r(t))
and from the behaviour of its solutions we deduce the behaviour of x(t). The

following result can be applied to the Newtonian gravitational field and to its
a-generalization.

Theorem 1.12. Let x(t) = r(t)v be a 1-dimensional solution of (1) and let
(o, w) its mazimal definition interval. Assume that f(r) < 0 for any r €
(0, +00). Then one of the following situations occur (see Figure 3):

(i) a, w are both bounded, lim+r(t) = lim r(t) = 0% and there exists ty €
t—a t—w™

(o, w) such that 7(t) > 0 on (a,ty), 7(tg) =0 and 7(t) < 0 on (o, toy);
(i) « is bounded, w = +o0, lim r(t) =07, tliin r(t) = +o0 and 7(t) > 0 on
— 100

t—at
(@, +00);
(iii) @ = —o0, w is bounded, tlim r(t) = o0, lim 7(t) = 0" and 7(t) < 0 on
——00 t—w™
(_OO,CL)).

(ORI =) (ii) (iii)

/ /
// //
. . / /
nN>o nN>o
/ /A- ‘o / /A-@

FIGURE 3. the behaviour of 1-dimensional orbits in a central force fields is limited
to the three situations described in Theorem 1.12.

Proof. Since z(t) = r(t)v solves (1) the 1-dimensional function r in of class C?
on (a,w). From the assumption on the sign of f, #(t) = f(r(t)) < 0, and 7
strictly decreases on («, w).

We then have to alternatives
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(a) there exists a unique ty € (o, w) such that 7(¢) > 0 on («a,tg), 7(tg) =0
and 7(t) < 0 on (o, ty), or
(b) 7(t) has constant sign on (o, w).
We now claim (i) from alternative (a). Let us focus on [ty, w); let § > 0 be such
that to + 0 < w and consider t € (ty + d,w), then (since 7 strictly decreases)

t
r(t) =7r(to+9) + / 7(s)ds <r(ty+9)+7(to+ )t —to +9).
to+o
We infer that w < +o00 arguing by contradiction; indeed assuming w = 400 we
obtain, passing to the limit in the previous inequality

lim T’(t) <T(to+5)+7"(to+5) (t—to+5)

lim
t—+o0 t—>+00
which forces r(t) — —oo (7(tg + 0) is strictly negative). This is clearly a
contradiction since r is a positive quantity. In order to show that r(¢) tends to
0 as t — w™, we still argue by contradiction: 7 is monotone decreasing, hence
it admits a limit as t — w™. If this limit is [ > 0, then (a,w) should not be the
maximal definition interval of x.
We argue similarly on («, o] in order to reach claim (i).
Assume now (b) and in particular that 7(t) > 0 on («,w). We want to claim
(ii). Once more, 7 decreases strictly and admits a limit as ¢ — w™. Assume by
contradiction that w < +o00 and take ty € (a,w), then the quantity

w
r(w) = r(to) +/ 7(s) ds
to
is finite and (a,w) should not be the maximal definition interval of x. Then
w = +oo. We now show that r(t) — +oo as t — +00. Such limit exists since
7 > 0 so that r is monotone; assume that r(¢) — [ € (0,+00) as t — +00. Then
there exists a sequence ¢, — +oo such that 7(¢,) = 0 and 7(t,) — f(I) < 0.
Let ¢ such that 7(t) < @ for any t > ¢; for any t,, > t there holds

Ft) = #(F) + /tt” #(s) ds < #(F) + (t, — a@ L oo asth, — +oo,

in contradiction with 7 > 0. We conclude that r(t) — +oo as t — +oo. With
similar arguments we conclude claim (ii). Claim (iii) is reached in a similar
way. L]

Example 1.13. Let us understand the meaning of Theorem 1.12 in the 1-
dimensional Kepler problem; assuming that z(t) = r(t)v, for some unitary
vector v, is a solution on some interval (a,w), then r solves

P(t) = —TL te (a,w).
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Of course f(r) = —u/r?> < 0 and the assumptions of Theorem 1.12 are satisfied.
The result of Theorem 1.12 can also be deduced using the conservation of energy

1
h=3r2(t) - o
and the Hill’s region for the problem which is determined by the inequality

Py

r

We refer to Figure 4 where the graph of g(r) = —=U(r) = —u/r is plotted. When
h >0, the sublevel

g=" = {r € (0,+00) : g(r) < h}

is the whole (0, +00). In this case we have two possible different motions deter-
maned by the sign of 7, i.e.

F(t) = mh+%%5 m*f@%:—J%ﬁﬂé%.

From the phase-plane (Figure ) we understand that the first motion corresponds
to situation (1i), while the second one to situation (iii). When h > 0 we also
deduce that 7 — ++/2h when r — 400.

FIGURE 4. From the energy relation we can deduce the phase-plane analysis for
1-dimensional solutions of the Kepler problem.

When h < 0, the sublevel g=" is the interval (0, —u/h): motions are in this
case bounded, there exists a unique instant ty such that 7(ty) = 0 and (i) of
Theorem 1.12 is satisfied. In this case the time to moove from 0 to —u/h can
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be computed by separating variables in the first order differential equation

: dr 244
S R B
7 (1) o (D) +2h

which gives the finite (elliptic) integral

to —u/h dr —u/h \/77
top—a = / dt = / = dr.
a 0 V2u/r 42k Jo V2(p + hr)

When h = 0, still separating variables in the energy relation, we obtain (still
choosing the branch with 7(t) > 0)

T(t) 2 1
t—a:/ \/Eds:— r2
0 \/2,& 3

hence

r(t) =C(t —«)

win

S

>

)

3

Q

I
VR
N | ©

=
~~_
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2. KEPLER’S PROBLEM

In this section we will study the so called Kepler problem, that is the dynam-
ical system

) pox(t)

S OHEC]
describing the motion of a point particle with unitary mass moving under the
action of an attractive force towards the origin. At the beginning of seventeenth
century, much before the differential formulation of the gravitation law (K),
Kepler formulated three laws that described the motion of a planer around
the Sun, formulating them just by means of empirical observation. These laws
described perfectly the observational data. Even today, with extremely precise
data, these laws are a close first approximation to the truth. They also hold
for various systems of satellites orbiting their primary.

Newton was the first one to explain these laws as a result of the laws of
dynamics and gravitation (K). In this sense Kepler?s laws are a description
of the solutions of a special case the gravitational problem of n point-masses,
termed bodies: in this special situation all the masses but one are so small that
they do not attract each other appreciably, but they are all attracted by the
large mass.

We have already proved that if = is a solution for the Kepler problem then
there are two quantities that are cnserved along the motion: the totalal energy
h=g|&(t)]* - Wut)l and the angular momentum ¢ = x(t) AZ(t). The planarity of
the motion follows from this second conservation. The contents of this section
are mainly inspired from [8] and [12].

2.1. Planar conics and Kepler’s first law. In the following result we pro-
pose a smart description of planar conic with a focal point ot the origin.

Proposition 2.1. Any planar conic with a focal point at 0 consists of a set of
point x € R? such that

(6) lz| + (e, x) = k

for some e € R? and k € R. Furthermore, an equation of the form (6) is a
conic with a focal point at 0 when

e le| <1 and k >0, in this case it is an ellipse;

o le| =1 and k > 0, in this case it is a parabola;

e le| > 1 and k > 0, in this case it is a branch of hyperbola (the one closer
to 0);

e le| > 1 and k < 0, in this case it is a branch of hyperbola (the one far
from 0).
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Proof. Let us start considering an (non degenerate) ellipse, £ as in Figure 5;
remark that A, O and x are vectors. For some constant C' > 0 we have
ref = |p|+|A-z|=C <= |A—z|*=(C—|z|)?
(observe that C' — |x| > 0 so that the second if and only if holds). Hence
1 C? — |AJ?
E ——(Ajz)y = —>—
v e ol — (A7) =

We conclude defining

A C? — |A?
e=—2  p=2_1
C 2
and observing that e < 1 and k > 0 as far as |A| < |z]| +|A —z| = C. Of
course it could be that |A| = |z| + |A — x| = C, but in this case the ellipse

reduces to two points, 0 and A).
X

Q«.

FIGURE 5. An ellipse with a focus at the origin can be described through the
vector e, opposite to the second focus A. The branch of hyperbola with a focus
at O and closer to it can be described via e, a scaling of A.

We now consider a parabola P with focal point at O, as in Figure 6; fixed
a unitary vector v and a constant ¢ > 0, the directrix L is the set of points
w € R? such that (v, w) = c. Then

reP << dist(z,L)=|r—0|=|z|

Let L° be the half-plane determined by L and containing the origin, as in Figure
6; then P N (R*\ L%) = 0 and P C L°. Furthermore

rel’ = dist(z,L)=c— (z,v)
hence
reP <= |z|=c— (z,v)
and we reach the claim with e = v (|e| = 1) and k = ¢ (> 0). We conclude

considering an hyperbola, H with focal points at A and at O. Let Hp be the
branch of hyperbola closer to the origin. For some constant C' > 0 we have

reHo <= |r—A—-|z|=C <= |A—2z*=(C+|z|)?
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} 0
al wflo
_ L
' 0
L > e=w

FIGURE 6. A parabola with a focus at the origin can be described through the

vector e = v, and the directrix L.

hence

1 AP -
20
Rekark that in this case

reHo = \x\-i-a(A,x) =

We reach the claim with e = %A and k =

‘A|2—02

02

16

le| > 1 and k > 0 both since |A| > |A—z|—|z| = C. Similarely we can consider
the other branch of the hyperbola, H 4, characterized by |z| — |x — A| =C. O

Theorem 2.2 (Kepler’s first law). Let © = x(t) be a solution for the Kepler
equation and assume that ita angular momentum does not vanish. Then x

moves on a conic with focal point at the origin.
Proof. Recalling that for every u, v, w € R? there holds
(uAv) ANw = (u,w)v — (v, w)u

we compute

d [z _j3|5’7|_x<|%75t>_:b(x,x)—x(:v,x’)_(x/\m')/\a:
dt (H) N ]2 N | z|? P
=cA (—LU) __1d (c N &)
I pdt

and we deduce the existence of v € R? such that

x .
,u(——v) = —cAu.
]

Projecting this equation on the direction = we obtain

,u<i—v,.7:> = —(cNiT,,x)),

]
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hence (recalling that (u A v, w) = (u,v A w))
p(jal + (—v,2)) = =(c,& A ) = |cf,
which is Eq. (6) with e = —v and k = % O

Remark 2.3 (Classification of the keplerian motion with respect to the energy).
Conservation of energy for the Kepler problem reads

1 P
S0P - i =
2 j(1)]
From Eq. (17) we have the equality
2
2L el =lenif
||

hence, since ¢ and & are orthogonal,

2 .
2 (1 e+ —<x,e>) — le?la2

||
Replacing |2(t)]* = %—Mh and using once more Eq. (6) to deduce the quantity
1

m(x, e), we obtain

we then conclude that:
e le] <1 < h<O0 (ellipse)
ele|]=1 < h=0 (parabola)
o le]>1 <= h >0 (branch of hyperbola)

2.2. Kepler’s third law. In order to prove Kepler’s third Law, that is a re-
lation between the period of a solution describing an ellipse and the major
semi-axis of the ellipse, we need to guarantees that conics (and in particular
ellipses) are completely spanned by solutions of the Kepler problem.

Theorem 2.4 (Global existence). Let x = x(t) be a solution for the Kepler
equation with ¢ # 0. Then x is defined for every t € R.

Proof. Kepler equation can be written as
() = y(t),
() =~ (t).

From the first Kepler law if  is a solution on I C R then z(t) belong to a conic
for every t € I, hence x is bounded away from the origin, i.e.

dp >0 : |z(t)] >p, Vt € 1.
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Then
{iuny@u

and the function f(x,y) = (y, —ﬁx) is sublinear in (x,y). Classical theory

of o.d.e. guarantees that I = R (see for instance [13, Chapter 4, Theorem
1.6]). ]

From the previous result immediately follows that a solution for the Ke-
pler problem covers the entire conic on which it moves. Let us show this
fact in the elliptic case. Let us write the trajectory in polar coordinates
x(t) = r(t) (cosV(t),sind(t)). Since ¢ = r2(t)d(t)k then J(t) has constant
sign and without restriction we assume that J(t) > 0, for every ¢ € R, and that

I(t) = TL‘EL) Vt € R.

Since x moves on an ellipse € and, for some R > 0, £ C By(0), we have

: ]
I(t) > o2 vt € R.
Hence
lim 9(t) = £o0,
t—+o00

¥ is surjective on R and we can parametrise the ellipse £ with the angle ¥¥. To
this aim, let ¢ € (0,1) and w € [0, 27) be such that

e = g(cosw, sinw)

=
D
=
(@)
@)
—~
8
—~
~
N——
Q)
~
I

er(t) cos(¥(t) — w) and Eq. (6) gives

) ! e
(7) ) = T e eos(000) —w) ~ 1+ 2cos(0(t) — )’

where we have replaced k = |c|?>/u, as in the proof of the Kepler’s first law.
The map

2 k .
v:R—=R* 99— T+ cos(0 (1) _w)(cosﬁ(t),smﬁ(t))

parametrizes the whole ellipse and, since it is 27-periodic the particle passes an
infinite number of times through every point of the ellipse.

Before proving the third Kepler’'s law let us determine the geometrical ele-
ments of an ellipse with one focus at the origin, eccentricity |e] = ¢ and polar
equation (7), for some k > 0. We refer to Figure 7. When ¢ = w then z = P, the
pericenter of the ellipse, that is the point closer to the origin. When ¢ =w + 7
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then x = A, the apocenter of the ellipse, that is the furthest point from the
origin. Replacing in Eq. (7) these values for ¢ we have

k
PoO=r Mol=
so that
k
a:1_52'
Since .
€
d::]C’—O\:a—\P—Olzl_gQ:ga
and

[B—=0=5(B—=0[+[B-F|

(IP=0[+|P—F)) =5 (P—0|+|A-0]) =a

N~ DN =
N | —

we compute

b=+v1—-—¢c2a and = ‘C_O‘.

FIGURE 7. An ellipse with a focus at the origin and eccentricity € € (0, 1).

We are now ready to prove Kepler’s third law.

Theorem 2.5 (Kepler’s third law). Let x = z(t) be a solution for the Kepler
equation with ¢ # 0 and h < 0. Then x s periodic with period

where a 15 the major semi-axes of the ellipse described by x.
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Proof. We have already seen that it is not restrictive to assume that along the
motion ¥(¢) > C' > 0; hence there exists a unique 7' > 0 such that J(T) =
¥(0) 4+ 27m. Such T is also a period for

x(t) = i

V(t), sind(t
T = con(d(t) — ) o8P (0), sind(0))
and finally also for

el
@
Hence 1z, as a solution of the Kepler’s problem, is periodic. Let us remark that

T is the minimal period, indeed if T is such that (7)) = z(0) then for some
NeN/ N2>1

i(t) = r(t)e, + r(t)0(t)eg = 7(t)e, + ——~

)(T) = 9(0) + 2N7 > 9(0) + 2m = I(T).

Hence, since ¥ is strictly monotone, we infer 7> T
We now compute T'. We term a and b respectively the major and the minor

semi-axis of the ellipse £ described by x. We have, still using Gauss-Green
theorem (as at page 7) and b = /1 — €2 a,

1, omab  2ma /1 — &2
Area(€) = mab = —/ 7“2(75)19(75) dt = HT - T = Tav _ Zma <
2Jo 2 c] c]
Since a = u(‘lcl;) we have the thesis. ]

2.3. Kepler’s equation. We now address to the following problem: fixed an
initial position of the planet, can we determine the position of the particle at
time t7

We focus on the case h < 0 and we look for a different parametrization of an
ellipse £, with focus at the origin and major semiaxis a. We refer to Figure 8
and we term eccentric anomaly the angle spanned by the vector P — O with
respect to the C' — O; we claim to write vector P as a function of w.

FIGURE 8. An ellipse with a focus at the origin and eccentricity € € (0, 1).
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Let us consider the maps

T:R* = R? (v,9)+— (v +d,y) and L:R*—R? (x,y)»—)(x,%y).

Their composition 7" o L is a bijection between the ellipse £ and the circle, C,
centered at the origin and with radius equal to a. We can then consider the
inverse function

(ToL)y*:C—=&, (z,y) <x—d,gy>

and, writing (x,y) € C as x = acosu, y = asinu, we have
(T o L) *(acosu,asinu) = (acosu — d,bsinu)
Being d = ca and b = av/1 — €2 we obtain
z(t) =a (cos u(t) —e, V1= e2sin u(t))
and the first derivative

(t) =a (— sinu(t), v/ 1 — &2 cos u(t)) u(t).

Since |c| = |x(t) A 2(t)] = z1(1)Z2(t) — x2(1)Z1(¢) is a conserved quantity we
have the first order o.d.e. in the function u = u(t)

]

a2y/1 — 2 (1 — ecosu(t))

Separating variables and assuming that u(ty) = 0, that is the body os at the
pericenter at t = ty, we obtain

alt) =

c|
a?y/1 — g2

Recalling that the major semi-axis is a = k/(1 — &2) and k = |c|?/u, we obtain
the so called Kepler equation

u(t) —esinu(t) = (t —to).

(8) u(t) — esinu(t) = Y2t — ).

a

[SJ[eY

So we haven’t really found a solution for our initial problem, but Eq. (8)
answers to the question: at what time a particle will be at a certain position
(described by u) on the ellipse £7
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2.4. Bessel’s function and Kepler’s equation. Let us go back to our initial
problem: fixed an initial position of the planet, can we determine the position
of the particle at time t?7 An approximate solution can be computed as long
as the eccentricity is small. Indeed, the inversion of equation (8) provides u as

a function of jit (here, by the sake of simplicity, we assume that ty = 0), with
m

[5

as a series in the eccentricity €. In order to do that, let us obtain from

[

ﬂ:
a

(8)
u = fit + esinu = fit + esin (fit + e sinu)

= [it + esin [fit + € sin (ft + e sinu)]

and approximate it with a polynomial in € as ¢ — 0
1 1
u(t) = it + esin(fit) + 552 sin(2/it) + ge?’ (3sin(3/it) — sin(fit)) + O(e?).

With this strategy we can of course approximate with a desired accuracy, but
just for small eccentricities.

On the other hand, when ¢ is not so small, we should find the inverse relation
of (8). Let us start fixing € € (0,1) and defining the function f.: R — R as

fe(u) = u — esinw.
This function satisfies
fe(u+2m) = fo(u) +2m,  fo(—u) = —fe(u),

and, since f'(u) =1 —¢ecosu > 0, for every u € R, f. is C*°(R) and invertible.
Let K.: R — R be the inverse function, that is

¢ = f-(K:(Q)) and u=K.(f:(u)) forevery u,( € R

The evaluation of the inverse function K, corresponds to the resolution of Kepler
equation (8) and actually ( is proportional to the time for the perihelion, that

is
1L
¢ = \:;(t —tp).
Furthermore K. inherits the properties of f., that is
Ko(C+2m) = K(¢) +2m, Ko (—() = —K(¢).

We can then define the odd, C**° and 27-periodic function

which can be written by means of Fourier expansions

+00 T
h(¢) =) bysin(n(), ¢ € R where b, = 2 / h(¢) sin(nC) dC.
n=1 TJo
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Replacing now the expression of h in b, and integrating by parts we obtain

2 [T :
b= = [ 140~ Qsin(ro) g
2

— [~ KOyeostno)|] + = [ (K20 ~ Y costng) dg
=2 [ K@) costudy de.

being K.(0) = 0, K-(r) = 7 and [ cos(n¢)d¢ = 0. Let now implement the
(admissible) variable change in the integral u = K.({) that means ( = f.(u) =
u — esinu and hence

2 s

b, =— [ cos[n(u— esinu)] du.

nmw Jo
We now use the results in Appendix A, in particular Proposition A.1, in order
to write

b, = —J,
= (ne)
obtaining
400 9
Ko(Q)=C+ ) ~Ju(ne)sin(nC), (€R,
n=1
that is

3

(9) u(t) =

(t —to) + i %Jn(ns) sin <n\/ﬁ(t — t0)> , C €R,

3
az2

[\l

a

By means of this formula we can write the explicit parametrization of an elliptic
orbit with major semi-axis a, eccentricity ¢ with pass at its perihelion at time
to

x1(t) = a(cosu(t) — ¢) To(t) = av/ 1 — e?sinu(t)

where u has the explicit form (9).

Ficure 9. Elliptic trajectories for the two body problem with h < 0 and m; < ms.
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2.5. The 2-body problem. We now consider two masses, m; and mo, that
move on trajectories x1(t) and z5(t) under their mutual gravitational attraction

{jl(t) = Gma =0l

iy (t) — Gmy | 331(3)—902((3)Id

and we immediately remark that the center of mass g = myx;(t) + moxa(t)
moves with uniform velocity. We can then fix it, staying in the inertial frame
centered at g, i.e. assuming

my
10 To(t) = ——x1(F).
(10) o(t) = =t
The vector z5(t) — x1(t) can then be written both in terms of x;(t) and (),

indeed

mi + Mms mi + Mo

SUQ(t) — ZCl(t) = — CCl(t) = 5132(t>

and the equation of motion are simply Keplerian equations for each one of the

bodies @
j1(15) CTY:LL1|931 OIE
T (t) —Gls | J:Q((t)|3
with p; = o Jjn E and o = (77117—7:—71712)2 We then conclude that in the inertial

frame centered in the baricenter of the masses, the two bodies move on conics
linked by the relation (10) (see Figure 9). In particular their trajectories are
coplanar.
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3. THE N-BODY PROBLEM

The N-body problem consists in the study of the motion of N point particles
(the bodies) in the d-dimensional space, when on each particle act just the
gravitational forces induced by the other N — 1.

In order to formalize this dynamical system, let us introduce the masses of the
bodies

my,...,my >0
and their positions x1(t), ..., zxy(t), which form the vector
z(t) = (z1(t),...,zn(t)) € R,
The gravitational force that the mass m; acts on the mass m; is

x. J— x.
F.. = mm.G—I—"_
ij(x) = mym; |z — x?

where G is the gravitational constant. Without loosing in generality we now
on assume that G = 1. The total force acting on the ¢-th mass then is

n
Fr= ) F
J#iLj=1
and Newton’s law reads

Of course, in general F; is not a central force field. Dividing both sides of the
previous equation by m;, we obtain the N-body dynamical system

n
. Ty — I

(11) jij=1 2 — il
1=1,...,n
which is defined when 2 € R™ \ A where A is the collision set
A:{:UGRdN:xi:xj forsomez'yéj}.
From now, we consider d = 3. Introducing the force vector
F(z) = (Fi(2),...,Fy(z)) e R
and the diagonal-block matrix of dimension 3N x 3N
M = diag (mqIs,...,my13)
we can write system (11) in the more compact form

(12) Mi(t) = F(a(t)).
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Lemma 3.1. The dynamical system (11) is conservative and the C' scalar

function
m;m
13 - R\ A
(13) E:Wrﬂﬂ z € R\
1<]

is such that (11) reads

(14) Mi(t) = VV(z(t)).

Proof. For any k= 1,...,n, we have

0 MM, — T
O :13 Z |$z—$k‘ ;mmk‘x —ZUk|3 ; k

L]

3.1. First integrals. From Lemma 3.1 follows immediately that as far as x :
I C R — R3 is a solution of (11) then the total energy is conserved along the
motion x, that is

1
(15) §(Mx(t),x(t)> —V(z(t)) = h, for any t € I
for some constant h € R. The function

1

K(p) = 5(Mp, p), p € R

is the kinetic energy, while the potential energy is —V (q), ¢ € R*¥\ A. In order
to verify Eq. (15) we compute

d |1
=[5 Ma(0),0(0) - V()

_ ;(Mx(t),l’(t)) S (Mia(8), &(t)) — (VV (a()), (1))

= (Mi(t), 2(t)) — (VV(x(t)), 2(1))
= (Mi(t) = F(x(t)), 2(1))

and the last term vanishes, since x solves system (14).
As in the 2-boy problem, the centre of mass moves with constant velocity,

indeed

N N

SUTTUED SEED SR DLV AR

i=1 i=1 i#j i<j
hence it not restrictive to work in the inertial frame that moves with the centre
of mass, or equivalently, to assume that the centre of mass is fixed at the origin.
Up to now we have then found seven integrals of motions. As for central force
fields, also the angular momentum is conserved. More precisely, let us introduce
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the total angular momentum for a solution x(t) > 7 | [x;(t) A &;(t)]. Tt turns out
that there exists a constant vector ¢ € R3 such that

C—Z x;(t) A z;(1)], for any t.
Indeed
S50 A (0] = D la0) A 0)
= ” z;( m;m,; —xz(t)
=2 |t § Z Jm BPNOLE
_ o wW A
; 2" =y 0F )

since in the last line appears all pairs of opposite terms. Hence we have found
ten first integrals. Let us observe that as far as we take N > 3, system (14) has
K > 18 degrees of freedom. On the (non) integrability of the N-body problem
we suggest for instance [5, 14, 18, 19, 6].

3.2. Special soutions. In this paragraph we examinate some special classes
of solution for the N-body problem, and precisely we will deal with:

(a) Constant solutions or equilibrium point for the system. These are solu-
tions of (14) in the form

z(t) =z € R* \ A, foreveryte I CR.

(b) Homographic solutions. We investigate the existence of

AT = (0,+00), A:I—SO(3)%and zcR*»N\A

such that z(t) = A(t)A(t)Z solves (14), where the matrix A(t) acts on
each component

A(t)z = (A(t)Ty, ..., At)Zy).

(b1) Homothetic solutions. When, in situation (b), the matrix function A
is constantly equal to the identity, the motion we are deal with has
the form x(t) = A(t)Z, for some

AT — (0,400) and z € RN\ A,

350(3) is the set of 33 x 3 matrices with determinant equal 1 (rotations in R?). When A € SO(3), there
exists a vector w € R3 such that Aw = w and A acts as a rotation on planes orthogonal to w.
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(b2) Relative equilibria. When, in situation (b), the scalar function A is
constant, the motion we are deal with has, up to a constant, the form
z(t) = A(t)z, for some

A: 1 — SO(3) andzc RN\ A,

This classical result is useful to deal with solutions of type (a).

Euler’s Theorem. Let p € R, Q C R? be a conic set and f: Q — R be a
differentiable function and assume that f is p-homogeneous, that is

(16) f(Az) = N f(x), foranyz e Q and X > 0.

Then
(Vf(x),z) =pf(x), foranyx € Q.

Proof. We obtain the thesis differentiating with respect to A equality (16) and
evalueting the result at A = 1. [

Corollary 3.2. System (14) does not admit any constant solution.

Proof. By contradiction, assume that there exists a sulution of the form z(t) =
for some z € R*V\ A. Then M3 (t) = 0, hence VV(z) = 0 and (VV (z),z) = 0.
Since V' is —1-homogeneous we obtain, applying Euler’s Theorem, —V (z). This
is in contradiction with the definition of V' given in Eq. (13). O

Let us now investigate the existence of solutions of type (bl). We replace
z(t) = A(t)Z in (14) and we obtain

M(\(t)Z) = VV(A(t)Z)

hence

(17) AOMz = \B)]2VV ().

In order to find an equation for A, let us now project both terms of this equation
in the direction of x, obtaining

At (Mz,7) = M) *(VV(7), 7).

Introducing the moment of inertial of a configuration x € R3V
1

(18) I(z) := §<M:U,ZE>

and using Euler’s Theorem, we deduce that A\ satisfies the one-dimensional
Kepler equation

V(z)
21(z)

8

(N) At) = — a where p =




INTRODUCTORY TOPICS IN CELESTIAL MECHANICS 29

Remark 3.3. It is not restrictive to assume I(x) = 1; indeed, if this is not the

case and 1(Z) # 1 we can define
P= % A(t) = @A),

and consider the homothetic motion x(t) = \(t)&.

In virtue of the previous remark, we assume / () = 1, and replace the ex-
pression of A(¢) in (17) in order to obtain

Mz = —lVV(f).
il

Actually, from this equation we understand that the position vector of each
body in a central configuration is opposite to the one of the force acting on it
with a common scale factor (equal to —p); furthermore the previous equation
can be written as

@) YV (@) — 1T () s
and the following result follows.
Proposition 3.4. The function x(t) = \(t)ZT (as in (b1)) solves Eq. (14) on
I C R if and only if
(i) A: I — (0,+00) solves the one-dimensional Kepler problem (\) and
(ii) Z is a critical point of the potential V' constrained to the inertia ellipsoid
E={zecR¥: I(z) =1}

Definition 3.5. A configuration € R3N \ A that is a critical point of the
potential V' constrained to the inertia ellipsoid £, V|¢, is termed central con-
figuration.

We will investigate the problem of searching central configuration in Section
3.3, while here we give a result for motion of kind (b2).

Theorem 3.6. If the function z(t) = A(t)T (as in (b2)) solves Eq. (14) on
I C R then

(i) there exists w € R® such that A(t)w = w, for any t € I and A(t) is a
uniform rotation with rotation axres w,
(i) z is a planar central configuration and its plane is orthogonal to w.

In particular, x 1s a planar motion.

The proof of this results follows by a sequence of lemmata. First of all, as in
the homothetic case, let us replace z(t) = A(t)Z in (14) and obtain

MA@tz = VV(A@)z) = A(t)VV(Z)
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or, equivalently,
(19) AT AW MzT = VV (7)
Let us define the matrix

W(t) =AY A@L), tel;
Lemma 3.7. The matrix W (t) satisfies the following properties, for everyt € I:
(W1) W(t) is antisymmetric;
(W2) W(t) +W2(t) = A1) A(t).
Proof. In order to prove (W1), let us make the following computation

d

ADAT() =, = SAWAT(2)] = 0;

—  AWAT(t) + A AT (t) = 05
— AT (HA@R) = —AT()[AT (1)

. . T
— W)= AOAR) = — [A(t)A—l(t)} — W)

With a similar computation we have
d
dt

AT DA =05 = ATU(B)A®R) + AT (1)A(t) = 04
— At = AT AR A1)

Concerning (W2) we compute

W(t) =AY t)A®t) + AL (A1)
= AT AW ATT O A@) + AT ) A() = —WP(t) + AL () A(1).
O

From property (WW1) we deduce the existence of a vector function w(t) =
(w1 (t), we(t), ws(t)), t € I, such that

0 —Ws3 (t) w9 (t)
W(t) = W3 (t) 0 — W1 (t)
— W9 (t) w1 (t) 0

Lemma 3.8. There exists w € R?\ {(0,0,0)} such that w(t) = w, Vt € I.

Sketch of the proof After some geometric arguments (see [11, pp.35-37]), Eq.
(19) implies that

Ve e R} JyeR?: A ' (t)A()x =y Vt € 1,

hence, by means of (W2) also W (t)+W?2(t) is constant and from straightforward
computations the thesis follows. [
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Without loosing in generality we can assume that
dk € R\ {0} : w(t) =(0,0,k)Vt e I.

Lemma 3.9. Each element of the central configuration T = (Zy,...,Ty) € R,
belongs to the plane, Z := {(x, x5, 23) € R3 : 23 = 0}, orthogonal to w.

Proof. From Lemma 3.8 and assertion (W1) of Lemma 3.7 we deduce that

) —k> 0 0
AT DA =1 0 —k2 0 Vtel,
0 0 0

hence, A"\ (t)A(t)Z € Z for every t € I. From Eq. (19) we deduce that
MWV (z) € Z, that is

1 T — T
SV, V(E) = LT ez Wi=1,....N.
mivz (7) Zm] — € i

Let now ¢ € {1,..., N} be such that

maXN T3 = Ty3

1=1,...,

and consider the third component of the previous equation when ¢ = ¢
Tj3—1X
Z m; 73 €33 —0.
jAL ‘xjg - 'CC€3|
From the choice of the index /¢, this choice forces
Tj3— T3 =0,
for any choice of index j. This concludes the proof. ]
We are ready to prove the main result concerning motions of type (b2).
Proof of Theorem 3.6. Since W = A~ (t)A(t) for any ¢ € I, the matrix A solves

Aty =WA(®t), Vtel.

In order to have a Cauchy problem that fits with our construction, we fix an
initial condition A(0) = B with B € SO(3) and Bw = w. Indeed z € Z and we
want our motion z(t) = A(t)Z to start from a configuration that is (a rotation
of) z. It is well known that the unique solution of such Cauchy problem is the
matrix

cos(kt) sin(kt) 0
A(t) = B! = B |sin(kt) cos(kt) 0
0 0 1

By means of Theorem 3.6 we can consider

T=(Z1,...,2y) and A(t) = e
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for some b, k € R. Multiplying both sides of Eq. (19) by Z we obtain
1
—2k* = —VV(z), hence k* = §V(:E)

Summing-up, we have shown that: given a planar central configuration x, there
are two solutions associated to it. Such solutions are uniform rotations around
the centre of mass T (the origin) and have angular velocity equal to

2V (7)
R

This motions are stationary in a rotating frame centered at the origin, for this
reason are termed relative equilibrium motions.

Let us conclude this section with a result on solutions of kind (b), namely,
homographic solutions.

k=+

Theorem 3.10. Assume that the homographic function x(t) = A(t)A(t)Z (as
in (b)) solves Eq. (14) on I C R and that the matriz-function A is not the
wdentity matrix at any time. Then the motion x is planar.

By means of the previous result we can assume that z € R?Y = C" and the
existence of a function ¢p: I CR — C\ {0} such that

o(t)r = M) A(t)z, Vo € R? Vtel
An homographic solution has then the form z(t) = (¢)Z and the following

equation has to be satisfied

B 2 ) .
(20) oYMz = ’SO(t)|3VV( ).

Arguing as at p.28 we find that the function ¢ has to satisfy the planar two-
dimensional Kepler problem

R 2 )
@(t) = MR

<
S

with u = 21(7)’

while z is necessarily a planar central configuration.

3.3. The search of central configurations. We have already defined a cen-
tral configuration (see Definition 3.5 at p.29) as a solution T = (Z1,...,ZTy) €
R3Y of equation (Z), namely a solution of the central configuration equation

21(7)
V(z)
Let us remark that given a solution  and any a € R and A € SO(3), then also

at = (aZi,...,aTy) and AT = (Axy,..., AZTy) are solutions; hence it is not
restrictive to assume that I(Z) = 1 and understand the central configuration

Mz = VV(z).
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equation and a constrained optimization problem. A central configuration is a
critical point of V' on the inertial ellipsoid

E={zcR*™: [(z) =1}

The next result ensures that, for any distribution of the masses, a central
configuration always exists.

Lemma 3.11. Given mq,...,my > 0, there exists at least one central config-
uration for the N-body problem with this distribution of the masses.

Proof. We will prove that the constrained function V| admits a global mini-
mizer. We first observe that £ N A # () and

lim  Vie(x) = 400
dist(:i,rg)—m (@) = Fo0;

We understand V' defined also on such points, that is we define V(z) = 400,
whenever x € £ N A. Furthermore there exist points in £ which are not in A,
let then 2 € £, # ¢ A, and k := 2V (). Consider the set

VI i={rec&: V(z)>k}.
Of course A NE C V>F and the set
VER=g\VF ={xc & V(x) <k}
is closed and bounded. Hence that exists zy € V=F such that

in V(z)=V
min V(z) =V(zo)
Since # € V=F and V(%) = k/2 < 2k, then V(x¢) < k/2 and x does not belong
to the boundary of V=F. We conclude that x is a critical point of Vie, hence a
central configuration. ]

The next result guarantees a certain number of central configurations in which
all the bodies stay on the same line.

Moulton’s Theorem on collinear central configurations. Given N > 3
and N positive masses, mq, ..., my, there exist N! central configurations for
the 1-dimensional N-body problem, one for each permutation of the indexes.

Proof. We prove the result when N = 3 (in this case the present theorem has
been proved By Euler in 1767 in [7]).

Let x1,x9, 23 € R be the positions of the three bodies on a common line and
consider the inertia ellipsoid
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L
®
N

A

FIGURE 10. Left: a central configuration for the 8-body problem with equal
masses. The force acting on a body (red arrow) is opposite to its position. Right:
a big mass is in the centre of the octagon, the situation remains the same.

As we already know, without loosing in generality, we can assume that the three
bodies has the centre of mass at the origin, this means that (xi, z9, x3) belong
to the plane

G := {(561,332,333) eR?: mi1T1 + Mok + M3ry = 0}

Of course, (0,0,0) € G and £NG is homeomorphic to S!. Let us now consider,
for any 7,5 € {1,2,3} with ¢ < j, the sets

Aij = {(ml,xg,ﬂfg) eR3: T; = LEj}

which are actually three planes containing the origin, distinct from G (indeed
G cointains also non collisional elements). We can then define three couples of
points (see Figure 11)

{Pyj. P} =050 (GNE), 4,5 €{1,2,3}, i <.

Let us observe that P;; and P’ are antipodal with respect to the origin and

G\ Py, P}

1<j
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Y

FiGure 11. Construction of the proof of Multon’s Theorem when N = 3.

has six connected components. Arguing as in the proof of Lemma 3.11, we
deduce the existence of a central configuration in each component. We conclude
the proof showing that such central configuration is unique. In order to do that,
we prove that the hessian of the function Vgn¢ is positive definite on any central
configuration, hence any critical point must be a minimizer and we deduce its
uniqueness.

In order to compute the hessian of Vigne at a central configuration, we define
the auxiliary function

f(z) :=/1(x)V(x), z € (R?)?.

Then for any & € £ we have that f(z) = V(2) = Vig(x). We now compute
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and
H()o,] = SV F (a4 10) -t
= — V<$> VIiz 2 V(x) x)|v,v
TR R LI
+ W%; OVI(z) v+ VI@HV (), 0]

Choosing & € € (hence I(z) = 1) and v € T3€ (hence VI(z) - v = 0) we have

= %(Mv )V (z) + HV (z)[v, v]

and, since (Mwv -v)V(Z) > 0, we conclude the proof showing that
HV(Z)[v,v] > 0,Yv € T;E.
We first observe that for any z € R”, v € T,R" = R" it holds

HWg(i‘)[U,U] - Hf(‘%)[vﬂj]

n

VV(x)-v= zn:vxiV(x)vi = Z Zmlmjkfji v;
i=1

_ 13
i=1 \ j#i zil

1<j;i,j=1
n
X X
- Z mgm; Z_ _Jg(vl UJ))
|z — ;]
1<J;1,5=1

hence for any x,v,w € R"

HV(@)[o,u] = £ [VV (@ + 20) o]y

— 13
i<jyij=1 Li x]|
n
x, —xi)(v; —v
+3 Z mlmj( ! z j_)(xz‘|5 J)(zcl z;)(w; — wj)
1<j;i,j=1 ! J
il w; — W
:2‘ Z mimjleZ_ij|3(Uz v;)
1<j;t,5=1

and the required inequality is proved. [



INTRODUCTORY TOPICS IN CELESTIAL MECHANICS 37

We conclude the section with a simple and interesting result due to J.L.
Lagrange (see [10]) concerning the 3-body problem. In this special case the
3 bodies are necessarily on the same plane, hence the central configuration
equation has 6 unknown. Assuming that the centre of mass is at the origin,
then the left unknown are 4; identifying two configuration when the first a
rotation of the second, the left unknown are just 3. It turns out that the
mutual distances

P12 = \551—152\, P13 = |£L’1—$3|a P23 = |$2—$3|

can be chosen as a set of coordinates for the planar central configurations equa-
tions and we write both the potential V' and the moment of inertia I as a
function of p = (p19, p13, p23). With a slight abuse of notation we obtain

3

Vi) = Y =

i<jiig=1 P
and, introducing M = mj + mo + ms,

1
I(p) = m(mlmzp?g + mymspls + mamspss).

To justify the last identity we observe that

2 2 2 2
M1MaPig + M1M3P13 + M2M3PH3 = E m,m]\x, — ]

i<j
= mim(|a* + |z;* = 2 - x))
i<j
3 3
=2MI(z) = > (mz;) Y _(mja;)
i=1 j=1
=2MI(x).

Theorem 3.12. When N = 3 and for any choice of mi,ms,mz > 0, any
non-collinear central configuration is a reqular triangle.

Proof. In virtue of what we have observed just before the statement of this

theorem, in order to determine a central configuration for the planar three
body problem we need to find p € (RT)? and A # 0 such that

VV(p) = AVI(p),

which means .
mimj L.
= A\—m;m;p;;, 1,7 =1,...,3.
,O?j M iTj Pij J

1
This implies p1o = p13 = po3 = (—%) . which is the thesis. O]
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Corollary 3.13. When N = 3 and for any choice of the masses, there exist
exactly (up to rotations) five central configurations for the 3-body problem cen-
tered at the origin: three of them are collinear and the other two form a reqular
triangle.

[*x TO DO *x*|Figura con i due triangoli e i moti omografici .

Remark 3.14. With a proof similar to the one of Theorem 3.12 one can show
that when N = 4 the only non planar central configuration is the tetrahedron.

In spite of the simplicity of these proofs, there are many open problems in the
search of central configurations (see for instance [17, Problem 6] and [16]). The
most struggling one seems to be: is the number of central configurations finite,
up to symmetry? The phrase up to symmetry s important since the set of
central configurations is invariant under rotations, translations and dilations.
This question has a positive answer when N = 3 and we will prove it in the
next pages. When N = 4, it has been recently proved with a computer assisted
proof in [9]; when N =5 and just in the planar case, it is the subject of the

paper [1].

Remark 3.15. The role of central configuration is not confided to the study of
homothetic and homografic motions. Central configurations are also important
for the study of collisions in the N-body problem. Homothetic motions are ex-
amples of total-collision orbits; at a certain moment, all of the bodies collide
at the center of mass. Although there exist other nonhomothetic total-collision
orbits and all such orbits approach central configurations at collision. More pre-
cisely, if the collapsing configuration is blown-up, say to have moment of inertia
1, then the rescaled configuration approaches the set of central configurations.
For example, in the three-body problem, Siegel showed that every triple collision
solution has asymptotic shape either an equilateral triangle or one of Euler’s
collinear central configuration.
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4. THE RESTRICTED 3-BODY PROBLEM

In the restricted three-body problem, a body of negligible mass (the planetoid)
moves under the influence of two massive bodies (the primaries) whose masses
are my and my. Having negligible mass, the force that the planetoid exerts on
the primaries may be neglected, and the system can be analysed and therefore
be described in terms of a 2-body motion. If m;,my are the masses of the
primaries and x1(t), xo(t) their positions at time ¢ we then have

miq (t) — —1MoXT9 (t)

The restricted three-body problem is easier to analyze theoretically than the
full problem. It is of practical interest as well since it accurately describes many
real-world problems. For these reasons, it has occupied an important role in
the historical development of the three-body problem. In the restricted 3-body
problem we are then left to understand the motion of the planetoid under the
gravitational influence of the two primaries, this means to study the differential
equations given by the Newton’s law
. mi Mo

(21> L3 = |331<t) — x3‘3(x1(t) 5133) + ‘SCQ(t) - $3|3
where we have scaled G = 1. Let us remark that (21) is a non-autonomous
second order ordinary differential equation.

A usual assumption is that the two-body motion consists of circular orbits
around the center of mass, and the planetoid is assumed to move in the plane
defined by the circular orbits. We will term this problem the restricted circular
planar 3-body problem (RCP3BP). We furthermore make the not restrictive
assumptions m; + me = 1, or equivalently that

(23(t) = w3),

1
there exists p € (O, 5) such that m; =1 — pu, mg = p.

With these assumptions and fixing the center of mass of the two primaries at
the origin, we can write

w(t) = —pe",  wa(t) = (1— pe”,
and Equation (21) reads

| — pe’t — xg[?

(—pe' —w3) + (1 — Iu)/;'t — a3 (1 - pe'’ — x3) .

We now pass to the rotating system where the two primaries are fixed at

Pl:(_:uvo)7 P2:(1_:u70)7

(22) i

and

=k (). w0 =ro ("), = R0,
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R(t) = <Cost —sint )

sint cost

where

A stationary solution for the planetoid in the rotating frame corresponds to a
circular motion in the inertial one.

The equation of motion of the planetoid in the rotating frame can be com-
puted obtaining

(23) 24 2KZ2 =Vo¢(z2).
0 —1
WhereK—(1 0 >and
L L —p H
zZ)=—|z|"+ + :

The following quantity, the Jacobi’s integral, is constant along solutions

(24) J(t) = 20(2(t)) — |2(t) .

indeed

%J(t) =2(Vp(2),2) —2(2,2) =4(2, K2) = 0.
Furthermore, J allows to define the Hill’s region

(25) H.= {z c R?: ¢(z(t)) > ?} :

4.1. Lagrangian equilibrium points. Let us now determine equilibria for
Eq.(23) imposing V¢(z) = 0% that is

L —p @

26 =——((k—P ——(z — P).
( ) 4 ‘Z—Pl‘?’(z 1)+|Z_P2|3(Z 2)
Writing this equation in components we have

1 —p Iz
v = — o)+ L+ pu-1),
(27) ] :31 P2
_ M M
Yy=—35Y+ 3y
P1 P2

where z = (z,y), P, = (—1,0), and p; = |z — P|,i = 1, 2.
Let us remark that y = 0 solves the second equation; hence replacing in the
first one we get z = h(x), with

(28) h(z) iiﬁu+uy+§“<x+u—n,

~— 3
pi(z) p(x)
Yndeed writing the Eq.(23) as a first order system
Z=w, w=—-2Kz+ V¢(2)

its critical or stationary points satisfy w = 0 and V¢(z) = 0.
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where, since y = 0,
p1(@) = |z + pl, pa(x) = 2+ p— 1],

From a qualitative study of function h (see Figure 12) we infer the existence of
three solutions, for any value of the parameter p: L1, where the third body stays
between the other two, Ly ed L. This point are termed collinear equilibria,
indeed the third body stay on the line generated by the two primaries.

ol—S

FIGURE 12. At the left side the qualitative graph of function A. At the right
side, the 5 equilibria for the RCP3BP: in L, Ly and L3 the 3 body are in a
collinear configuration. In L, and L the 3 bodies stay on the vertices of a regular
triangle.

Let us now assume that y # 0. From Eq. (26) we infer
l—p p 1 —p L

- EETRVI R EYR

P i P3

Since y # 0, this equation is equivalent to

1 —
(30) P1 P9

L—p  p
- p——(l—p)=0.
i 1%
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From the second equation we obtain p; = ps = p; replacing in the first one we
have

(31) 1—%:0@;):1.
We conclude that when y # 0 we obtain two new equilibria in which |z — P;| =
|z — P»| = 1. Since |P; — P»| = 1, in these equilibria, termed L, and Ls, the
third body forms a regular triangle with the primaries. L, and Lj are termed
triangular equilibria.

We then conclude that Eq. (23) admits five equilium points (see Figure 12).

4.2. Stability via linearization. Let us now study the stability of the five
Lagrangian points via linearization (see the appendix for a short review). We
write Eq. (23) as a first order system

z=w,
w=—2Kw+ V¢(z),

we define u = (z,w) and we linearize the system at L, that is at u; = (L;,0),
j=1,...,5, obtaining

0O 0 1 0

w=Aju where A; = C(L)‘ [? 8 ;
i Uj

bj Cy -2 0

The 2 x 2 matrix dawn-left is the hessian of ¢ at u;, ¢"(L;), that is
a; = Gra(j), bj = buy(uy), cj = dyy(uy).

In order to the test applicability of Hartmann-Grobmann Theorem we compute
the eigenvalues of A;, which indeed solves

(32) M= (a;+c; — 4N+ (ajc; — b?) = 0.

When ) is a solution of the previous equation, also —\, \°> and —\ solve it;
for this reason asymptotic stability is never reached. Furthermore, to avoid
instability you need four eigenvalues with vanishing real part.

In order to determine solutions of (32), we compute the terms of the hessian

of ¢. Since Vo(z) =z — (1 — p) % — u%, we obtain

Idg (Z—P1)®(Z—P1)
") = Tdy — (1 — p) — 2 1+ 3(1 —
¢ ( ) 2 ( :u) ‘Z—P1|3 ( :u) ’Z—P1’5
[dQ (Z_P2)®<Z_P2)
43
SRR RS

5) is the complex-conjugate to A.
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2
Wherew®w:( w1 w1w2>. Since z — P, = (:UZ'M> and z — Py, =

wi1Ww9 w%
(x_l_ﬂ_l),wehave
Y
1— (+p)’ p o, (@+p—1)7
Grog =1 ——5—+3(1—p) —=——— 5 +3u . ,
P1 P1 P2 P2
T+ )Y
(33) ¢xy:¢yx:3<1_ﬂ)%a
P2
1—p T y?
Gy =1 — +3(1—p) %= — = +3u=.
" Pt PP

Collinear equilibria L1, Ly and L. In this case y = 0 and
2 2
pi=@+p)  pp=@tp—1).
Replacing in (33) we get, for j = 1,2, 3,
— 1w on :
aj=1+2(5£+4) >0
(34) bj = 0;
Cj = 1— (1;—§M + [l)—é) .
It turns out, by some smart geometric remarks, that ¢; < 0, for j = 1,2, 3,
hence a;c; < 0 and the quanties

(CLj + C; — 4) + \/(aj + Cj — 4)2 — 4CLjCj
5 :
are real. Concerning collinear equilibria we can then conclude that

(35) M=

e since \% > 0, then two eigenvalues are real with opposite sign
e since \2 < 0, then two eigenvalues are purely imaginary numbers.
From the first statement we infer that L, Lo and L3 are unstable for any choice
of the parameter .
Collinear equilibria Ly and Ls. In this case p; = po = 1 and
1 V3

v+ =244 5 U=y

hence, replacing in (33) we obtain

3 3v2 9

Equation (32) reads

27
)\4+>\2+Z,LL(1—/L):0,
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hence

. —1+/1-27p(1 — p)

Studying the function

1

f(p)=1-=27u(1 —p) on [0,51

it turns out that f(u) > 0 on [0,u*), while f(u) < 0 on (p*,1/2], where
1* ~ 0.0385, hence we conclude that

o if 1 € [0, u*], then A2 are real and negative. In this case the four eigen-
values are purely imaginary, hence the linearization method does not give
any information about the stability of L4 and Ls;

o if ;1€ (pu*,1/2], then A2 € C \ R, hence the four eigenvalues are distinct
complex numbers; two of them have positive real part and the other two
have negative real part. We infer that in this case Ly L5 are unstable.

4.3. Small oscillation near Lagrangian points: an application of the
Lyapunov theorem. In this paragraph we will investigate the presence of
periodic solutions for (23) near a Lagrangian point when the linearized system
admits pairs of purely complex eigenvalues. In order to do that we will use
Lyaponov’s center theorem (a reference for this part is [2]).

4.3.1. Lyapunov center theorem. Assume that a nonlinear system
(37) at) = fu(t), feC*®R",R"Y),

admits p = 0 as a singular points, i.e. f(0) = 0. Assume now that the jacobian
matrix

A= f'(0) = J4(0)

has a pair of purely complex eigenvalues +iwg, for some wy; € R: this is a
necessarely but not sufficient condition to have periodic solution near 0 in the
nonlinear system (see the appendix). In order to make this condition sufficient
we need some further auumptions: this is the content of Lyapunov theorem.
Assume that Eq.(37) admits a first integral® b : R” — R at least of class C?
and let us now merge the dynamical system into the one-parameter family

(38) u(t) =v(p,u®),  vpu)=f(u)+pVby), pekR

Assuming b of class at least C?, we compute the jacobian matrix at u = 0

0
8_u¢('u’ u)|u=0 = [f,<U) + /Lb//(u)]uzo = f/(()) + MB — A+ IL(/B'

6A first integral for (37) is a non-constant function b € C! (R™,R) such that if u is a solution for Eq.(37)
defined on the interval I C R, then there exists ¢ € R such that b(u(t)) = ¢, for every t € R.

A, =
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Where b"(u) is the hessian of b at u and B = b"(0). Of course Ay = A = f/(0).
Let now A(p) = (A1(p), ..., A\n(pe)) be the n-uple of eigenvalues of A, with

(39) Ap) = ap) +iB(p) , Vu € R,
Since ¢ is of class C! it turns out that «, 3 are both of class C* (R, R"). We
consider the following assumptions on the eigenvalues of A,

(a) A = Ay is a non-singular matrix that admits a pair of simple and purely
imaginary eigenvalues of the form 4wy, with wy € R;

(b) ikwy is not an eigenvalue for A, Vk € Z | k # +1;

(c) &/(0) #0.

Under this assumptions we claim to prove the existence of a family of periodic
solutions of (37) that approaches (in some sense) to the solution u = 0. More
precisely, we will prove the presence of small oscillations near v = 0 in the
following sense.

Definition 4.1. System (37) admits small oscillations near u = 0 if there
exist v > 0, w : (=r,r) — RT of class C! and a family of functions (u)s,
s € (—rr), us: R — R", such that:

o for every s € (—r,r), us is a periodic and non-constant solution of (37)

with period Ty = %;
o w(s) — wy if s —> 0 (this means, since w is continuous, to require that
w(O) - WO);

o maxyco.r, ||us(t)|| — 0 if s — 0.

Here the statement of Lyapunov theorem.

Lyapunov’s Center Theorem. Consider the dynamical system (37), assume
that f(0) = 0 and assumptions (a) e (b) on the jacobian matriz A. Furthermore
assume the existence of a first integral b € C*(R",R) such that b"(0) is not
singular. Then (37) admits small oscillations near u = 0.

In order to prove Lyapunov theorem we need to preliminary Lemmata. The
first one is a bifurcation result due to Hopf for which we will not provide a
proof.

Lemma 4.2 (Hopf’s Theorem). Consider the family of dynamical systems (38),
where f € C?* (R",R"), b € C*(R",R) and ¢(n,0) = 0 for every p € R. If
assumptions (a),(b) and (c) on A = f'(0) are satisfied, then:
there exist r > 0 and sy € (—r,r), two functions w : (—r,r) — R and p :
(=r,7) — R both of class C'(—r,r), with w(s) > 0 for every s, and there
exists a family of periodic functions (us)s s € (—r,7), where us : R — R",
such that:

i) for every s, us solves (38) with u = u(s);

i) u(s) — 0 and w(s) — wy if s —> So;
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iii) the functions us have period Ts = jg) ;

iv) maX;e(,7,] |lus(t)|| — 0 if s — sp.

The second lemma allows to determine periodic solutions for (37) as periodic
solutions for (38) for some .

Lemma 4.3. If u is a T-periodic solution of (38), then u is a T-periodic solu-
tion for (37)

Proof. If ;1 = 0, then the result is trivial. Let u = u(t) be a T-periodic solution
of (38) for some p # 0. Let B(t) = b(u(t)), then

: d

(40) B(t) = b(u(t) = Vb(u(t)) - v'(t) = Vb(u(t)) - f(u() +p | Vb(u(®)) |* -

For every & € R, since f is of class C?, the Cauchy problem
ut) = f(u),  u(0)=¢

admits a unique solution, ug(t). Since b is a first integral we have

0= %(b(%(t))) = Vb(ug(t)) - ug(t) = fue(t)) - Vb(ue(t)),

for every t in the domain of u¢. In particular if £ = 0 we have

(41) f(&) - Vb(£) = 0.
Since the choice of £ is arbitrary, Eq. (40) reads

B(t) = n| Vb(u(t)

hence the fuction § is monotone; for instance, if p > 0, then [S(¢) is not-
decreasing. Since wu is T-periodic, then B(0) = b(u(0)) = b(u(T)) = B(T).
Hence, by virtue of the monotonicity of 5, we deduce that [ is constant and

B(t) = p | Vb(u(t)) 2= 0.

Since p # 0, we have Vb(u(t)) = 0 hence, from (38) we get that u solves
(37). 0

Proof of Lyapunov theorem. By means of Lemma 4.3, we can write the thesis
as riscriviamo la tesi nel modo seguente:
there exists r > 0, two C! functions w : (—r,7)toR and p : (—=r,7) — R, with
w(s) > 0 for every s, and there exists a family of periodic functions (us)s,
s € (—r,r), where u, : R — R™ such that

e for every s, u, solves (38) with u = pu(s);
o 1(s) = 0, w(s) = wy as s — 0;

e for every s, u, has period T, = 2

w(s)?

us(t)|| = 0as s — 0.

° maXt€[07Ts]
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We claim to apply Hopt’s theorem with sy = 0. In order to do that we need to
verify assumptions; first of all we remark that from Eq. (41) and assumption
b € C? we have

(42) F(©y - V(&) + f(§) - b"(§)y =0, ¥,y € R™.
When ¢ =0

Ay - Vb(0) + £(0) - b"(0)y =0, Vy € R";
Since f(0) =0 and A is not singular we have Vb(0) = 0, hence

(1, 0) = £(0) + pVb(0) = 0,
We are then left to show assumption (c). Consider Eq. (42). Since f € C*,
f(0) = 0 and b" is linear, the map & — f(&) - V" (§)y is differentiable at £ = 0

and

4 [f(th) - b"(th)yl,_g = [(f'(th)R) - (V" (th)y) + f(th) - V" (h)yl,_y = (Ah) - (By).

dt
We can then differentiate (42) in £ = 0, obtaining
f"(0)[y, 2] - Vb(0) + Ay - B2+ Az - By =0, Vy,z € R".
Since Vb(0) = 0, we have
Ay-Bz+ Az- By =0, VYy,z € R",
hence, since B is symmetric,
(43) A'B+BA=0.

By assumption (a) it is not restrictive to write

. S 0 o 0 —Wwp
A-(O R)’ WhereS—(wO 0 >

and R is such that +iwy do not belong to its spectrum (since +iwy are simple
eigenvalues for A).

Since B is symmetric, there exist two symmetric matrices U and C, resp. 2 X 2
and (n — 2) X (n — 2), such that

U M
B:<MT C)a

From (43) immediately follows that
SU=US SM=MR.

Since wy # 0 and SU = U S, we deduce the existence of a real number ¢ such
that U = 615. Let X, Y € R"2 be respectively the first and the second line of
M From SM = MR follows that X ed Y solve

XR+ wy)Y =0,

YR —wyX =0.
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From the second equation X = (wp) 'Y R and replacing in the first we have
Y (R*+ (wo)?I) = 0.

Since +iwy are not eigenvalues for R, we deduce X =Y = 0; hence M is a null
matrix and B can be written as.

0o 0 0
B=10d 0 |,
00C
with 0 # 0 being B not singular. Hence
1o —wy 0
A+uB=| —wy po 0

0 0 R+upC

and the eigenvalues A(p) corresponding to A(0) = iwy are
Hence a(u) = pd and o/ (pg) = 0 # 0, which is assumption (c) O
4.3.2. Application to the RPC3BP. We claim to apply Lyapunov Theorem to
the RPC3BP in order to find periodic solution (in the rotating frame) near
Lagrangian equilibrium points.

First of all we need a first integral; with this aim we can consider the Jacobi
integral introduced in (24)

J(t) = 26(=(t)) — lw(t)[*
where z solves (23) and w = 2. Interpreting J as a function of z and w, its
hessian at L; j =1,...,51s

(44) J'(Ly) = ( 2%2” ) _032 ) ,

and it is not singular since

(45) det (J"(L;)) = 4det (¢"(L;))
and by virtue of Egs. (34) and (36).
In order to verify the assumptions on the the matrices A;, 7 =1,...,5, let us

go back to Section 4.2 at page 42. When j = 1,2, 3 the matrix A; has exactly
one pair one purely imaginary eigenvalues, hence Lyapunov theorem can be
applied to the collinear Lagrangian points.

Theorem 4.4 (Small oscillations near Ly, Ly and L3). In a neighborhood of

every collinear Lagrangia point Ly, Lo and Ls, the RPC3BR admits a family of

solution which are periodic in the rotating frame and their period tends to %,

J
where w; is the imaginary part of the (unique) pair of purely complex eigenvalue

of the matriz A;.
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Concerning points Ly and L; we go back to the discussion at page 43. We
proved that if © € (0, p*) (with p* ~ 0.0385 is the smaller soluton of 27y (1—u) =
1) then the four eigenvalues are purely imaginary, we term them

+iw', +iw” with 0 < ' < W,
Indeed we obtained
1 1
w’:Z\/l—\/l—ZZu(l—,u) and w”zz\/lJr\/l—Q?p(l—u)

and in particular

WP WP =1 W) = - ).
7

Hence if p € (0, u*) we can apply Lyapunov theorem choosing wy = w"".

If we want to apply Lyapunov theorem to the frequence w’ we need to impose
the further non-resonance condition

WA kW', keN k> 2
that is equivalent to
27 k2

46 —u(l — =
(46) T =) # ENDE
Observe that i — 0 as k — oo and

Theorem 4.5 (Small oscillations near Ly and Ls). If p € (0, %), in a neigh-
bourhood of both collinear Lagrangian point Ly and Ls the RPCSBR admits a
family of solution which are periodic in the rotating frame and their period tends

Furthermore if u # i, then there exists a second family of solution which are
periodic in the rotating frame and their period tends to %

"When we choose as primaries Sun-Jupiter or Earth-Moon we have resp. p = 1/1000 and p =~ 1/82 ~ 0.012,
both smaler then p*
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APPENDIX A. BESSEL FUNCTIONS

In this section we propose a brief overview on Bessel functions, for a more
complete treatment we refer to the book [4, Chapter 3.
Let us consider the so called Bessel equation

2y (x) + 2y () + (2 — P)y(z) =0, a€R.

The set of its solutions is isomorphic to R? and we recall here the Frobenius-
Fuchs method to determine them as a power series. Let us assume that

aeN
and look for solution of the form
o0
y(zr) = Z arpx™™®,  for some real sequence (az);.
k=0

Since, at least formally,
= Skt adaat Ty ) = S (k) (k+a - Dot
k=0

k=0

replacing in the equation we obtain

0 =2y (z) + 2y (x) + (2% — &?)y(x)

Dﬂg

(k+ a)(k+a — Dapz™ + Z (k + a)apzr
k=0

il
)

(0. ¢]

(0.¢]
+§ :akxk+o‘+2 B &22 :akxl”
k=0

_ Z[(k + &)2 . QQ]kakJroz + Zakxk+a+2
k=0

k=0

= Z k(k + 2a)apa™® + Z aprh ot

k=0
=0-ay+ (14 2a)a; + Z[(k2 + 2ak)ay + ag_o]x T
k>2
Imposing now that every coefficient vanish, we obtain a; = 0 (since « is a
natural number) and, for every k > 2,
)
ay = ———n 2 Vk=0,1,2,....

k(2o + k)’
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We do not have any restriction on the choice of ay. We then deduce that a; =0
when £ is odd, and, for every j > 1

a/2j_2 ap ol
e (1) — _
42 22j(j + ) (=1) 2231(5 + a)!
Choosing now
1
o= 2% !
we have ( )
—1)/ 1
ag; = -

g1 + a)! 22+a’
and we obtain the Bessel function of order a € N

Jolw) =" % (g)gm.

—J
3=0
For the proof of the next result we refer to the book [4, Chapter 3.3, p.64].

Proposition A.1. For every n € N, the following equality holds

1 m
Jo(z) = —/0 cos(nu — zsinu) du.

™
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APPENDIX B. A VERY BRIEF RECAP ON LINEARIZATION METHOD

Let f : Q@ C R® — R" be of class C'(Q) and consider the autonomous
dynamical system

(47) i = f(a)

We will indicate with x(¢; z() the solution of the Cauchy problem associated
to (47) with initial condition x(0) = xy. The point z* € § is an equilibrium
point is f(x*) = 0. We can characterize an equilibrium point with respect to
the behaviour of solutions of the dynamical system near it. We say that an
equilibrium x* is stable if a solution that starts close to it remain close to it
when the time evolves, i.e.

Ve >0 36 > 0 such that
zo € Q and |2" — 29| <6 = |x(t;x0) — 2*| <€Vt > 0.

An equilibrium z* is asymptotically stable if it is stable and
Jr > 0 such that zp € Q and |2 —xo| <17 = %in%a:(t;xo) =a",
%
An equilibrium z* is unstable if it is not stable.
Let now z* be an equilibrium point; since f is of class C' we can write

f@* +n) = Jy(@)n+o(nll), as [n]| =0,

whre Jg(2*) the jacobian matrix of f at z*. In order to study the behaviour
the solutions near z* we replacing x = x* 4 1 in (47) and obtain

i = Jp(@")n+o(lnll) as |[nll — 0.

Neglecting the term o(||n||) we obtain the linearized system
(48) n=An with A= Jg(z").

We can study stability of the origin for this linear system considering the eigen-
values of the matrix A:

e if there exists at least one eigenvalue with strictly positive real part, then
the origin is unstable;

e if every eigenvalue of A has strictly negative real part, then the origin is
asymptotically stable;

e if every eigenvalue has negative real part then the origin is stable.

The origin (as an equilibrium point of the linearized system (48)) is termed
hyperbolic if every eigenvalue of the matrix A has non-vanishing real part. The
next result state when stability property of the origin are inherited from x*
(equilibrium point for (47)).
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Theorem B.1 (Hartman-Grobman Theorem). Assume that the origin is an
hyprbolic equilibrium point for the linearized system (48). If the origin is asymp-
totically stable/unstable then x* is asymptotically stable/unstable as an equilib-
rium point for (47).
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