ABSOLUTE MODEL COMPANIONSHIP, FORCIBILITY, AND THE
CONTINUUM PROBLEM

MATTEO VIALE

ABSTRACT. Absolute model companionship (AMC) is a strict strengthening of model
companionship defined as follows: For a theory T', T5,v denotes the logical consequences
of T" which are boolean combinations of universal sentences. S is the AMC of T if it is
model complete and T3y = S3vy.

We use AMC to study the continuum problem and to gauge the expressive power of
forcing. We show that (a definable version of) 2%° = X, is the unique solution to the
continuum problem which can be in the AMC of a partial Morleyization of the €-theory
ZFC+there are class many supercompact cardinals. We also show that (assuming large
cardinals) forcibility overlaps with the apparently weaker notion of consistency for any
mathematical problem v expressible as a IIz-sentence of a (very large fragment of) third
order arithmetic (CH, the Suslin hypothesis, the Whitehead conjecture for free groups
are a small sample of such problems ).

This paper is divided in two parts: the first part introduces two model theoretic concepts
which are then used in the second part to analyze and gauge the complexity of the
axiomatization of set theory given by ZFC (eventually enriched with large cardinal axioms).
The key theme of the present work is to combine the ideas of Robinson around the notions
of model companionship, model completeness, and existentially closed models for a first
order theory with those arising in set theory from the analysis of the forcing method.
Specifically we will show that a natural strengthening of the notion of model companionship
is particularly fit to analyze ZFC: on the one hand it can be used to infer that forcibility
overlaps with consistency at least when dealing with a large family of interesting problems of
set theory, on the other hand it gives a viable model theoretic tool to tackle the continuum
problem and provides an argument to assert that 280 = X,.

We now briefly outline the model theoretic content and the set theoretic content of the
paper trying to avoid technicalitieﬂ

Model theory.

Absolute model companionship. The first new model theoretic concept of this paper is that
of absolute model companionship (AMC), which to our knowledge hasn’t been explicitly
stated yet. Given a first order theory 7" in a signature 7, a 7-structure M is T-existentially
closed (T-ec) if and only if it is a substructure of a model of T and it is a ¥;-elementary
substructure of any T-superstructure which models T'. A standard example is given by Fields
(the {+,-,0,1}-theory of fields), with the Fields-ec models being exactly the algebraically
closed fields.

The author acknowledges support from INDAM through GNSAGA and from the project: PRIN
2017-201TNWTM8ER Mathematical Logic: models, sets, computability. MISC: 03C10, 03E57. Keywords:
Model Companionship, Generic Absoluteness, Forcing Axioms, Large Cardinals.

IThe model theory part of this paper is independent from its set theory part and can be read by any one
familiar with the basic facts about model companionship and model completeness. The set theory part
depends on the model theory part and has two types of arguments: there are basic results whose proofs
leverage on classical theorems covered in any master course on the subject (essentially Levy absoluteness,
no knowledge of forcing required); there are also advanced results whose proofs require a strong background
in forcing axioms and Woodin’s work on axiom () and take advantage of Asperé and Schindler’s recent
breakthrough |2].
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The way algebraically closed fields sits inside the {+, -, 0, 1}-structures which are fields
is described by Robinson’s notion of model companionship: a 7-theory S is the model
companion of a 7-theory T if the elementary class given by the 7-models of S consists
exactly of the T-ec models. The {+, -, 0, 1}-theory of algebraically closed fields ACF is the
model companion of the {+,-,0,1}-theory Fields; however for an arbitrary theory T the
T-ec models may not form an elementary class (e.g. the existentially closed models for the
{+, 1}-theory of groups are not an elementary class, hence this axiomatization of groups
has no model companion). A very special case occurs when 7" is its own model companion
(e.g. the models of T" are exactly the T-ec models), in which case T' is model complete.

A non-trivial observation is that a 7-structure M is T-ec if and only if it is Ty-ec (where
Ty consists of the universal consequences of T' in signature 7). Another non-trivial fact
is that for a complete theory T a T-ec structure M realizes any Ils-sentence which holds
true in some model of Ty. A third non-trivial remark is that if S is the model companion
of T', S is axiomatized by its Ila-consequences.

Combining these three observations one is led to the speculation that the model com-
panion S of a 7-theory T' (if it exists) could be axiomatized by the family of IIs-sentences
which holds in some model of Ty. This is an assertion which is slightly too bold and
holds true in case T is a complete, model companionable theory. However it can fail for
non-complete model companionable theories; the standard counterexample being ACF
versus Fields: Vz— (22 + 1 = 0) is a IIy-sentence which is not an axiom of ACF and holds in
the field Q, being therefore consistent with the universal fragment of the theory of fields.

This brings us to introduce the notion of absolute model companionship (AMC): a
7-theory T has an AMC if the class of T-ec models is axiomatized by the II>-sentences
which are consistent with the universal and existential fragments of any completion of
T (see Def. Thm. . Complete first order theories are model companionable if
and only if they admit an AMC, but there are non-complete theories admitting a model
companion but not an AMC (e.g. the {+,-,0, 1}-theory of fields).

The AMC-spectrum of a first order theory. The second model theoretic concept we intro-
duce in this paper is that of AMC-spectrum (and model companionship-spectrum) of a
mathematical theory 7. Model theory has been extremely successful in classifying the com-
plexity of a mathematical theory according to its “structural properties” and has produced
a variety of dividing lines to separate the so called “tame” mathematical theories from the
others: typically a mathematical theory is considered “wild” or “unclassifiable” if it can
code in itself first order arithmetic, hence the e-theory ZFC is considered unclassifiable.
On the other hand several tools have been developed to “classify” mathematical theories,
for example stability, simplicity, NIP are structural properties of “tame” mathematical
theories.

It is a matter of fact that most mathematical theories admit many different first order
axiomatizations in many distinct signatures. A common characteristic of “tameness’
properties such as stability, simplicity, NIP is that they are signature invariant: more
precisely if we take a 7-theory T" and we consider its Morleyization T™ in the signature
7* which adds predicate symbols and axioms granting that all 7-formulae are equivalent
to atomic 7*-formulae (see Notation [L.5)), T is stable (NIP, simple) if and only if so is
T*. In contrast Robinson’s notion of model companionship is a useful property of a first
order theory, but is not signature invariant: for example ACF is the model companion
of Fields in signature 7 = {+,-,0, 1}, but if we consider their Morleyizations ACF* and
Fields* in signature 7*, it no longer holds true that ACF* is the model companion of Fields*
in signature 7*. Conversely a 7-theory R may not have a model companion (e.g. the
o = {-, 1}-theory of groups) but its Morleyization R* in signature ¢* is its own model
companion.

?
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In this paper we consider the classification of the dependence of the existence of a model
companion from the signature by itself a useful structural property of a mathematical
theory. Specifically we introduce the notion of partial Morleyzation of a T-theory T given
a set A of 7-formulae, we consider the signature 74 obtained by expanding 7 exactly with
predicate symbols for the formulae in A and the 74-theory T 4 with axioms asserting that
every formula in A is logically equivalent to the corresponding predicate of 74 \ 7 (see
againﬂ Notation . The AMC-spectrum of a 7-theory T' (Def. is given by those
sets A of 7-formulae for which T+ T 4 admits an absolute model companion (mutatis
mutandis we can define the model companionship spectrum of T).

A category theoretic perspective on this approach can be enlightening: given a 7-theory
T, consider the category Cp given by the elementary class of its 7-models as objects and
the 7-morphisms (e.g. maps which preserve the atomic T-formulae) between them as
arrows. By taking A a subset of the 7-formulae we can pass to the category Cryr, ,
whose objects are 74-models of T' 4+ T 4 and whose arrows are the 74-morphisms (in
accordance with Notation . There is a natural identification of the objects of Cr and
those of Cryr, ,, but the arrows of Cryr, , are now a possibly much narrower subfamily
of the arrows of Cr. This paper (by considering the case of T being set theory) shows
that important structural information on a 7-theory T is given (at least from a categorial
point of view) by classifying which sets of 7-formulae A produce an elementary class of
Ta-models for which the T+ T’; 4-ec models constitute themselves an elementary class.
The model companionship spectrum of T" gives exactly this structural information on the
arrows of Cp. Similar considerations apply for the AMC-spectrum of a theory. On the
other hand simplicity, stability, NIP provide fundamental structural informations on the
class of objects of Cr, but it is not transparent whether they also convey information on
its class of arrows.

Set theory.

What is the right signature for set theory? The €-signature is certainly sufficient
to give by means of ZFC a first order axiomatization of set theory (with eventually other
extra hypothesis such as large cardinal axioms), but we can see rightaway that it is not
efficient to formalize many basic set theoretic concepts. Consider for example the notion of
ordered pair: on the board we write x = (y, z) to mean that x is the ordered pair with first
component y and second component z. In set theory this concept is formalized by means
of Kuratowski’s trick stating that x = {{y},{y, 2}}. However the “natural” €-formula
formalizing the above is:

HuVw(werw=tVw=u)AVwvetcv=y) AVWwlvcuv=yVov=2z).

It is clear that the meaning of this €-formula is hardly decodable with a rapid glance
(unlike x = (y, z)), moreover just from the point of view of its syntactic complexity it is
already 2. On the other hand we do not regard the notion of ordered pair as a complex or
doubtful concept (as is the case for the notion of uncountability, or many of the properties
of the continuum such as its correct place in the hierarchy of uncountable cardinals, etc...).
Similarly other very basic notions such as: being a function, a binary relation, the domain
or the range of a function, etc.. are formalized by rather complicated €-formulae, both
from the point of view of readability for human beings, and from the mere computation of
their syntactic complexity according to the Levy hierarchy.

The standard solution adopted by set theorists (e.g. [12, Chapter IV, Def. 3.5]) is
to regard as elementary all those properties which can be formalized using €-formulae
all of whose quantifiers are bounded to range over the elements of some set, i.e. the so

2Actually we give in this introduction a simpliefied version of the Morleyization procedures we consider;
the full details can be found in Notation
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called Ag-formulae. We adopt this point of view in stating our main set theoretic results,
and we maintain it for the remainder of this paper, considering €a, the correct basic
signature where to formalize set theory, where the latter is the signature obtained with the
partial Morleyization induced by the Ag-predicates (and slightly more, see Section and

Notation for details).

Existentially closed fragments of the set theoretic universe versus AMC. We
now give a non-exhaustive list outlining on the one hand that for certain regular cardinals k
H, is not that far from being an existentially closed structure for the appropriate signature
(e.g. Levy absoluteness, Shoenfield’s absoluteness, BMM, BMM™ ") or from having a model
complete theoryﬁ (e.g. Woodin’s absoluteness, MM™* ). The reader needs not be familiar
with these results, as they only serve as motivation for what we aim to do in the sequel.

Below we denote a 7-structure (M, RM : R € 1) by (M, ), C denotes the substructure
relation, < the elementary substructure relation, <; the Xi-elementary substructure
relation (see Notation for details). Recall the following results:

Levy absoluteness: (see Lemmal3.1]below) whenever  is a regular uncountable cardinal,
(HN7 EX()) <1 (V7 EX())

Shoenfield’s absoluteness: (see |23, Lemma 1.2] for the apparently weaker formulation
we give here) whenever G is V-generic for some forcing notion in V,

VIG
(Hop €K,) <1 (V[GL ey ).
Woodin’s absoluteness: (see |23, Lemma 3.2] for the weak form of Woodin’s result we
give here) whenever G is V-generic for some forcing notion in V' (and there are
class many Woodin cardinals in V),

(HY  €x,) < (HXJG},GXEG}).

wi?

Bounded Martin’s Maximum (BMM): (see [5]) whenever G is V-generic for some
stationary set preserving forcing notion in V,

(Hu, €X,) <1 (V[G], €X).

BMM™*: (see [25, Def. 10.91]) whenever G is V-generic for some stationary set preserving
forcing notion in V,

(Hw27 EXQ? NSU‘jl) _<1 (V[G]’ EXLG]’NSZI[G])7

where NS, is a unary predicate symbol interpreted by the non-stationary ideal
on wi.

Bounded category forcing axioms, MM+ RA_(SSP): (seeﬂ [3,/4L22]) whenever V
and V[G] are models of MM*** (RA_,(SSP), BCFA(SSP)) and G is V-generic for

some stationary set preserving forcing notion in V,

viG
(HY . €x,) = (HXQ[G},EAE h.

w2
We also want to mention:

Absoluteness between transitive models: (see |10, Lemma 14.21]) whenever G is V-
generic for some forcing notion in V,

(V,€X,) E (VIGL, exD).

3Recall that a 7-theory T is model complete if and only if the substructure relation between its models
overlaps with the elementary substructure relation. In particular the mentioned results are weak form of
“model completeness” for the theory of Hy, for i =1, 2.

“We omit a definition of these axioms since this demands a detour from the main focus of the present paper.



This latter property entails that forcing preserves the meaning of the basic concepts of set
theoryEl, e.g. those formalized by atomic € ,-formulae; furthermore Shoenfield’s absolute-
ness grants that II;-sentences for €5, do not change truth value in forcing extensions.

Main set theoretic results. The set theoretic results of the present paper will be outlined
in details in Section [1| and systematize the above considerations. They can be informally
summarized as follows:

e The theories of the various H)y for A an uncountable regular cardinal provide the
prototypes of model companions for ZFC in some signature {€}, with A in the
model companionship spectrum oﬁ ZFC. More precisely: For any definable cardinal
K, there is a set of formulae A, in the AMC-spectrum of ZFC such that the theory
of H,.+ is the model companion of set theory for {€} 4 (see the second item of Thm.
and the first part of Thm. ; note that for each such x {€}, extends €x,.
Furthermore any existentially closed structure for set theory in some signature
extending €a, looks like an H) for some regular uncountable A (see the first item
of Thm. .

e Forcing suffices to produce the interesting models of a very large fragment of
the mathematical universe: for statements of second or third order arithmetic
formalizable by Ils-sentences of €, (among which for example the negation of the
continuum hypothesis) any interesting consistency result (if at all possible) can
already be obtained by forcing (by the first part of Thm. .

e The above results provide an argument for 2% = X, by taking as granted the
following assertions for set theory:

(1) Large cardinal axioms are true.

(2) The “true” mathematical universe realizes any ITs-sentences for third order
arithmetic which can hold in some model of set theory enriched with large
cardinal axioms.

Note that assertion [2] for set theoretic truths is the standard argument used to
motivate forcing axioms and is exactly analoguous to the creation process of new
numbers bringing from the universal {+, -, 0, 1}-theory T" of semirings without zero
divisors (holding for the natural numbers) to the theory of algebraically closed
fields (holding for the algebraic numbers): the algebraic numbers are obtained in a
{+,-,0, 1}-structure which realizes T" and all the “interesting” Ils-sentences which
can be individually made consistent with T, e.g. for each n

n
Yao,...,a,3T (Z a;zt = 0).
i=0

On the basis of assertion |1} assertion [2[ (as well as 280 = Ry) can be validated as
follows:

SWe ignored for the moment any consideration regarding universally Baire sets. These sets will play an
essential role in the proof of Thm.

6As a side remark we note that Hirschfeld 19] has proved that ZF has an AMC for the €-signature; however
he himself acknowledges that his result is not that informative on the properties of set theory, since the
€-AMC of ZF is given by a theory which is a small perturbation of the theory of dense linear orders (it
interprets the €-relation as an irreflexive transitive relation which defines a dense and strict preorder).
Hirschfeld does not argue that ZF has an AMC but he shows that it decides any universal €-sentence and
has a model companion; under these assumptions the model companion of ZF is its AMC. We believe that
a signature in the AMC-spectrum of set theory is meaningful if it allows to prove|(i)| of Thm. e.g. if it
is able to show that replacement holds in the AMC of set theory according to the signature. This brings
almost automatically to consider signatures which are more or less equivalent to €,: they must be able to
express the concept of function, relation, domain, codomain, etc by means of terms or of quantifier free
formulae.
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— Model theory (specifically the notion of AMC) gives us the means to formulate
elegantly in precise mathematical terms assertion [2| (by Thm. .
— 2% =N, is the unique solution of the continuum problem which falls in the
model companion of set theory enriched with large cardinals for at least one
{€} 4, with A in the AMC-spectrum of set theory (by Theorems .
— Furthermore the II-consequences for Hy, of BMM™ T Woodin’s axiom (*),
etc as formalized in an appropriate signature for third order arithmetic of the
form {€}, (for a natural set B of e-formulae) form the AMC of set theory
enriched with large cardinal axioms for {€}z; moreover this AMC exactly
overlaps with the forcible IIy-sentences for Hy, for this signature (see Thm.
Thim. and has among its Ils-axioms one which entails that R0 — N,
is witnessed by a definable well order (for example by the results of [6|16.[19]).
Our results outline the role of forcing axioms in detecting the right AMC for
set theory describing the theory of Hy,. Key to their proof is the breakthrough [2]
by Asperé and Schindler that MM™ " —in combination with Woodin’s sealing’s
theorem (see Def. [5.0.2)— implies the strong form of Woodin’s axiom (x) we call
here (x)-UB (see D.

1. MAIN RESULTS

We now give a precise and brief list of the main results of this paper (the proofs are
deferred to later sections). We introduce hastily all new concepts and terminology needed
to phrase them. Our results are of three types:

Basic model theoretic results: we introduce AMC (a strengthening of model compan-
ionship) and we analyze its main properties. We also introduce the notion of partial
Morleyization and we show how to combine it with AMC in order to get a useful
classification tool for first order theories.

Basic set theoretic results: we outline the general properties of theories which can be
the model companion of partial Morleyizations of ZFC leveraging on classical set
theoretic results.

Advanced set theoretic result: we show that set theory enriched with large cardinal
axioms has an AMC with respect to a natural signature for third order arithmetiﬂ
Furthermore this AMC is given by the Ily-sentences of a very large fragment of
third order arithmetic which are forcible. We also analyze why this result provides
an argument in favour of 280 = N,.

1.1. Absolute model companionship, partial Morleyizations, and the AMC-
spectrum of a theory. We introduce a strengthening of model companionship which to
our knowledge hasn’t been explicitly stated yet. We refer the reader to [21] or |7}, Section
3.5], [18, Sections 3.1-3.2] for a detailed account of model companionshi

Notation 1.1. Let 7 be a signature and T be a T-theory.

e 7y is the set of universal sentences for 7. Tyy3 is the set of boolean combinations
of sentences in Ty.

o Ty (respectively Tin3) is the set of sentences in Ty (respectively Tyy3) which are
logical consequences of T.

Example 1.1.1. In signature {+,+,0,1} let ACF be the theory of algebraically closed fields
and Fields be the theory of fields; we have that ACFy = Fieldsy while ACFy\,5 2 Fieldsy,3:
Jx (22 + 1 = 0) is in the former but not in the latter.

"This signature extends €, with predicates for the lightface definable universally Baire sets, a constant
for w1, and a unary predicate for the nonstationary ideal on wy

8The reader will find a detailed analysis of the concepts and results we introduce here in Section |2| (which
could be read rightaway after section if one has no interest in the set-theoretic content of this article).



7

1.1.1. Absolute model companionship. It is well known that if T, S are T-theories such that
Ty = Sy, then any model of T is a substructure of a model of S and conversely. However
the following holds as well (and to our knowledge hasn’t been explicitly stated):

Lemma 1.2. Let 7 be a signature and T, S be T-theories. TFAE:
(1) Tyy3 2 Swva;
(2) Every T-model M of T is a T-substructure of a 7-model N of S such that M and
N satisfy exactly the same sentences in v (or equivalently in Tyy3).

Recall that a theory T' is model complete if the substructure relation between its models
overlaps with the elementary substructure relation (equivalently if 7" is its own model
companion); recall also that 7" is the model companion of S if and only if Ty = Sy and T is
model complete. We introduce the following strengthening of model companionship:

Definition 1.1. Let 7 be a signature and T, S be 7-theories. T is the absolute model
companion (AMC) of S if the following conditions are met:

(1) Tyvz = Swv3;
(2) T is model complete.

Note that:

e ACF is the model companion of Fields (since ACF is model complete and ACFy =
Fieldsy) but not its absolute model companion (as Jz(z? + 1 = 0) € ACFzyy \
FieldSEVv).

e A model complete theory T is the model companion of Ty and the AMC of Ty3.

e The uniqueness of the model companion grants that a theory S admitting a model
companion 1" with T3 # Syy3 cannot have an AMC.

The following result is what brought our attention on the notion of AMC:

Theorem 1.3. Let 7 be a signature and T, S be T-theories. TFAE:
(1) T is the AMC of S;
(2) T is the model companion of S and is axiomatized by the Ila-sentences v such that
¥ + Ryv3a is consistent for all T-theories R 2 S.

In case S is complete, T is the AMC of S if and only if it is its model companion, and the
second item of the above equivalence states that the model companion of S is axiomatized
by the Ilo-sentences consistent with Syy3.

The following motivates our terminology for this strengthening of model companionship:

Lemma 1.4. Assume S,S’ are T-theories such that S’ is the AMC of S. Then for all
TD2S,S +Tyis the AMC of T.

Note that this characterization does not hold for the weaker notion of model companion-
ship: for the signature 7 = {+,-,0,1} ACF is the model companion of Fields, but for 7" the
theory of the rationals in signature 7, ACF + Ty is inconsistent, therefore it cannot be the
model companion of T'.

1.1.2. Partial Morleyizations and the AMC-spectrum of a theory. We now introduce the
notation we use to relate AMC to set theory.

Notation 1.5. Given a signature 7, let ¢(xo,...,xy) be a T-formula.
We let:
e Ry be a new n + 1-ary relation symbols,
e fs be a new n-ary function symbolfﬂ
e ¢, be a new constant symbol.

9As usual we confuse 0-ary function symbols with constants.
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We also let:
AXG, = VE[)(T) < Ry(T)),

AX(lz) =Vr1,...,Tpn
(Ayod(y, 1, ..., 2n) = O(fo(z1,.. ., 2Tn), 21, ..., Tn))A
A (_EI!yQS(y’mla v 7xn) - f(]ﬁ(mla s ,LL‘n) = CT)]

for ¢(xq, ..., xy) having at least two free variables, and
AXg = [Alye(y)) = ¢(fo)] A(=ye(y)) — cr = fol.

for ¢(x) having exactly one free variable.
Let Form, denotes the set of T-formulae. For A C Form, x 2

o 74 is the signature obtained by adding to T relation symbols Ry for the (¢,0) € A
and function symbols fy for the (¢,1) € A (together with the special symbol c; if at
least one (¢,1) is in A).

o T’ 4 is the Ta-theory having as axioms the sentences Abe for (¢,i) € A.

Note the following:

e For any 7-theory T', let A = Form, x {0} and 7* = 74; then T* =T 4+ T, 4 is a
T*-theory admitting quantifier elimination (the Morleyization of T'). Furthermore
any 7T-structure admits exactly one extension to a 7*-structure which is a model of
Tr 4.

e For any 7-formula ¢, any 7-structure M with domain M, and any a € M, there is
exactly one extension of M to a 741, (1}-structures which interprets the value of

the special constant ¢, as a and models AXé.

In the sequel of this paper we are interested to analyze what happens when the Morley-
ization process is performed on arbitrary subsets of Form, x 2.

Definition 1.2. The AMC-spectrum of a 7-theory T (specamc (7)) is given by those
A C Form; x 2 such that T+ T, 4 has an AMC (which we denote by AMC(T’, A)).

The MC-spectrum of a 7-theory T' (specyc (7)) is given by those A C Form, x 2 such
that T'+ T 4 has a model companion (which we denote by MC(T', A)).

Note that A = Form, x {0} is always in the model companionship spectrum of a theory
T (as T + T 4 admits quantifier elimination, hence is model complete and its own AMC
in signature 74). Note also that ) is in the (A)MC-spectrum of T if and only if T has a
model companion (an AMC).

We now show how we can use AMC and model companionship to extract interesting
information on the continuum problem and on the relation between forcibility and con-
sistency. Some of the results below holds also if we consider the model companionship
spectrum of set theory, but the most interesting ones work just in case we focus on the
AMC-spectrum]

1.2. The AMC-spectrum of set theory. From now on for any A C Formic, x 2 we
write €4 rather than {€} ,, and we let T¢ 4 be the € 4-theory

Ticya+ Ve [(Vyy ¢ x) < Cle} = :L'] ,

where the theory Tc, 4 (according to Notation for {€} and A) is reinforced by an
axiom asserting that the interpretation of the constant symbol cfey is the empty set.

We will be interested only in sets A C Formcy x 2 so that €4 contains a basic signature
€a, where all the basic set theoretic results can be developed (e.g. those exposed in 12,

100\ [oreover as of now we are not even able to produce an example of an €-theory T' O ZFC which has some
A C Form x 2 in its model companionship spectrum but not in its AMC-spectrum.
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Chapter IV] and/or in |10, Chapter 13]). The specific details on €a, and the axioms Ta,
are given in Notation we anticipate here that:

® €p, is of the form €p for a specific recursive set D C Formcy x 2 so that €,
includes constant symbols for (), w, relation symbols for all Ag-formulae, function
symbols for all Goedel operations as defined in [10, Def. 13.6].

o T, is a family of IIx-axioms for €, so that ZF~ +Tx, is equivalent to ZF~ +T¢ p.

ZF~ (ZFC™) denotes the e-theory ZF (ZFC) deprived of the powerset axiom.

Definition 1.3. Let T' D ZFC™ be an &-theory. & is a T-definable cardinal if for some
e-formula ¢, (z), T proves:

e dlx ¢ (x) and
YV [px(x) — (z is a cardinal)].

e r is the constant fy, existing in the signature €4, 1))

The first result shows that the AMC spectrum of set theory isolates a rich set of theories
which produce models of ZFC™, e.g. structures which behave like an H) for some regular
A.

Theorem 1.6. Let R be an €-theory extending ZFC.

(1) Assume A € specyc (R) and €x0€p,. Then MC(R, A) models ZFC™ +Ta, + 1> A.

(i) Assume k is an R-definable cardinal. Then there exists A, € specamc (R) with
€42€n, and such that AMC(R, A,) is given by the € 4, -theory common to the
structureﬂ Hé\f as M ranges among the € 4,.-models of R+ Tc¢ 4, .

1.3. Forcibility versus absolute model companionship. The following is the major
result of the papeﬂ

Theorem 1.7. Let S be the €-theory
ZFC + there exists class many supercompact cardinals.

Then there is a set B € specayc (S) with €gD€n, and such that for any Ila-sentence ¥
for €p and any €-theory R O S the following are equivalent:

(a) ¥ € AMC(R, B);

(b) (R+Tep)wwa+S+MMTT 4+ T, g proveﬁ pHer

(c) R proves that Y2 is forciblefﬂ by a stationary set preserving forcing;

(d) R proves that H«2 is forcible by some forcing;

(e) For any R' D R, ¢ + (R + T¢ B)wv3 is consistent.

Furthermore for any 0 which is a boolean combination of 111 -sentences for €g and any
(V,€) model of S, TFAE:

(A) (V,€}) models 6;
(B) (V,€Y,) models that some forcing notion P forces 0;
(C) (V,€Y%) models that all forcing notions P force 0.

HHfi denotes the substructure of M whose extension is given by the formula defining H, + in the model
(using the parameter k).

12The reader unaware of what is MM™+ or a stationary set preserving forcing can skip the second and
third items of the theorem.

13Here and elsewhere we write ™ to denote the relativization of ¢ to a definable class (or set) N; see |12} Def.
IV.2.1] for details.

1fere and in the next item we mean that the €-formula @ which is Te,p-equivalent to v is such that #7«2
is forcible by the appropriate forcing.
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The second part of the theorem shows that forcing cannot change the II;-fragment of
the theory of V in signature egDea,. Note also that if (V, €) is a model of S and R is
the € p-theory of its unique extension to a model of T¢ g, we get that a Il>-sentence 9 for
€p is consistent with the universal and existential fragments of R if and only if 1«2 is
forcible over V.

We will give a detailed definition of €p at the proper stage; we anticipate here that it is
a recursive set extending €, with a predicate symbol for the non-stationary ideal on wy, a
constant symbol for wq, and predicate symbols for all sets of reals definable by &-formulae
without parameters in the Chang model L(Ord®) (which by a result of Woodin form an
interesting subclass of the universally Baire sets, assuming the large cardinal hypothesis of
the Theorem).

We can also drop any reference to AMC and €p and prove also the following result
relating forcibility to consistency for Ils-sentences in the signature €, (where most of set
theory can be efficiently formalized — see Section right below):

Theorem 1.8. Let S be the theory of Thm. [1.7
For any Ilp-sentence 1) for the signature €a, and for any €-theory R O S the following
are equivalent:

(1) (R+ Tay)vwa+ S +MMTT + T, proves s ;

(2) R proves that <2 is forcible by a stationary set preserving forcing;
(3) R proves that 2 is forcible;

(4) For any consistent €-theory R* O R, ¢ + (R* + Ta,)vv3 is consistent.

1.4. The AMC-spectrum of set theory and the continuum problem. We show
that large cardinals place 2% = Ry in a very special position of the AMC spectrum of set
theory.

We formalize CH and 280 > X5 in signature €x, as follows:

e (x is a cardinal) is the IT;-formula
(x is an ordinal) AV f [(f is a function A dom(f) € x) — ran(f) # z].
e 1 := N is the boolean combination of X1-formulae
(z is a cardinal) A (w € z)A
AJF [(F:wxzx—z) AVa€x(F |wx {a} is a surjection on «)].
e CH is the ¥s-sentence
3f [(f is a function A dom(f) := N1) AVr Cw (r € ran(f))].
and —CH is the boolean combination of Hg—sentenceﬂ
Jz (z:= V1) AVS [(dom(f) := RNy A f is a function) — Ir C w (r & ran(f))].
e 1 := Ny is the Y9-formula
(x is a cardinal)A
AFFy [y =N)A(yex)AN(F:yxz—x)AVaexz(F [yx{a} is a surjection on )] .
e 2%0 > N, is the boolean combination of ITs-sentences
Jz (z:=Ra) AVS [(f is a function A dom(f) :=Vy) = Ir (r Cw Ar & ran(f))].
o 280 < N, is the Yp-sentence

3f [(f is a function) A dom(f) := Ny AVr (r Cw — r € ran(f))].

15We let —CH include the Yg-sentence Jdx (z := Ny), for otherwise its failure could be witnessed by the
assertion that there is no uncountable cardinal, a statement which holds true in H,,,, regardless of whether
CH or its negation is true in the corresponding universe of sets.
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Theorem 1.9. Let S be the €-theory of Thm. [I.7. The following holds:

(1) Let R O S be an €-theory. Assume A € specayc (R) with €42€a, and —-CH +
ZFC+ (R + Te a)vv3 is consistent. Then CH ¢ AMC(R, A).
(2) For the signature €g of Thm. —CH is in AMC(R, B) for any €-theory R O S.

We can prove exactly the same type of result replacing CH by 280 > X,. Specifically
Moore introduced in [16] a IIz-sentence Oyioore for €, to show the existence of a definable
well order of the reals in type wy in models of the bounded proper forcing axiomEL We
can use Onoore as follows:

Theorem 1.10. There is a Ilz-sentence Onioore for €a, such that the following holds:

(1) Ovioore is independent of S + Ta,, where S is the €-theory of Thm. .

(2) ZFC, + Jz (z :=R1) + Onoore proves that there exists a well-ordering 0E| P (w)
i type at most wa.

(3) ZFC,, + 3z (2 := Vo) + Oroore proves that 280 < ws.

(4) For S and €p the theory and signature considered in Thm. Jz (x := V1), Onoore
are both in AMC(R, B) for any €-theory R extending S.

(5) If R extends S, A € specapmc (R) is such that €40€p,,, Iz (x := N9) € AMC(R, A),
and

aMoore + (R + TE,A)VVH + ZFC

is consistent, then 2% > Ry is not in AMC(R, A).

The two theorems show an asimmetry between 2% = X, and all other solutions of the
continuum problem assuming large cardinals: for any R extending ZFC+large cardinals
there is at least one B € specayc (R) with =CH (and a definable version of 2%0 < )
in AMC(R, B), and this occurs even if R = CH or R |= 2% > Ry. On the other hand
if CH is independent of R, CH is never in AMC(R, A) for any A € specayc (R) (with
€42€x,) and similarly if Oyioore is independent of R, 280 > N, is never in AMC(R, A) for
any A € specapc (R) (with €42€n,).

Furthermore the last part of Thm. outlines that CH, 280 = Ry, 280 > Ry, Orioore are
all boolean combination of Ilp-sentences in the signature €, which cannot be expressed
by boolean combination of II;-sentences for the signature €eg2O€a, in models of S (with S
and B as in Thm. , as their truth value can be changed by forcing.

STRUCTURE OF THE PAPER

The remainder of this paper is organized as follows:

Section |2 gives an account on the main properties of AMC.

Section [3| proves Theorem , part |1| of Thm. and Thm. m (with the
exception of part .

Section [] proves the generic invariance of the theory of V in signature ea,
U{w1,NS,, } (more precisely a stronger version of the second part of Thm. [1.7).
Section [b| completes the proof of Thm. (and of the missing parts of Theorems
L.10).

e We conclude the paper with some comments and open questions.

16Wwe use here the definable well-ordering of the reals in type w2 existing in models of bounded forcing
axioms isolated by Moore, but Thm. m could be proved replacing Onmoore With any other coding device
which produce the same effects, for example those introduced in [6/19], or the sentence 1¥ac of Woodin as
in |13} Section 6].

1T\More precisely: there is a a ZFC;O—provably Ai-property ¥(z,y, z) such that in any model M of the
mentioned theory there is a parameter d € M such that 1 (z, y, d) defines an injection of P (w) of the model
with the class of ordinals of size at most w; of the model.
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Any reader familiar enough with model companionship to follow can easily grasp the
content of Section 2] Section [3] needs Section [2] and familiarity with set theory at the level
of [12, Chapters I, III, IV]. (no knowledge of forcing is required). The proofs in Section
assume familiarity with Woodin’s stationary tower forcing, and (in its second part, cfr.
Section also with Woodin’s P, ,x-technology. Section |5| can be fully appreciated only
by readers familiar with forcing axioms, Woodin’s stationary tower forcing, Woodin’s
Poax-technology and take advantage of Asperé and Schidler’s proof that MM™™ implies a
strong form of Woodin’s axiom (x) [2].

2. EXISTENTIALLY CLOSED STRUCTURES AND ABSOLUTE MODEL COMPANIONSHIP

This section proves the model theoretic results on model companionship stated in
Absolute model companionship (AMC) isolates those (possibly non-complete) theories T
whose model companion is axiomatized by the Ils-sentences which are consistent with
the universal and existential fragments of any model of T. We also show that AMC is
strictly stronger than model companionship and does not imply (nor is implied by) model

completion@
We introduce the following terminology:

Notation 2.0.1.

e L denotes the substructure relation between structures.

e M <, N indicates that M is a ¥,-elementary substructure of N, we omit the n
to denote full-elementarity.

e Given a first order signature 7, 7y denotes the universal T-sentences; likewise
we interpret 73,7v3,.... Tyv3 denotes the boolean combinations of universal 7-
sentences; likewise we interpret 7v3yav, . . ..

e Given a first order theory T', T denotes the sentences in 7v which are consequences
of T', likewise we interpret T3, Ty3, Tyya, . . . .

e We often denote a 7-structure (M, RM : R € 7) by (M, ™).

e We often identify a 7-structure M = (M, ™) with its domain M and an ordered
tuple d € M<“ with its set of elements.

e We often write M = ¢(d) rather than M = ¢(Z)[Z/d] when M is 7-structure
ae M<¥, ¢is a T-formula.

e We let the atomic diagram Ag(M) of a 7-model M = (M, M) be the family of
quantifier free sentences ¢(d@) in signature 7 U M such that M = ¢(a).

2.1. Byembeddability versus absolute byembeddability. Let us give a proof of the
following well known fact, since it will be helpful to outline the subtle difference between
model companionship and absolute model companionship.

Lemma 2.1.1. Let 7 be a signature and T, S be T-theories. TFAE:
(1) Ty 2 Sy.
(2) For any M model of T there is N model of S superstructure of M.

Proof.

implies [2t Assume M models T and is such that no A/ model of S is a superstructure
of M. Then S U Ay(M) is not consistent (where Ag(M) is the atomic diagram
of M). By compactness find (@) € Ag(M) quantifier-free sentence such that
S +1(a) is inconsistent. This gives that

S = VI —p(Z)

187 detailed account of model companionship, Kaiser Hulls, existentially closed structures in line with our
treatment of this topic can be found in the notes [21].
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since @ is a string of constant symbols all outside of 7. Therefore VZ —)(Z) € Sy C
Ty. Hence
M = VE—p(Z) A p(a),
a contradiction.
implies [T} Left to the reader.

O

The following is a natural question: assume S and T are 7-theories sich that Ty = Sy,
can we extend a model M of T to a superstructure M of S so that M and N satisfy
exactly the same universal sentences? The answer is no as shown by 7 = {-,+,0,1}, T
the 7-theory of fields, S the 7-theory of algebraically closed fields: it is easy to see that
Ty = Sy in view of Lemma 7?7 but Q cannot be extended to an algebraically closed field
without killing the universal sentence stating the non existence of the square root of —1.

The clarification of this issue is what has brought our attention to Ty 3.

Note that any sentence in Ty 3 is either logically equivalent to 8 V ¢ or equivalent to
0 A 1 with 6 universal and 1 existential.

Note also that Ty\,3 may contain more information than Ty U T5 as there could be a
universal 6 ¢ Ty and an existential ¢ ¢ T5 with 0 V ¢ € Ty 3.

Lemma 2.1.2. Let 7 be a signature and T, S be T-theories. TFAE:

(1) Tyyz 2 Swva.

(2) For any M model of T there is N model of S superstructure of M realizing exactly
the same universal sentences.

(8) For every boolean combination of universal sentences 0, T + 0 is consistent only if
sois S+ 6.

Proof.
implies 2} Assume M models T' and is such that no A' model of S which is a super-
structure of M realizes exactly the same universal sentences.
For any such N with M C N = S we get that some universal 7-sentence 0xr
true in M fails in M. We claim that the 7 U M-theory

S* = AyM)USU{Oy: MCEN, N S}
is inconsistent. If not let P* be a model of S*. Then P = (P* | 7) J M is a model
of
SU{y: MCN, N [ S}.
Hence it models 8p and —0p at the same time.

By compactness we can find a universal sentence ¢4 given by the conjunction
of a finite set

{0p,i=1,....n, MCP; = S}
and a quantifier free sentence r((@) of Ag(M) such that

S+ Ym(@) + dm

is inconsistent. Hence

S —dpm VITYMm(T).
Now observe that:
o gV -ITZ YA (F) is a boolean combination of universal sentences,
e MET +3FYMm(T) A dm-
Therefore we get that =g V ~3IZ Y (Z) is in Syyz \ Tyva.
implies [3t Left to the reader.
implies [1} If Tyy3 2 Svyy3 there is 6 € Syy3 \ Tyys. Then —6 is inconsistent with S and
consistent with 7.
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Definition 2.1.3. Let 7 be a signature and T, .S be 7-theories.

e T and S are cotheories if Ty = Sy.
e T and S are absolute cotheories if Tyyg = Syva.

Remark 2.1.4. Say that a 7-theory T' is II;-complete if T+ ¢ or T —¢ for any universal
T-sentence ¢.

Now consider the {+,-,0, 1}-theories ACF( and Fieldsy expanding ACF and Fields with
the axioms fixing the characteristic of their models to be 0. Note that ACFq is II;-complete
(it is actually complete) while Fieldsy is not, even if (ACFg)y = (Fieldsp)y. In particular
Ty = Sy is well possible with T I1i-complete and S not II;-complete. Absolute cotheories
rule out this confusing discrepancy. In particular we will use the following trivial fact
crucially in the proof of Lemma [2.3.4} if S is a complete theory Sy, 3 is II;-complete, while
Sy may not.

2.2. Existentially closed models, Kaiser hulls, strong consistency.

Definition 2.2.1. Given a 7-theory T', M is T-existentially closed (T-ec) if:

e There is some N J M which models T
e M <1 N for all superstructures N' J M which model T.

Remark 2.2.2. Among the many nice properties of T-ec structures, note that Ils-sentences
(with parameters in M) which hold in some T-model N superstructure of M reflect to M.

In view of the above Lemmas it is not hard to check the following:

Fact 2.2.3. TFAE for a T-theory T and a T-structure M:
(1) M is T-ec.
(2) M is Tiyy3-ec.
(3) M is Ty-ec.

Definition 2.2.4. Let T be a 7-theory.

e A 7-sentence 1 is strongly Ty 3-consistent if 1 + Ryy3 is consistent for all R O T.

e The Kaiser hull of T (KH(T)) consists of the Ils-sentences for 7 which hold in all
T-ec models.

e The strong consistency hull of T (SCH(T')) consists of the IIp-sentences for 7 which
are strongly Ti,3-consistent.

The Kaiser hull of a theory is a well known notion describing an equivalent of model
companionship which can be defined also for non-companionable theories (see for example
[18, Lemma 3.2.12, Lemma 3.2.13, Thm. 3.2.14]); the strong consistency hull is a slight
weakening of the Kaiser hull not considered till now (at least to my knowledge) and which
does the same with respect to the notion of absolute model companionship (defined below

in Def. 2.3.1).

Fact 2.2.5. For any T-theory T':
(1) KH(T)y = Ty;
(it) SCH(T)wv3 = Tyva;
(11i) SCH(T) C KH(T);
(v) SCH(T) = KH(T) if Tyys = KH(T)yya, which is the case if T is complete.
(v) For any Ila-sentence v such that Tyy3 + 1 is consistent, there is a model of
KH(T) + .

Proof.
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(i) By definition any model of KH(T') is a model of Ty; conversely any model of 7" can
be extended to a T-ec model (see for example [18, Lemma 3.2.11]). We conclude
by Lemma [2.1.1]

(ii) Trivial.

(iii) Assume a II-sentence 9 is strongly Ty, 3-consistent. Let M be a T-ec model. Then
M is Tyyg-ec. Let R be the 7-theory of M. Since M is T-ec, any superstructure
of M which models T is also a model of Ryy,3 (by Fact @D Since v is strongly
Tyy3-consistent, ¢ + Ryy3 is consistent. By Lemma [2.1.2] 1) holds in some N J M
which models Ryy3. Since M is T-ec and Ryy3 2 Ty, we get that 1 reflects to M
(being a ITs-sentence which holds in N which is a X-superstructure of M).

(iv) Assume a IIy-sentence 9 is in KH(T"). Let R be any complete extension of 7' and
M be a model of R. By Lemma there is N which is a model of KH(7T') and
of Ryy3. In particular A/ models ) + Ryy3. Since R is arbitrary, v is strongly
Ty 3-consistent.

Clearly if T is complete, T3 is II1-complete, and 1) is strongly Ty 3-consistent if
and only if ¢ 4+ T3 is consistent. We conclude also in this case that a Ils-sentence
1 holds in some T-ec model if and only if it is strongly 7Ty, 3-consistent.

(v) Note that KH(T') is axiomatized by its IIs-fragment and KH(T")yy3 2 Ti3. There-

fore we can apply Lemma, below.

0

Remark 2.2.6. There can be 7-theories T" whose Kaiser hull strictly contains its strong
consistency hull.

Consider the {0, 1, -, +}-theories ACFy (of algebraically closed fields of characteristic
0) and Fieldsy (of fields of characteristic 0). Note that ACF( is complete while Fieldsy is
not. Furthermore ACF is the Kaiser hull of Fieldsy (note that: ACFq is axiomatized by its
IIs-fragment; any Fieldsg-ec model is an algebraically closed field; any model of ACFg is
Fieldsg-ec).

We get that 3z (22 + 1 = 0) is a IIy-sentence (in fact existential) in the Kaiser hull of
Fieldsg but not in its strong consistency hull, since it is not consistent with Ry3, where R
is the {0, 1, -, +}-theory of the rationals.

Lemma 2.2.7. Let S,T be 7-theories such that Syyz C T3 and S is aziomatized by its
IIy-fragment. Then for any lls-sentence 1 consistent with T there is a model of S + .

Proof. We prove a stronger conclusion which is the following:

Let R be a complete theory extending T + 1. Then there is a model of
Ryva + S+ 9.

Let {M,, : n € w} be a sequence of T-structures such that for all n € w:

e M, is a T-substructure of M, ;1;
e M, models Ryy3;

e My, models R;

o Moy, 11 models S.

Such a sequence can be defined letting M be a model of R, M; be a model of S which
satisfies Ryy3 (which is possible in view of Lemma and defining M,, as required for
all other n appealing to the fact that S + Ryy3 and T 4 1 + Rywy3 are absolute cotheories
with Ryy3 being the II;-complete fragment shared by both theories. Then M = J,,c,, Mn
is a model of Ryy3+ S + 1 since it realizes all IIs-sentences which hold in an infinite set of

M,, (see for example [18, Lemma 3.1.6]) and satisfies exactly the same II;-sentences of
each of the M,,. O
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Note that the above cannot be proved if S, T are just cotheories: performing the above
construction under this weaker assumption, we may not be able to define My as required
if M1 does not realize exactly the same universal sentences of M.

2.3. Absolute model companionship.

Definition 2.3.1. A 7-theory T is:

e model complete if M =T if and only if it is Ty-ec;

e the model companion of a T-theory S if T" and S are cotheories and T is model
complete;

e the absolute model companion (AMC) of a 7-theory S if T" and S are absolute
cotheories and 1" is model complete.

Our definition of model completeness and model companionship takes advantage of |7,
Prop. 3.5.15].

We will use repeatedly Robinson’s test providing different equivalent characterizations
of model completeness:

Lemma 2.3.2. [18, Lemma 3.2.7] (Robinson’s test) Let T' be a T-theory. The following
are equivalent:

(a) T is model complete.

(b) Whenever M T N are models of T, M < N.

(¢) Each existential T-formula ¢(Z) in free variables T is T-equivalent to a universal
T-formula (&) in the same free variables.

(d) Each T-formula ¢(Z) in free variables & is T-equivalent to a universal T-formula
Y(Z) in the same free variables.

Remark 2.3.3. @ (or shows that being a model complete 7-theory T is expressible by
a Ag-property in parameters 7,7 in any model of ZFC, hence it is absolute with respect to
forcing. They also show that quantifier elimination implies model completeness. also
shows that model complete theories are axiomatized by their Ils-fragment.

The following characterization of absolute model companionship has brought our atten-
tion to this notion.

Lemma 2.3.4. Assume T,T' are T-theories and T' is model complete. TFAE:

(i) T is the absolute model companion of T.
(i) T' is aziomatized by the strong consistency hull of T.

Proof.

@ implies First of all we note that any model complete theory S is axiomatized by
its strong consistency hull in view of Robinson’s test @ and Fact
We also note that for absolute cotheories T',T”, their strong consistency hull
overlap (in view of Lemma [2.1.2)).
Putting everything together we obtain the desired implication.
implies @ Note that for # a boolean combination of universal T-sentences, we have
that 0 is in the strong consistency hull of some 7-theory S if and only if 8 € Sy 3.
Combined with this gives that 10,5 = Tyy3.
O

Finally the following Lemma motivates our terminology for AMC:

Lemma 2.3.5. Assume T, T’ are T-structures such that T' is the AMC of T. Then any S
extending T has as AMC T + Sy.



17

Note that this fails for the standard notion of model companionship: ACF is the model
companion of Fields in signature 7 = {0, 1,-,+}, but if S is the theory of the rationals in
signature 7, Sy + ACF is inconsistent, hence it cannot be the model companion of S.

Proof. Assume S D T is consistent. If M = S, M has a superstructure which models
T’ + Syv3, since T and T" are absolute cotheories. This gives that S’ = T” 4+ Sy is consistent.
Since T” is model complete, so is S’ by Robinson’s test (cfr. Remark and Lemma
2.3.9(c)). Now observe that S’ and S satisfy item [2] of Lemma (since S" O T and
S O T with T and T absolute cotheories), yielding easily that Syy3 = SY,,5. Therefore S’
is the AMC of S. g

Remark 2.3.6. Absolute model companionship is strictly stronger than model companion-
ship: if T is model complete, T is the model companion of Ty and the absolute model
companion of Ty 3; the two notions do not coincide whenever Ty is strictly weaker than
Tyy3.

If 7" is the model companion of T, T}, O Ty3: assume M = T, then there is a
superstructure N of M which models T (since 7" is the model companion of T'). Now
M <1 N, since M is T-ec. Hence N has the same II;-theory of M. The inclusion can be
strict as shown by the counterexample given by Fields versus ACF.

Recall that T is the model completion of S if it is its model companion and admits
quantifier elimination (See [7, Prop. 3.5.19]).
Absolute model companionship does not imply model completion:

Fact 2.3.7. Let € and S be the signature and theory appearing in Theorem[1.7. Then
AMC(S, B) does not admit quantifier elimination, hence S + Tc p does not have the
amalgamation property and has no model completion.

Proof. We show that S + T¢ g does not have the amalgamation property. This suffices to
prove the Fact by [7, Prop. 3.5.19]. Given (V, €) model of S +MM™ " let G be V-generic
for Namba forcing at Ry and H be V-generic for Coll(wy,ws). Note that (by Thm. [4.2.1]
since all predicate symbols of €p are either universally Baire sets or Ag-definable formulae
or the non-stationary ideal on w;)

(V) € (VIG), 5D, (viH], e5™).

If W is an € g-amalgamation of V[G] and V[H| over V, and W models S+7T¢ g, we get that
in W wg has cofinality w}/ and w at the same time (both properties are expressible by Ag-

formulae in parameters w,w} ,wy , f, g stating that f :w — wy is cofinal and g : w; — wy
is cofinal), hence wy is countable in W. This is impossible since (HY,,€}) <1 (W,€Y)
and w}’ is uncountable in (HY,, €}). O

2.4. Preservation of the substructure relation and of ¥;-elementarity by expan-
sions via definable Skolem functions. These technical result will be needed for the
enhanced version of Levy absoluteness given by Lemma [3.1] This is crucial for the proofs
of Thm. |1.6(i) and in Sections 4| and [5| to define the signature €p of Thm. Recall
Notation [LEl

Fact 2.4.1. Assume M C N are T-structures and ¢(%,y) is a T-formula such that both
structures satisfy

VI, y [0(T, y) € Vipe(T, y, 1) <> 3704(7,y, 2)]
with 4,04 quantifier free T-formulae. Then the unique expansions of M, N to Ta-models

of Ty a for A= {(¢,0)} are still T4-substructures.
Assume further that M T N both satisfy

Vi3lyd(T, y).
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Then the unique expansions of M,N to tg-models of Trp for B = {¢} x 2 are still
TR-substructures.

Proof. The first point is a basic argument left to the reader. The second point mimicks the
argument from the first part of the proof of the next Lemma (and is also elementary). O

Lemma 2.4.2. Let 7 be a first order signature. Assume M <1 N are T-structures. Let
d(xo, ..., xn) be a Xy-formula for 7, A= {¢} X 2, and:
e N be some extension of N to a T4-structures which models T a4 and interprets c-
by an element of M;
e My be the unique extension of M to a Ta-structures which models Tr o and
interprets c, the same way N1 does.
Then it still holds that
M <4 ./\/1.

Proof. Let M*, N* be the unique extensions of M and N to 7U{Ry, ¢, }-structures which
interpret ¢; as My, N7 do and interpret Ry according to Axg. Clearly

M* =<1 N*.
Now we show that M; C N7, e.g. we must show that f(;)\/“ = févl I M.
We can suppose that ¢(zo, ..., xy) is of the form 324y (o, . .., 2y, Z) with ¢y quantifier

free. Note that 3y ¢(y, z1,...,x,) is logically equivalent to the boolean combination of
II;-formulae for

(1)

Jy3IZ Ve (y, @1, ... 20, 2)) AVU, OVZ [(g(u, 21, .o T, 2) AYg(v, 21, .0, T, 2)) = u = 0]
Since M <1 N, we get that for any b € M"

=,

M =3y é(y,b)
if and only if

N E 3y é(y, b).
Therefore for all b € M™ and a € M we get that

My = fo(b) = a

if and only if
N E fo(b) = a;
hence M; C M.

Now we want to show that M; <; N;. The key point is to analyze the complexity of
the formula y = ¢(z1,...,z,) for t a T74-term. We can prove the following;:

Claim 1. For any Ta-term t(x1,...,x,) in displayed variables, there are a Ia-formula
Oi(z1,...,zpn) and a Xo-formula Yi(x1, ..., xy,) for TU{c;} such that

(2) TraEYzy,...,zny Uiy, z1,... 2n) <z, .. zn) =y & 0(y, 21, ..., 20)] .

Assume the Claim holds, and notice that any existential 74-formula ¢ (z1,...,z,) is of
the form
rpi1, s Bm Ot (X1, ), e (X1, T)
with 6 a quantifer free 7-formula and ¢1, ..., ¢, Ta-terms; by the Claim 1 is T 4-equivalent

to the IIy-formula for 7 U {c;}

k
vylv"' y Yk (E'.Z'n+1,.. -y Tm A¢ti(yiax1a-- . 7:1;771)) — 0(3/1:7%)
i=1
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This gives that for by,...,b, € M such that

Nl ): Hanrl, ey Iy H(tl(bl,. . .,bn,$n+1, e ,Cﬂm), e ,tk(bl, .. .,bn,l‘nJrl, . .,.’Em)),

we get that

k
N EYy,. .., yk [(Elccn+1,...,xm /\z/;ti(yi,bl,...,bn,:cn+1,...,a:m)) —>9(y1,...,yk)] ;
i=1

therefore (since M* <3 N*, and the above is a IIo-formula for 7 U {¢;} in parameters
bb R bn)

i=1
Now observe that for alli=1,...,k by

k
M =Yy, [(3$n+1,...,$m Ad]ti(yi,bl,...,bn,xn+1,...,$m)) —>0(y1,...,yk)] .

M,y ):Vl‘n+1,.. T [@Zzti(yi,bl,. . .,bn,l‘n+1,... ,:L'm) ~ ti(bl,.. . ,bn,:z:n+1,... ,:L'm) = yl] .

Therefore

./\/ll ': Elxnﬂ, ey Iy H(tl(bl, cee ,bn,.%'n+1, ce ,l’m), o ,tk(bl, ey bn,xn+1, cee ,xm))
We are done.
We are left with the proof of the Claim:

Proof. We proceed by induction on the depth of the 74-term ¢. If ¢ is a term of depth 0,
then ¢ is a constant or a variable and there is almost nothing to prove (i.e. the unique term
of depth 0 in 74 \ 7 is ¢;; we can let ¢y and 6; be the formula y = t).

Now assume the Claim holds for all terms of depth n. Let

t= f(tl(xl, - ,xn), R ,tk(xl, ... ,.Tn))
be a term of depth n + 1 with f a function symbol of 74. By inductive assumption there
are 0y, (yj, 1, ., o) and Yy (y;,21,...,2,) for j =1,... k which are respectively Il for
T U{er} and ¥y for 7 U {c;} such that:
(3) Tra =EVa1,..., 20,y [wt‘j(y,xl, @) (X1, xn) =y & 0 (Y, T, ,xn)] )

This gives that y = f(ti(z1,...,2n),..., tk(21,...,2,)) is Ty a-equivalent to the -
formula for 74

k
(4) w:(xla"'axn) ::Elyla"'7yk /\w](ijl‘la7$n)Ay:f(ylaayk)
j=1

and to the IIr-formula for 74

k
(5) O (x1,... xn) == VY1, ..., Yk /\wj(yj,xl,...,xn) —y=flyr,---,Yx)

Jj=1 i
If f is a function symbol of 7 U {c,} we let ¢x be ¢} and 6; be 6;. These are 7 U {c,}-
formulae, since y = f(y1,...,yx) is already an atomic 7-formula, and all the other symbols

occuring in and are also in 7U{¢, }, and we easily get that 2| holds for ¢y := ¢}, 0, := 0} .
Else f is fs (therefore k = n) and we are considering the atomic 74-formula
Yy = f(ﬁ(yl, EERR) yn)

Now observe that 3y ¢(y, x1,...,z,) is a boolean combination of IIj-formulae for 7 by
Therefore

Y= fs(y1,-- Yn)
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is T s-equivalent to the boolean combination of II;-formulae for 7 U {c;}

(6) Bz d(z,y15- s yn) ANz =y V [z d(z, 41, yn) Ay = cr].

Also in this case we are done: replacing in [4| and [5| the T4-formula f4(z1,...,2,) =y
with the 7 U {¢; }-formula [6] does not change the complexity of the T U {¢, }-formulae so
obtained. We let ¢, and 6; be the 7 U {c; }-formulae obtained from ¢y and 6 by this
substitution. A minimal variant of the argument given above shows that ; and 6; are
Te a-equivalent to y = t(z1,...,Zy).

O

The Lemma is proved. 0

2.5. Summing up.

e We see model completeness, model companionship, AMC as tameness properties of
elementary classes £ defined by a theory T rather than of the theory T itself: these
model-theoretic notions outline certain regularity patterns for the substructure
relation on models of £, patterns which may be unfolded only when passing to a
signature distinct from the one in which £ is first axiomatized (much the same
way as it occurs for Birkhoff’s characterization of algebraic varieties in terms of
universal theories).

o We will see in the next sections that set theory together with large cardinal axioms
has (until now unexpected) tameness properties when formalized in certain natural
signatures (already implicitly considered in most of the prominent set theoretic
results of the last decades). These tameness properties couple perfectly with
well known (or at least published) generic absoluteness results. The notion of
AMC-spectrum gives an additional model theoretic criterium for selecting these
“natural” signatures out of the continuum many signatures which produce definable
extensions of ZFC.

3. THE AMC SPECTRUM OF SET THEORY

In this section we prove the basic properties of the AMC spectrum of set theory.
Specifically we prove Thm. Thm. Thm. (items [2| of Thm. and 4] of Thm.
are proved conditionally to the proof of Thm. [1.7)).

In [3.1] we define precisely the signatures in which we need to formalize set theory in
order to prove all our main results.

formulates in precise mathematical terms the role Levy absoluteness plays in the
proofs of the above theorems.

In we show that for any A C Forme x 2 with € 4D€x, in the model companionship
spectrum of set theory and R O ZFC, MC(R, A) extends ZFC}, e.g. it is a model of
replacement and choice closed under Goedel operations. Typically these axioms characterize
the structures of type H, for k a regular cardinal.

In we show how to produce sets A such that € 4D€a, and the AMC of set theory
with respect to € 4 exists and is the theory of H,+ for some infinite cardinal k.

In [3.5| we show why it is artificial to put CH and 2% > Ry in some AMC of set theory.

can be read independently of one another.

All proofs in this section are elementary (e.g. knowledge of |12, Chapters I, I1I, IV]
suffices to follow the arguments); however —especially in the notation is heavy. We
haven’t been able to simplify it.

3.1. Basic notation and terminology. We introduce the basic signatures and fragments
of set theory we will always include in any signature of interest to us.

Notation 3.1.1. We let €a, be €p for D C Forme x 2 extending the set Ay x {0} with
the pairs (¢, 1) as ¢ ranges over the following Ag-formulae:
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e The Aj-formulae ¢, (), ¢p(z) defining () and w in any model of ZF~, where the
latter includes all axioms of ZF with the exception of power-set axiom (also we
denote by w and ) the constants fy,, fg,)-

e The Ap-formulae ¢;(Z,y) as G; ranges over the Goedel operations G1,...,G1g as
defined in [10, Def. 13.6] and ¢;(#,y) is the Ap-formula defining the graph of G; in
any e-model of 7] ZF~.

We let T, be given by the axioms:

(7) VI (Ryzeyo (Y, 2, T) <> Vz(z € y = Ry(y, 2, 7)),

(8) VZ [Ropy (T) < (Ro () A Ry (T))],

(9) VI [R-y(T) ¢ ~Ry(T)]

(10) Vo (z & 0)

(11)  w is a non-empty ordinal all whose elements are successor ordinals or ().
(12) Vi 3ly (y = Gi())

(13) VEVyY ly = Gi(T) < Ry, (Z,y)]

for the Goedel operations Gy, ...,G1g.
We axiomatize suitable fragments of the e-theory ZFC 4 Ta, as follows:
e Z,, stands for the €x,-theory given by:
(a) the Extensionality Axiom
Ve,y,z [(z €z z€y) — =1y,
(b) the Foundation Axiom
Ve[r=0V3IyecaVzeax(z&y),

(c) T,
o Zp, enriches Z, ~adding the power-set axiom

Vedy Vz(z C x> z € y].
o ZC,, enriches Z, ~adding the axiom of choice AC
Vz3f [(f is a bijection) A dom(f) = x A (ran(f) is an ordinal)].

e ZF, enriches Z, adding the replacement axiom for all €x,-formulae.
o ZFC, , ZFa,, ZFCx, are defined as expected.

Remark 3.1.2. We took the pain of giving an explicit axiomatization of Z,  using Extension-
ality, Foundation, and axioms [7]. .. because this axiomatizion is given by Ils-sentences
of €xa,, hence it is preserved by Xi-substructures. Note that AC is a IIx-axiom of €x,
while the power-set axiom and the replacement schema for a quantifier free € -formula
are both IIs.

A simple inductive argument shows that ZF~ +T¢ p (where D is the subset of Forme x 2
used in Not. [3.1.1| to define €,a,) is logically equivalent to ZF~ enriched with axioms
E. .. (with () taking the place of ¢c and w being the constant of €a, associated to the
Ag-formula defining it). We skip the details.

We now introduce the terminology to handle set theory formalized in signatures richer
than €a,.

191 models of ZF~ the Goedel operations G1,...,G1o as listed and defined in [10, Def. 13.6] and their
compositions have as graph the extension of a Ag-formula (by [10, Lemma 13.7]).
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Notation 3.1.3. Let 7 Dep,. For a 7-formula ¢(Z, ¥, 2):
e The Replacement Aziom for ¢ (Rep(¢)) states:
VVX (Ve € X3y é(z,y,2)) — IF (F is a function A dom(F) = X AVx € X ¢(x, F(x),2))];
Rep, holds if Rep(¢) holds for all 7-formulae ¢.
ZF s Z + Rep,.
Accordingly we define ZFC,, ZFCZ, ZF,, ZFC,,. ..

We write ZFCa, rather than ZFC; when 7 =€x,, etc.
o If A C Forme x 2 is such that €a,C€ 4, we write ZFC, rather than ZFC™ +T¢ 4,...

Clearly (the suitable fragment of) ZFC + T¢ 4 is logically equivalent to (the suitable
fragment of) ZFC4.

3.1.1. Further notational conventions. Let us introduce notation we will use to handle the
substructure relation over expanded signatures. The following supplements Notations

201

Notation 3.1.4. Given some signature 7 2€a, U{x} and a 7-structure (M, ™) and
some B C Form, x 2, (M, 73 is the unique extension of (M,7) defined in accordance
with Notations which satisfies 7, p. In particular (M, 75!) is a shorthand for
(M,SM . S € 75). If (N,7V) is a substructure of (M, ") we also write (N, 73) as a
shorthand for (N,S™ | N : S € 75).

Remark 3.1.5. Note that in principle if (N, 7V) is a substructure of (M, ™), (N, 73!) and
(N, 75) could be differents structures and (N, 75 ) may not be a substructure of (M, 730):

e (N, 78) is obtained by restricting to N the intepretation of the new symbols of 75
in M according to how M realizes T p;

o (N, Tg ) is obtained by interpreting the new symbols of 75 in IV according to T’ g
as realized in N.

We are spending a great deal of attention to isolate those set theoretic concepts which
grant that (N, 75!) and (N, 75) are the same (at least when (N, V) <1 (M, 7M)).

Notation 3.1.6. Let S be an e-theory. An e-formula ¢(Z) is A1(S) if there are quantifier
free €a,-formulae ¥4 (7, ¥) and 04(Z, 2) such that S + Ta, proves
VE [p(Z) > VG s (T, ) < FZ04(T, 2)].
Let (M, E) be an e-structure. For a € M,
ExtY(a)={beM: ME=bca}.
N C M is a transitive subset of M if ExtY (a) = ExtY (a) for all a € N.

There are many basic set theoretic properties which are established in standard textbooks
(such as [10,/12]) only for transitive models of fragments of ZFC and can be established for
arbitrary models of these fragments:

Fact 3.1.7. Let (M, E) be an €-structure with N C M a transitive subset. Then:
e For all Ag-formula ¢ and @ € N<¥, N |= ¢(@) if and only if M = ¢(d).
e Furthermore assume (M, E) and (N, E) are both models of ZFC™ and let
Qsl('fl)a s ¢k’(fk’)7 wl(fla y)v cee 7¢n(£na y)
be €-formulae which are A1(ZFC™) and such that
ZFC™ = Valy (7, y)
fori=1,....n. Then
MIN,
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where M, N are the unique extensions of respectively (M, E), (N, E) to models for
the signature

GAOU{R¢j:jzl,...,k}u{fwl:lzl,...,n}

of
TAO—I—Ang_—I—Ax}m forg=1,...k, Il=1,...n.

Proof. Use Fact together with the results of [12, Section IV.3] (which are there
established under the further assumptions that M, N are transitive, but can be proved

just assuming the weaker assumption that (M, E), (N, E) are models of ZFC™ with N a
transitive subset of M). We leave the details to the reader. U

3.2. Levy absoluteness. We need a generalization of Levy’s absoluteness in most proofs
of the remainder of this paper. We state and prove the Lemma under the assumption that
the model of ZFC we work in is transitive; but this assumption is unnecessary. Here and in
other places of this paper we just need that the models in question satisfy ZFC™ or slightly
more.

Lemma 3.1. Let (V,€np,) be a model of ZFCa, and X > K be infinite cardinals for V with
A reqular. Assume ¢1(Z1),. .., ¢r(Zk), Y1(Z1,Y), ..., Yn(Zn,y) are E-formulae which are in
A1 (ZFC™) and
ZFCT = Vaaly (T, y)
fori=1,...,n. Then the structure
Hyx pHy ., . _ Hy 5 _ . k
(Hy € BRI j=1 b [P 1=1,. 0, A ACP ()" keN)
is 21-elementary in

(Vi€hg RY, 1 G =1,k fy, i l=1,...,n, A: ACP(r)", k €N),

where Ry, and fy, are interpreted by means of axioms Axgj and Axllm for 3 =1,...k,
[=1,...,n in both structures.

Its proof is a variant of the classical result of Levy (which is the above theorem stated
just for the signature €x,); it is a slight expansion of [20, Lemma 5.3]; we include it here
since it is not literally the same:

Proof. Let 7 be the signature €, U{ng]. cj=1,.. kb U{fy : l=1,...,n}, ¢(Z,y)
be a quantifier free formula for the signature under consideration where only predicates
Ay, A appearﬂ and @ € H) be such that

(V, 7V, Ay, Ag) | Sye(d,y).
Let a > & be large enough so that for some b € V,,

(V, 77, Ar,. o Ag) E 6(a,b).
Then

(Va, 7V, Ay, ..o Ap) = (@, D)
(since (Vo, 7V, Ay,...,Ay) T (V, 7V, Ay,..., A) by Fact 3.1.7). By the downward
Lowenheim-Skolem theorem, we can find X C V, which is the domain of a TU{ A1, ..., Ax}-
elementary substructure of

(Vi 772, A1y, Ag)

such that X is a set of size k containing x and such that Aq,..., Ag,k,b,d € X. Since
|X| =k C X, a standard argument shows that Hy N X is a transitive set, and that <" is

20Note that 3z € yA(y) is not a quantifier free formula, and is actually equivalent to the 3;-formula
Jz(z € y) A A(y).
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the least ordinal in X which is not contained in X. Let M be the transitive collapse of X
via the Mostowski collapsing map 7x.

We have that the first ordinal moved by 7x is k™ and 7y is the identity on H, + N X.
Therefore 7x (a) = a for all a € H.+ N X. Moreover for A C P (k)" in X

(14) TI'X(A):AQM.
We prove equation :

Proof. Since X NV,.y1 € X N H,+, mx is the identity on X N H,.+, and A C P (k) C Viey1,
we get that

x(A) =nx[ANX]=nx[ANXNVi]=ANMNV,1 =ANM.

It suffices now to show that
(15) (M, 7™ 7x (A1), ..., 7x(Ap)) T (Hy, 783, Ay, Ap).
Assume 15| holds; since 7x is an isomorphism and mx(A;) = mx[A; N X], we get that
(M, 7™ 7x(Ay),...,7x(Ap)) E o(nx(b),d)

since

(X, 7V, AiNnX,...,A4,NX) = ¢(ba).

By we get that
(Hx, 7™, Ay, A) E ¢(rx (b), @)

and we are done.

We prove :

Proof. since (M, €) is a transitive model of ZFC™ with M C Hj, any atomic 7-formula
holds true in (M, 7™) if and only if it holds in (Hy,7*) (again by Fact . It remains
to argue that the same occurs for the formulae of type A;(z), i.e. that A; N M = mx(4;)
for all j = 1,...,n; which is the case by . ([l

0

3.3. Replacement holds in MC(T, A) for any 7' O ZFC and any A € specyc (T)
such that €40€a,. We show that for 7" extending ZFC and all A € specyc (7)) such
that €42€pa,, MC(T, A) is a model of all € 4-axioms holding in some H) with A regular
(i.e. all ZFC axioms with the exception of powerset, and with replacement holding for all
€ a-formulae).

The following Lemma shows that existential substructures of an €a,-model of set theory
preserve a great deal of set theoretic concepts.

Lemma 3.3.1. Let 7 D€p, and T D ZF,. Assume N =T. Let M <1 N'. Then:

(1) M models Zy .
(2) M = Rep(¢) for any existential T-formula ¢.
(3) Furthermore if T 5 AC, M = AC.

Therefore if R O ZF is an €-theory and A C Form, x 2 is such that €42€n,, R+ Tr 4
admits a model companion R', then R extends ZF, (or ZFC, if AC € R).
Proof.

1) All axioms of Z hold in N and are reflected to M, since M <1 N and those
Ag
axioms are at most II-sentences of €x,.
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(2) Let ¢(z,y,21,...,2m) be an existential € 4-formula such that

=,

(16) M EVz [m € C — yo(x,y,b)|.

By Lemma we can extend 7 to 7 = 7 U {f,} and uniquely extend M, N to
T1-structures

M < N*
both satisfying
(17) Va1, oo, 2m, T
(Ayo(x,y, 215 -, xm) = d(x, fo(T, 21,0, 2m)s 215 - -, Zm))
A (Eyd(z,y, 21, .. 2m) = fol2, 21,5 2m) = 0)].

Since N* |= ZF, it is immediate to check that N™* = ZF_ . By replacement in N'*
applied to C, 5, o,

N* = 3G |dom(G) = C AVz € C<m,f¢(x,g)> € G] )

hence so does M*, since M* <3 N'*.
So pick F' € M such that

M* |=dom(F) = C AVz € C(z, fy(x,b)) € F.
By [I7]in M* and by [16] we conclude that

M = ¢(a, F(a),b)
whenever M =a € C.
Therefore F' witnesses in M the required instance of the replacement axiom for
C,b,¢.
(3) It is immediately checked that if T' 2 ZFC, M satisfies also the axiom of choice, as
this is a Ils-sentence for €, which holds in N and thus reflects to M.
Finally if R + T 4 admits a model companion R’, R’ is model complete; hence every
€ a-formula is R'-equivalent to an existential € 4-formula. Since any model of R’ is a
>1-substructure of a model of R, the conclusion follows by the previous items.
The Lemma is proved in all its parts. O

This proves Theorem [I.6[)

3.4. The theory of H,+ as the model companion of set theory. In this section we
prove Thm. [1.6(ii)} To motivate the result we first show the following:

Lemma 3.4.1. Assume 7 Dea, U{K} is such that (H,/{\_/,,,TN) <1 (N, ™) whenever N
models S O ZFC, + k is a cardinal. Then every S-ec structure satisfies

Vz3f (f : K — x is a surjection).

In particular for any 7,.S as in the Lemma, the S-ec models satisfy ZCx,, Replacement
for existential 7-formulae, and the IIs-sentence stating that all sets have size at most &,
e.g. they provide a reasonable class of models describing a theory of H,+.

Proof. Let M be S-ec and A" J M be a model of S. Since (H,,7V) <1 (V,7V), the
two structures share the same II;-theory (which is clearly IIj-complete); hence by Lemma
there is P J N satisfying the theory of (H[’?{;,TN ), and in particular the universal
theory of S and the IIy-sentence Va3f (f : kK — z is a surjection). Since M is S-ec, the
latter sentence reflects to M and we are done. O
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We now give existence results stating that there are many signatures 7 D€a, U{x} so
that ZFC; 4+ &k is a cardinal admits as AMC the theory

ZFC. + (k is a cardinal) + Vz3f (f : K — = is a surjection).

3.4.1. By-interpretability of the first order theory of H, + with the first order theory of
P (k). Let’s compare the first order theory of the structure

(P (%), €X,)
with that of the €-theory of H,+ in models (V, €) of ZFC. We show that they are ZFCa,,-
provably by-interpretable with a by-interpetation translating H,.+ in a II;-definable subset
of P (k?) (in signature €,) and the €-relation into a ¥;-relation over this set (in signature
€a,). This result is the key to the proof of Thm. [L.6(i)| and is just outlining the model
theoretic consequences of the well-known fact that sets can be coded by well-founded
extensional graphs.

Definition 3.4.2. Given ¢ € H, .+, R € P (IQQ) codes a, if R codes a well-founded
extensional relation on some a < k with top element 0 so that the transitive collapse
mapping of («, R) maps 0 to a.
e WFE, is the set of R € P (H,2) which are a well founded extensional relation with
domain o < k and top element 0.
e Cod, : WFE, — H,.+ is the map assigning a to R if and only if R codes a.

The following theorem shows that the structure (H,+, €) is interpreted by means of
“imaginaries” in the structure (P (k), EXO) by means of:

e a universal €a, U{x}-formula (with quantifiers ranging over subsets of Kk<%)
defining a set WFE, C P (/12).

e an equivalence relation =, on WFE,, defined by an existential €a, U {x}-formula
(with quantifiers ranging over subsets of K<%)

e A binary relation F, on WFE, invariant under =, representing the €-relation as
the extension of an existential €a, U{k}-formula (with quantifiers ranging over
subsets of /@<“)EL

Notation 3.4.3. Recall Notation B.1.1]
GCard ()

is the II1-formula for €x,
(z is a cardinal) Nw C x

o Z, is the €a, U{r}-theory Z U {dcara(r)}-
e Accordingly we define the €a, U {k}-theories ZF,_, ZFC_, ZF,, ZFC,.

Theorem 3.4.4. Assume ZFC_. The following holdﬁ:

(1) The map Cod, and WFE,, are defined by {€, k}-formulae which are A(ZFC.).
Moreover Cod,, : WFE, — H,+ is surjective (provably in ZFC_ ), and WFE, is

defined by a universal €a, U{k}-formula with quantifiers ranging over subsets of
K<Y,

21gee |10 Section 25] for proofs of the case k = w; in particular the statement and proof of Lemma 25.25
and the proof of |10, Thm. 13.28] contain all ideas on which one can elaborate to draw the conclusions of
Thm. Note that the map = — £<“ has a Ag-graph in models of ZF~- Therefore quantification over
K or over k<“ are the same modulo an €a,-term. In the sequel we might be sloppy and identify at our
convenience k with £<“.

22)\any transitive supersets of H,+ are €a, U{x}-models of ZFC,, for x an infinite cardinal (see [12} Section
IV.6]). To simplify notation we assume to have fixed a transitive €a, U {x}-model N of ZFC; with domain
N D H, ;. The reader can easily realize that all these statements holds for an arbitrary model N/ of ZFC;
replacing H,+ with its version according to N
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(2) There are existential €a, U{K}-formulae (with quantifiers ranging over subsets of
K<Y), e, d= such that for all R, S € WFE,, ¢_(R,S) if and only if Cod,(R) =
Cod,(S) and ¢c(R,S) if and only if Codx(R) € Cody(S). In particular letting

E. = {(R,S) € WFE, : ¢<(R,5)},

~,.={(R,S) € WFE, : p_(R,S5)},
=, 15 a ZFC_ -provably definable equivalence relation, E, respects it, and
(WFER/%K7EH/EA)

is isomorphic to (H,+, €) via the map [R] — Cody(R).

Proof. A detailed proof requires a careful examination of the syntactic properties of Agp-
formulae, in line with the one carried in Kunen’s |12, Chapter IV]. We outline the main
ideas, following (as we already did) Kunen’s book terminology for certain set theoretic
operations on sets, functions and relations (such as dom(f),ran(f), Ext(R), etc). To
simplify the notation, we prove the results for a transitive ZFC™-model (NN, €) which is
then extended to a structure (IV, GXO, %) which models ZFC_, and whose domain contains
H,+. The reader can verify by itself that the argument is modular and works for any other
model of ZFC, (transitive or ill-founded, containing the “true” H,+ or not).

(1) This is proved in details in |12, Chapter IV]. To define WFE, by a universal
€A, U{k}-property over subsets of x and Cod,, by a Aj-property for ea, U{x}
over H, +, we proceed as follows:

e R is an extensional relation with top element 0 is defined by the €a,-atomic
formula YrxT(R) ZF, -provably equivalent to the Ag-formula:

(18) (R is a binary relation) A (0 € Ext(R))A
AVz,w € Ext(R) [Vu € Ext(R) (u R z <> u Rw) — (z = w)]A
AVz € Ext(R) (0 # z — Jy € Ext(R) z R y).

e WFE, is defined by the universal €a, U{x}-formula ¢wrg, (R) (quantifying
only over subsets of K<%)

YexT(R)A
(Ext(R) € k V Ext(R) = k)A
ANVF(f :w— Ext(R) is a function — In € w((f(n+ 1), f(n)) € R))].

e To define Cod,, consider the €a,-atomic formula c.q(G, R) provably equiva-
lent to the €a,-formula:

YExT (R)A

A(G is a function)A

A(dom(G) = Ext(R)) A (ran(G) is transitive)A
NVa, B € Ext(R) [a R B+ G(a) € G(B)].
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Then Cod,(R) = a canlﬂ be defined either by the existential € Ao—formula@
3G (Ycoa(G, R) A G(0) = a)

or by the universal € -formula
VG (Ycod(G, R) = G(0) = a).

(2) The equality relation in H,+ is transferred to the isomorphism relation between
elements of WFE: if X,Y are well-founded extensional on x with a top-element,
the Mostowski collapsing theorem entails that Cod,(X) = Cod,(Y") if and only
if (Ext(R), R) = (Ext(S),S). Isomorphism of the two structures (Ext(X), X) =
(Ext(Y),Y) is expressed by the ¥;-formula for 7,:

¢—(X,Y) = 3f (f is a bijection of k onto k and o X § if and only if f(a) Y f(5)).

In particular we get that ¢—(X,Y’) holds in H,+ for X, Y € WFE,, if and only if
Cod,(X) = Codg(Y).

Similarly one can express Cod,(X) € Cod,(Y) by the Xj-property ¢c in 7,
stating that (Ext(X), X) is isomorphic to (predy («),Y') for some o € k with a Y 0,
where predy () is given by the elements of Ext(Y) which are Y-connected by a
finite path to a.

Moreover letting 22,C WFE% denote the isomorphism relation between elements
of WFE, and E, C WFE% denote the relation which translates into the €-relation
via Codg, it is clear that =, is a congruence relation over Ej, i.e.: if Xy =, X3
and Yy =, Y1, Xo Ex Yy if and only if X7 F, Y7.

This gives that the structure (WFE,/~_, E/~,) is isomorphic to (H,+, €) via
the map [X]| — Cod.(X) (where WFE, /~, is the set of equivalence classes of =,
and the quotient relation [X] E,/~_ [Y] holds if and only if X E, Y).

This isomorphism is defined via the map Cod,, which is by itself defined by a
ZFC, -provably Aj-property for €a, U{x}.

The very definition of WFE,, =, E,, show that

WFE, = diyre, :

=, = (¢pwrE,. () A dwre,. (¥) A d=(z, )",

Ex = (¢wre, (2) A dwre, () A de(z, )Y,
Note that we crucially use the axiom of choice to prove the surjectivity of Cod, on H,+. [

3.4.2. Model completeness for the theory of H, +. The following definition isolates those
signatures extending €, with predicates defining a family of subsets of | J,,c,, P (k)" closed
under finite unions, complementations, and projections.

Definition 3.4.5. Let 7 be a signature extending €a, U{x} only with predicate symbols.
T is k-projectively closed for some T—theorﬂ T D ZFC if the following holds:

(1)
T E (k is a cardinal)

23Note that Cod, can be defined without any reference to k. This reference appears once we decide to
restrict the domain of Cod, to WFE,.

24Given an R such that ¥exT(R) holds, R is a well founded relation holds in a model of ZFC; if and
only if Cod, is defined on R. In the theory ZFC_, WFE, can be defined using a universal property
by a €a, U{k}-formula quantifying only over subsets of k. On the other hand if we allow arbitrary
quantification over elements of H, +, we can express the well-foundedness of R also using the existential
formula 3G ¥cod,, (G, R). This is why WFE, is defined by a universal €a, U {k}-property in the structure
(P(k), GXO, k), while the graph of Cod, can be defined by a Ai-property for €a, U{x} in the structure
(H»i‘h GXm HV)

Z5Recall Notation for ZFC,, ZF; ...
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T EVxo,...,xn (R(xoy ..., 20n) — /\xigfi)

for all predicate symbols R € 7\ €x,.
or all quantifier free T-formulae ¢ there exists € T\ €A, such that
3) F 11 ifier f f lae ¢ th i Ry o h th

T EVxo,...,zn (/\ yi = Cody(xi) A @(z0,...,2n)) < Rp(Y0,---,Yn)
=0

(4) For all R, S € 7\ €, there is some U also in 7\ €a, such that
T =V2,4 [(R(Z)V S() < UT,9)] -

(5) For all R, S € 7\ €a, there is some U also in 7\ €a, such that
T =92,y [(R(Z) AS(Y) < U(T,9)]-

(6) For all R € 7\ €, there is some U also in 7\ €a, such that
n
T EVzo,...,x, /\JUZ C k= (R(xoy...,xn) <> "U(xoy...,2p)
i=0

(7) For all R e 7\ €a, and i = 0,...,n there is some U also in 7\ €a, such that

T EYTo, ... i1, Tit1y- Ty [U(To, .oy Tic1, Tig1y -+, Tn) ¢ Jzi (2 C KA R(x0,...,20))]
We just write projectively closed if k = w.

The following is a trivial but fundamental remark:

Fact 3.4.6. Let T be a signature extending €pn, U{k} only with predicate symbols. Azioms
to[7 are all Ily-sentences for T.

Lemma 3.4.7. Let 7 Dep,, T 2 ZFC; be a T-theory, and k be a T-definable cardinal.
Assume ¢ is a T-formula which defines in any model (V, ™) of T a transitive model
My CV of ZF. which contains HY, . Let A= A x {0}, where

A= {9M¢(xo, cey @) A /\ z; Ck: 0a T—formula} .
i=0

Then T4 1is k-projectively closed for T + T 4.

Proof. This is an almost immediate consequence of the fact that whenever (V,7") models
T, My, 2 HY, is a transitive model of ZF, hence such that CodY = CodM and P (k)" =
P ()™, Using this fact together with the fact that (Mg, V) is a model of ZF;, we get
that the collection of subsets of P (k)" definable in M, without (or even with) parameters
defines a family which is closed under projections (e.g. Axiom , finite unions and

complementations (e.g. Axioms @, and satisfies also axiom
The conclusion follows. g

Theorem 3.4.8. Let 7 Dcp, be a k-projectively closed signature for some T-theory
T O ZFC,.

Let S be the T-theory extending ZFC_ with the arioms . .. E which follow from T and
the azxiom

Va3f [f is a surjection A dom(f) = k Aran(f) = x].
Then S is model complete.
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Proof. To simplify notation, we conform to the assumption of Thm. [3.4.4] i.e. we assume

that the model (N,7V) of S on which we work is a transitive superstructure of H,+.
The statement every set has size at most  is satisified by a ZF -model (N, ", xV)

with N D H if and only if N = H,.+. From now on we proceed assuming this equality.
It suffices to show that for all 7-formulae ¢(Z)

S EVI(9(T) ¢ vo(T)),
for some universal 7-formula ).
By Axiom [2| applied to the atomic 7-formulae x = x, x € y and x = y, we obtain
predicate symbols Rwrg,., R=, Re in 7\ €a, such that:

Ryje, = WFE,,
Rils) == = {(X,Y) € (WFE,)? : Cod.(X) = Codu(Y)},
Ryel = Eq = {(X,Y) € (WFE,)?: Cod(X) € Cody(Y)}.

Now by assumptions on 7, we get that for any quantifier free 7-formula ¢(Z), there is
some predicate Ry € T\ €, such that:

S E Ry(xo,---5%n) € Yo, Yn [B(Y0,s -+ -5 Yn) A /\yz Cod(2;)

Now we proceed to define Ry (Z) for any 7-formula ¢ lettlng:
o Rypy(Z) be U(Z) for the U given by Axiom [5| applied to Ry, Ry,
o R, (%) be U(Z) for the U given by Axiom [6{ applied to Ry, Ry,
® R5y(y,7) () be U(F) for the U given by Axiom (7| applied to Ry.
An easy induction on the complexity of the 7-formulae Ry (Z) gives that for any 7-definable
subset X of (H,+)" which is the extension of some 7-formula ¢(z1,...,x,)
{(Y1,....Ya) € (WFE.)" : (Codg(Y1),...,Codu(Y)) € X} = R~

with the further property that R(l;” C (WFE,)™ respects the 2-relation.

Then for any 74-formula ¢(x1,...,z,) (H,{+,Tf“+) E ¢(ai,...,ay) if and only if
(WFEs/=,, Bx/=,, Ry : ¢ a t-formula) = ¢([X1], ... [Xu])
whenever Cod,(X;) = a; for i = 1,...,n, if and only if
(H+,7H) EVXy,. ., X /\RWFE ) A Cody(X;) = a;) = Ry(X1,..., X,)].

Since this argument can be repeated verbatim for any model of .S, we have proved the
following;:

Claim 2. For any 7-formula ¢(x1,...,x,), S proves
Var, ..., xn (X1, ... 2n) < YY1, ..., Un [(/\ Rwre, (yi)ACodk(yi) = i) = Rg(y1, ..., yn)]]-
i=1
But Cod,(y) = x is expressible provably in S by the existential 7-formula:
Jg[(g is a bijection) A dom(g) = Ext(y) A (ran(g) is transitive) A g(0) = z].

Therefore
Yu1, .. yn [(\ Rwre, () A Codu(yi) = 23) = Ro(y1,- ., yn)]
i=1

is a universal 7-formula, and we are done. O
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3.4.3. Proof of Thm.|1.4(i). Conforming to the notation of Thm. [1.6(i)} it is clear that if
T extends ZFC and « is a T-definable cardinal

A, = {qﬁp(“)(:cl, ceey @) A /\:c, Ck: ¢ an E—formula} ,

i=1
we get that
Ay ={(¢,0): p€ A} UD
(where D is the set used in Notation [3.1.1)) is such that €4, is k-projectively closed for

ZFC.
Therefore the following result completes the proof of Thm. [1.6(1)|

Theorem 3.4.9. Let 7 be k-projectively closed for some T-theory T 2 ZFC...
Then T has an AMC T' in signature T.

Proof. By Thm. any T-theory extending
ZFC_ + every set has size at most k

with the axioms/I]. .. [7] which follow from T is model complete.
Now observe that for any 7-structure M which models T,

H,'Qf <1 M.

This occurs since any new predicate symbol in 7\ €a, defines a subset of P (x)<“, hence
we can apply Lemma [3.1] Therefore:

e H é\f models ZFC,, by the standard properties of H,+ and the regularity of x*
(any function F' with domain in H,+ and range contained in H,+ is in H,+).

e Clearly Hé\f models every set has size at most k.

o H é\f models the axioms . .. 7| which follow from T', as those are all expressible by
IIs-sentences for 7 holding in M.

Therefore
T'={¢: H = ¢, M =T}
is model complete.

Clearly T, 5 = Tyv3, since Hé‘f <1 M whenever M = T.
The theorem is proved. g

Remark 3.4.10. Note that there is no reason to expect that the family of models {Hé\f : ME T}
we used to define T” is an elementary class for 7.

By Lemma for any e-theory S O ZFC and any S-definable cardinal x there is
plenty of A 2 Forme x 2 such that €4 is k-projectively closed for ZFCZ, .

However linking model companionship results for set theory to forcibility as we do in
Theorem requires much more care in the definition of the signature. We will pursue
this matter in more details in the next sections.

3.5. Absolute codings of the continuum in type ws. We prove Theorems [I.9)and
assuming Thm. Here we really use that our focus in on the possible AMCs of set theory
rather than on its possible model companions. Modulo certain complications, slightly
stronger results can be proved replacing the notion of absolute model companionship with
that of strong consistency hull (recall Def. . We prove these stronger result in the
case of Thm. [LI We refrain to do it for Thm. .10l

We start with Thm. We need the following:

Proposition 3.5.1. Assume 7 2€a, and S O ZFC; is a T-theory such that S + —CH s
consistent. Then CH is not in SCH(S).
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Proof. Note that =CH as formalized in is expressible in signature 7 as the conjunction
of the purely Ilz-sentence for €a, “every function with domain Ry is not surjective on the
reals” with the the purely Ya-sentence for €5, Ny exists”.

Either SCH(SS) does not model “N; exists” in which case there is a model of SCH(S)+-CH
(e.g. a model of SCH(S)+ “all sets are countable”), or SCH(S) models “N; exists”. In this
case we note that CH holds in SCH(SS) if and only if it SCH(S) models the ¥s-sentence
for ea, stating that “there is a bijection f with domain w1 and whose range contains all
subsets of w”, and also that S + —CH is consistent and logically equivalent to S + —i. By
Fact we can find a model of SCH(S) + =), hence also in this case SCH(.S) does not
model CH. 0

We can now prove Thm.

Proof. [1]is immediate by the previous proposition, since the AMC of a theory S overlaps
with its strong consistency hull when the model companion of .S exists. [2] follows by part
@ of Thm. . More precisely: let us choose B so that €p is the signature €ns,,,4
introduced in Notation [5.0.3] (it works for Thm. by Thm. [5.4). Now ((z :=®;),1) € B
ensures that there is a constant s of ENS,, A such that x := Ny is a boolean combination of
universal € g-sentences true in S U {Axfz) (9,1) € B}; the latter implies in pure first order
logic “N; ezists”. Now all €g-models M of S + MM™T + {Axé : (¢,1) € B} are such that
the IIa-sentence for €a, “every function with domain Ry is not surjective on the reals” and
the boolean combination of universal € g-sentences k := Ny both hold in H{t\;‘; hence their
conjunction is an axiom of AMC(S, B), and —-CH as formalized in is a consequence in
pure first order logic of this axiom. d

The rest of this section is dedicated to the proof of Thm.

Definition 3.5.2. Let iy, () be the boolean combination of universal formulae for €,
whose unique solution is the first uncountable cardinaﬂ c:[w]? = wis a ladder system
on wy if for every a limit point of wy ¢ | {a} X @ — w is surjective and monotone increasing.

A wy — wis a partition of wy in countably many stationary sets if A71[n] is stationary
for all n € w and A is surjective.

Fact 3.5.3. There is a Ag-formula Yiadder(T,y) such that any solution of Yiadder (T, a) in
any €a, U{a}-model of
ZFa, + Yy, (a)

defines a ladder system on wy according to the model.
Accordingly there is a IIi-formula Yeountpartstat (T, y) for €a, such that any solution of

wcountpartstat(fra a) in any model of
ZFAO + le (a)

defines a partition of wy in countably many stationary sets according to the model.
Furthermore

ZFCKO + le (CL) ): dz Ql)ladder(za CL) A Ely @bcountpartstat (y, a)-
Theorem 3.5.4 (Moore [16]). Let T' be the ea, U{wi,c, A}-theory

ZFCEO + le (wl) + ¢countpartstat (A, wl) + wladder(ca wl)-

There is an €, —formulﬂ UMoore (T, Y, Uo, U1, 20, 21, 22) Such that in any €a, U{wr,c, A}-
model M of T':

26Previously we noted this formula by (2 := X;) however for the sake of readabillty, we introduce below a
constant symbol w1 to denote the least uncountable cardinal and we prefer to write ¢, (w1) rather than
(w1 := Rq), other occasions showing that this new convention is convenient will arise along this section.
271/1M00re(r, a, f,C w1, c, A) states that f : w1 — « is a surjection, C is a club subset of w; and for all a € C,
if A(a) = n, then for eventually all 3 € anNC, ¢(B,a) < c(otp(f[F]), otp(f[a]) if and only if r(n) = 1.
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(a) If
M ): dr C W¢Moore(raa7fa C’,wl,c, A)7

then
M = (a is an ordinal) A (f : o« — wy is an injection) A (C C wy) is a club.
(b) If
ME™sCwAIh(h:a— w is an injection),
then
MEVYS,9,C, D [(Ymoore(S, @, f,C w1, ¢, A) A UMoore(T, ay g, D, w1, ¢, A)) — 17 = s].
(¢) T + ZFCa, proves that
Vr C w3a, f, C Ymoore(r, o, f, Cywr, ¢, A)
is forcible by a proper forcing.
By item [(c)] of the Theorem (and Thm. [4.1)), if S is T + ZFCa,+there are class many

Woodin cardinals
Yr C wda wMoore(ry a, Wi, C, A)

holds in a model of S + Ry for any consistent €a, U{wi, ¢, A}-theory R extending S.

Corollary 3.5.5. Let Oyioore be the 1la-sentence for ea,
v, Y,z [(lbm (.Z') A wladder(ya l') A wcountpartstat(za .’L')) — Vr C wda, f; C T/JMoore(Ta «, fa Ca z,Y, Z)] .

Then the following holds:
(1) Assume S O ZFC and A € specapc (S) are such that

dz le (ZL‘), HMoore
are both in AMC(S, A). Let M be a model of AMC(S, A) such that Yeountpartstat (@, w{\/‘),
Vladder (¢, W) holds in M. Then 3f, C nroore(x, y, f, C,wil, ¢, a) defines the graph
of a surjection of wy' onto P (w)M.
(2) There is at least one (recursive set) B C Forme X 2 with €gD€np, such that for
any R extending
ZFC + there are class many Woodin cardinals and a supercompact cardinal,

B € specayc (R) and
dz le (x)a eMoore

are both in AMC(R, B).
(3) For any R 2O ZFC and A € specayc (R) if

dz ng (w)a eMoore

are both in AMC(R, A), then AMC(R, A) |= 280 < Ny,
(4) Assume R D ZFC and A € specapc (R) are such that (n,(x),1) € A, €E4DEA,,
and
ZFC + (R + Te,A)VVH + OMoore

18 consistent.
Then 2% > Xy ¢ AMC(R, A).

Proof.

@k See the last item and adjust the proof from it.
By Thm.

[Bt See the proof below and observe that the argument which below is given for just one M
which models AMC(R, A), in this case can be repeated for all models of AMC(R, A).
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[ Since AMC(R, A) is the AMC of R + T¢ 4, we can find M <; N with A/ an € 4-model
of
TO =ZFC+ (R + TE,A)V\/H + aMoore
and M an €4-model of AMC(R, A). Then

M }Z 9M00re + ZFCZ

Fix a,b,c, A € M such that M models:
i le (a)7
d wNz (b)a
b wladder(cv a),

i wcountpartstat(A, a).
Note that A" models all of the above formulae with the same parameters, since

M =<1 N .
Let T be the €4 U{a,b}- theory
To + hx, (@) + Py (b).-
By Lemma (noting that a, b are constant symbols interpreted according to the
axioms Axillm,. for i = 0,1) M and N admits unique extensions to models M*, N'*
of T such that M* <; N*.
This gives that

(19) M EVr Cwla € b3f, Cormoore(r, @, f,Cya, e, A).

By Lemma [3.3.1| Replacement for € 4 U {a, b}-formulae holds in M*. By Thm.

3.5.§|kb i|7 M models
(20)

Voo € b3Alr Cw [3f, Cmoore(r, a, f,Cra,c, A) V (—3s Cw, f, C Unoore(s, o, f,Cya,c, A) AT
Applying it to the existential € 4 U{a,b}-formula 3f, C ¥yioore(z,y, f, C,a, v, w)
with v, w replaced by parameters ¢, A, we get an F' € M which (by [19] and is a
function with domain
{aeM: ME=acb}
and range exactly given by
{reM: MErCuw}.

Hence P (w) according to M is in M the set ran(F’), which is the surjective image
(via F) of the second uncountable cardinal according to M. Therefore 280 < X,
holds in M as witnessed by F.

g

Remark 3.5.6. We expect to be able to prove a result of a similar vein of Cor. for
any A C Forme x 2 such that € 40€a, and replacing AMC(S, A) (which may not exist for
many such A) with the strong consistency hull of S + T¢ 4. However the proof becomes
rather intricated since we must check that the needed instances of replacement hold in the

required models of SCH(S + T¢ 4). Replacement for ¥;-formulae holds in such structures.

One then should argue that all instances of replacement used in the above proof are on
Y1-formulae.

4. GENERIC INVARIANCE RESULTS FOR SIGNATURES OF SECOND AND THIRD ORDER
ARITHMETIC

We collect here generic absoluteness results results needed to prove Thm. We prove
all these results working in “standard” models of ZFC, i.e. we assume the models are
well-founded. This is a practice we already adopted in Section We leave to the reader
to remove this unnecessary assumption.
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4.1. Universally Baire sets and generic absoluteness for second order number
theory. We recall here the properties of universally Baire sets and the generic absoluteness
results for second order number theory we need to prove Thm.

4.1.1. Universally Baire sets. Assuming large cardinals, there is a very large sample of
projectively closed families of subsets of P (w) which are are “simple”, hence it is natural
to consider elements of these families as atomic predicates.

The exact definition of what is meant by a “simple” subset of 2“ is captured by the
notion of universally Baire set.

Given a topological space (X,7), A C X is nowhere dense if its closure has a dense
complement, meager if it is the countable union of nowhere dense sets, with the Baire
property if it has meager symmetric difference with an open set. Recall that (X, 7) is
Polish if 7 is a completely metrizable, separable topology on X.

Definition 4.1.1. (Feng, Magidor, Woodin) Given a compact Polish space (X, 7), A C X
is universally Baire if for every compact Hausdorff space (Y, o) and every continuous
f:Y — X we have that f~![A] has the Baire property in Y.

UB denotes the family of universally Baire subsets of X for some compact Polish space

X.

We adopt the convention that UB denotes the class of universally Baire sets and of all
elements of (J,,c,,,1(2¥)" (since the singleton of such elements are universally Baire sets).

The list below outlines three simple examples of projectively closed families of universally
Baire sets containing 2%.

Remark 4.1.2 (Woodin). Let:

e T be the €a,-theory ZFCa,+there are infinitely many Woodin cardinals and a
measurable above;
e T be the €a,-theory ZFCa,+there are class many Woodin cardinals;
o T5 be the € -theory ZFCa,+there are class many Woodin cardinals which are a
limit of Woodin cardinals.
The following holds:
(A) [14, Thm. 3.1.12, Thm. 3.1.19] Assume (V, €a,) models Ty. Then every projective
subset of 2“ is universally Baire.
(B) [i4, Thm. 3.3.3, Thm. 3.3.5, Thm. 3.3.6, Thm. 3.3.8, Thm. 3.3.13, Thm. 3.3.14]
Assume (V,€a,) = T1. Then UB is projectively closed.
(C) (Woodin, Unpublished) Assume (V,€a,) = T2. Then the family of subsets of 2%
which are definable in L(UB) consists of universally Baire sets.

We now list some standard facts about universally Baire sets we will need:

(i) [10, Thm. 32.22] A C 2“ is universally Baire if and only if for each forcing notion
P there are trees T4, S4 on 2 x ¢ for some 6 > |P| such that A = p[[T4]] (where
p: (2% 6)¥ — 2% denotes the projection on the first component and [T'] denotes
the body of the tree T'), and

PIFTy4 and Sy project to complements,
by this meaning that for all G V-generic for P
VIG] = (p[[Tall N pl[Sa)) = 0) A (p[[Ta)] U p[[Sa]] = (2)V1)

(ii) Any two Polish spaces X, Y of the same cardinality are Borel isomorphic |11, Thm.
15.6).

(iii) Any Polish space is Borel isomorphic to a Borel subset of [0;1]“ |11, Thm. 4.14],
hence also to a Borel subset of 2¥ (by the previous item).
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(iv) Given ¢ : N = N, [, c ., 2% is compact and Polish (it is actually homemomorphic
to the union of 2¢ Wlth a countable Hausdorff space) [11, Thm. 6.4, Thm. 7.4].

Hence it is not restrictive to focus just on universally Baire subsets of 2¢ and of its
countable products, which is what we will do in the sequel.

Notation 4.1.3. Given G a V-generic filter for some forcing P € V, A € UBVI®l and H
V[G]-generic filter for some forcing @ € V[G],

AVIGIH] _ {r e (2)VEH . yviG|H] =re p[[TAH} :

where (T4, S4) € V[G] is any pair of trees as given in item |(i)| above such that p[[T4]] = A
holds in V[G], and (T4, S4) project to complements in V[G][H].

4.2. Generic absoluteness for second order number theory. The version of generic
absoluteness for second order number theory we need in this paper follows readily from |14,
Thm. 3.1.2] and the assumptions that there exists class many Woodin limits of Woodin.
The theorem below reduces these large cardinal assumptions to the existence of class many
Woodin cardinals.

Theorem 4.2.1. Assume in V there are class many Woodin cardinals. Let A €V be a
family of universally Baire sets of V', and G be V -generic for some forcing notion P € V.

Then

(Hop, €, A: A€ A) < (HYIC €, AVIE: A € Q).

The reader can find a proof in the author’s webpage, it is an improvement of |23, Thm.
3.1].

It is now convenient to reformulate projective closure in a semantic way which is handy
when dealing with a fixed complete first order axiomatization of set theory.

Definition 4.2.2. Let A C |, P (w)". Ais H,,-closed if any definable subset of P (w)"
for some n € w in the structure
(Hy,,,,U:U € A)
is in A.
Given a family X C [
family of subsets of | J

P (w)" its projective closure PC(X) is the smallest H,, -closed
P (w)" containing X.

TLEUJ

new

It is immediate to check that if 7" is the theory of (V, €) and A is a family of universally
Baire subsets of V', A is projectively closed for T" for the signature €5, UA (according to

Def. [3.4.5)) if and only if it is H,,-closed.
We get the following:

Corollary 4.2.3. Assume (V,€) models ZFC+there are class many Woodin cardinals.
Let A C UBY be H,, -closed and €a=€n, UA be the signature in which each element of

A contained in P (w)k is a predicate symbol of arity k. Then for any G V -generic for
some forcing P € V the €4-theory of HL/I is the AMC of the € g-theory of V[G] and

{AV[G} tAe A} is HL/I[G]—closed.
Proof. The assumptions grant that
(HY, €K, A: Ae A) < (HYO, e[, aVIE) - A e A) < (V[G], el 4. 4VE e )

w1

(by Thm. and by Lemma applied in V[G]). Now the theory of H}, in signature

€ 4 is complete and model complete, and is also the € 4-theory of HX[G]. We conclude that
it is the AMC of the € 4-theory of V[G]. It is also easy to check that {AV[G] A€ .A} is

H, (L/l[G} -closed. O
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4.3. Generic invariance of the universal fragment of the theory of V with
predicates for the non-stationary ideal and for universally Baire sets. The results
of this section are the key to establish Thm. The proofs require some familiarity with
the basics of the Py x-technology and with Woodin’s stationary tower forcing.

Notation 4.3.1.
® €ns,, is the signature €a, U{w1} U {NSy,} with w; a constant symbol, NS, a
unary predicate symbol.
° TNSW1 is the GNSWI—theory given by Th, together with the axioms
w1 is the first uncountable cardinal,

Vz [(x C w; is non-stationary) <» NS, (x)].
o ZFCIZISW1 is the ens,, -theory

ZFC,, +Ins,, -
e Accordingly we define ZFCns,,, -

Clearly the above axioms are of the form AX% for ¢ the formula defining the non-

stationary ideal on wy, and AXé for ¢ the formula defining the first uncountable cardinal.
Furthermore the above axioms are Ily-sentences of the relevant signature.

Theorem 4.1. Assume (V, €) models ZFC+ there are class many Woodin cardinals. Let
D1(Z1)y o, Ok(Zr), V1(Z1, ), - - -, Yn(Tn, y) be €-formulae which are in A1(ZFC™) and such
that

ZFC™ = VE3ly (25, y)
fori=1,...,n. Then the I1;-theory of V for the language
ens,, UUBV U{Ry :j=1,...,k}U{fy:1=1,...,n}
1s tnwariant under set sized forcz'ngaF;gI.

Asperé and Velickovic provided the following basic counterexample to the conclusion of
the theorem if large cardinal assumptions are dropped.

Remark 4.3.2. Let ¢(y) be the Aj-property in €ns,,

Wy =wi ALy Fy=uwr).

Then L models this property, while the property fails in any forcing extension of L which
collapses w! to become countable.

Remark 4.3.3. Note that for any T extending ZFC+there are class many Woodin cardinals
and any signature 7 extending € by predicates and function symbols as prescribed by Thm.
m, we obtain that a ITp-sentence ¢ for 7 such that ¢%2 is forcible over any model of T is
in the strong consistency hull of T, hence it is realized in any T-ec model. In particular
the Kaiser hull of ZFCns,,, +there are class many Woodin cardinals in signature €ns,,,
contains =CH and the definable version of 2% = Ry implied by Onioore-

To see that this is the case note that:

e If V is a model of T, R is the 7-theory of V and G is V-generic for some forcing
such that v holds in HXQ [G], 1) is consistent with Ryy3 since HXQ ) s Y1-elementary

with respect to V[G] in signature 7 and V' and V[G] share the same II;-theory for
7. We conclude that such a v is strongly consistent with 7.

28Here we consider any A C (2*)* in UBY as a predicate symbol of arity k and we interpret Ry, and fy,
in V and V[G] using suitable axioms Axj for (8, 1).



38 MATTEO VIALE

e —CH and the IIs-sentence Oyioore are Ilp-sentences in signature €a, U{wi}. The
theorem applies to ZFCa,+there are class many Woodin cardinals enriched with
the sentence wy is the first uncountable cardinal in signature €a, U{w; }.

It will be much harder to find a signature 7 extending €ns,, with recursively many
predicates and function symbols as prescribed Thm. and such that set theory enriched
with large cardinals as axiomatized in this signature admits an AMC.

In order to prove the Theorem we need to recall some basic terminology and facts about
iterations of countable structures.

4.3.1. Generic iterations of countable structures.

Definition 4.3.4. [13| Def. 1.2] Let M be a transitive countable model of ZFC. Let v be
an ordinal less than or equal to wy. An iteration J of M of length = consists of models
(Mg o <), sets (Go : a < 7y) and a commuting family of elementary embeddings

<ja5:Moc_>M63 a§/8§7>
such that:
My=M,
each G, is an M,-generic filter for (P (w;) /NS, )Me,
each j,o is the identity mapping,
each jaa+1 is the ultrapower embedding induced by G4,
for each limit ordinal 8 < 7y, Mg is the direct limit of the system { My, jos : @ < 9§ < 5},
and for each a < 3, jog is the induced embedding.

We adopt the convention to denote an iteration J just by (jog: o < S <), we also
stipulate that if X denotes the domain of joo, Xo or joo(X) will denote the domain of j,z
for any a < 8 <.

Definition 4.3.5. Let A be a universally Baire sets of reals. M is A-iterable if:

(1) M is transitive and such that H)! is countable.
(2) M = ZFC + NS, is precipitous.
(3) Any iteration
{jaﬁ ra<p< '7}
of M is well founded and such that AN Mg = j,g(A N M) for all 8 < .

4.3.2. Proof of Theorem [].1}
Proof. Let ¢ be a Ilj-sentence for
ens,, UUBY U{Ry, :j=1,....k}U{fy :l=1,....n}

as in the theorem.

Assume ¢ holds in V' but for some forcing notion P, ¢ fails in V[h] with h V-generic
for P. By forcing over V[h] with the appropriate stationary set preserving (in V[h])
forcing notion (using a Woodin cardinal v of V[h]), we may assume that V[h] is extended
to a generic extension V]g] such that V[g] models NS, is saturated@ Since Vg] is
an extension of V[h] by a stationary set preserving forcing and there are in V'[h] class
many Woodin cardinals, we get that V[h] C V[g] with respect to the signature €ns,,
UUBY U {R¢j cj=1,...,k}U{fy :1=1,...,n} (we can use again Factto handle
the relations and function symbols G;, Ry, fy, fori=1,...,10, j=1,...,k, [ =1,...,n).
Since Yq-properties are upward absolute and —¢ holds in V'[h], ¢ fails in V]g] as well.

Let 0 be inaccessible in V[g] and let v > § be a Woodin cardinal.

29A result of Shelah whose outline can be found in [17, Chapter XVI], or [24], or in an handout, of Schindler
available on his webpage.
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Let G be V-generic for 7"t (the countable tower Q< according to [14, Section 2.7])
and such that g € V[G]. Let jg : V — Ult(V, G) be the induced ultrapower embedding.

Now remark that Vs[g] € Ult(V,G) is BY[Giterable for all B € UBY (since V;[g] €
Ult(V, G) for all ) < +, and this suffices to check that Vs[g] is BY[-iterable for all B € UBY,
see [13, Thm. 4.10]).

By [13, Lemma 2.8] applied in Ult(V,G), there exists in Ult(V,G) an iteration J =

{jag a<pB<y= w}m(v’G)} of Vs[g] such that NSff = NSEllt(V’G) N X,, where X, =

Joa(Vslg]) for all a <~ = w}jlt(V’G).
This gives that X, C Ult(V,G) for

ens,, UUBY U{Ry :j=1,... . k}U{fy:1=1,....n}

(again appealing to Fact for the relation and function symbols Ry, fy; or for those in
€A,, and to the iterability of Vj[g] for the relation symbols given by elements of A). Since
Vslgl E ¢, so does X, by elementarity. But —¢ is a ¥i-sentence, hence it is upward
absolute for superstructures, therefore Ult(V,G) = —¢. This is a contradiction, since
Ult(V, G) is elementarily equivalent to V' for €ns,, UUBY, and V = ¢.

A similar argument shows that if V' models a X;-sentence ¢ for €ng,, UU BY this will
remain true in all of its generic extensions:

Assume V'[h| = —¢ for some h V-generic for some forcing notion P € V. Let v > |P| be
a Woodin cardinal, and let g be V-generic fOIiﬂ 7, with h € V[g] and crit(j,) = w} (hence
there is in g some stationary set of V. concentrating on countable sets). Then V[g] = ¢
since:

o V, = ¢,since V, <1 V for €ns,, UUBVU{R¢]. :jzl,...,k}u{fwl l=1,...,n}

by Lemma (3.1
o VVUM(V’Q) = VVVM, since V[g] models that Ult(V, g)<7Y C Ult(V, g);

. VWUlt(V,g) _ Vlet(V,g) )

= ¢, by elementarity of jg, since j4(V) :
° VWV[Q} <1 V[g] with respect to €ns,,, UUBVU{Rd)j cj=1,..., k}U{f¢l l=1,...,n},
again by Lemma [3.1| applied in V[g].
Now repeat the same argument as before for the II;-property —¢, with V'[h] in the place
of V and Vg] in the place of V[h]. O

5. MODEL COMPANIONSHIP VERSUS GENERIC ABSOLUTENESS FOR THE THEORY OF HNz

Let UB denote the family of universally Baire sets; for A C UB L(.A) denotes the smallest
transitive model of ZF which contains A (see for details Section [4.1.1)).

We will be interested in (what we will call generically tame) families A of universally
Baire sets which are constructibly closed (i.e. P (2¢)XY = A), countably closed (e.g.
A C L(A)), and generically invariant (e.g. the theory of L(A) cannot be changed by set
sized forcing). One example will be given by A =P (2“’)L(Ordw) assuming large cardinal
another by the class UB itself as computed in any generic extension of V collapsing a
supercompact to countable.

We aim to prove two model companionship results relating the theory of V' to that of
H,,. First of all we must include a certain finite and explicit set of properties and definable
functions which are A1 (ZFC™) to €a, (in order to be able to express by means of quantifier
free formulae certain absolute concepts of set theory). We may call this extended signature
€A, . This is harmless in view of Fact since we will only consider €-structures which

307, is the full stationary tower of height v whose conditions are stationary sets in V,, denoted as P
in [14], see in particular |14} Section 2.5].

31This remarkable result of Woodin is to my knowledge unpublished. There are some handwritten notes of
a proof sketch by Larson, and it is mentioned in [14, Remark 3.3.12].
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are models of ZFC™. We will then consider signatures extending €a, U{INS,,,,w;} with
predicate symbols for certain elements of a generically tame A: one with predicate symbols
for all elements of A, the other just for the lightface definable elements of A.

e The first result establishes the equivalence between the conditional version of
Woodin’s axiom (*) to the model L(.A) and the assertion that the theory of V' is
the model companion of the theory of H,, in signaturﬂ ea, UAU{NS,, ,wi }.

This result however makes sense to a platonist but not to a formalist since it
subsumes the existence of V and it is stated for a signature which is highly non
constructive (it includes predicate symbols for the —at least continuum many—
elements of A in V).

e The second result is a model companionship result for ZFC+large cardinals with
respect to the signature €ns,, 4 extending €a, U {NS,,, w1} only with predicate
symbols for those elements of A which are provably the extension of an €-formula
¢(z) in no parameters. This is a recursive signature and we can give a recursive
axiomatization of the model companion theory. This model companion theory is
the common chore of the €ng,,  .a-theory of H(Lg as (V, €) ranges over the models
of MM 4-suitable large cardinal axioms; moreover the II;-fragment of this theory
is forcing invariant.

We will actually need a generic invariance property for A which is delicate to formulate
as AV and AVIE! share their defining e-formula but, in general, have a trival intersection
(since for most V-generic filters G on the one hand there could be completely new universally
Baire existing in AY[C] \ AV — even if G does not adds new reals, on the other hand
AVIGl £ AV for any uncountable universally Baire set A € AY — in case G adds a new
real). These difficulties lead us to formulate the above properties by means of the somewhat
convoluted syntactic definitions given below.

Notation 5.0.1. Let (V, €) be a model of ZFC.
A family A of subsets of ™| P (2v) is:
e constructibly closed if
P (29" = 4,
and every binary relation R on 2 x 2“ in A can be uniformized by a function
fi2¢ 29 in A.
e countably closed if AY C L(A),
e lightface definable if it is the extension in V of some €-formula ¢4(z) without
parameters.

Woodin calls MAX(A) as defined below the “sealing theorem” for A.

Definition 5.0.2. MAX(.A) is the conjuction of the following three first order €-sentences
construed from some e-formula ¢ 4(x) in one free variable (together with the axioms of set
theory needed to make sense of them@:

(1) The extension A of ¢ 4(x) in any generic extension V[G] of a ZFC-model (V, €) is
a constructibly closed family of universally Baire sets of V[G].
(2) As above but replacing constructibly closed with countably closed.

32We consider an element A C (2‘*’)’C of A as a k-ary predicate symbol, NS,,, as a unary predicate symbol,
w1 as a constant symbol.

33For the remainder of the paper to avoid heavy notation we feel free to identify when needed 2“ with
P (w), P (w<“’) or any variation of these sets which is clearly a canonical representation of the Cantor
space.

34To make sense of MAX(A) it suffices that (V,€) satisfies all axioms of ZFC with the exception of
replacement and comprehension, with the latters replaced by the 3, -replacement schema for some large
enough n. It is well known that this theory is finitely axiomatizable for each n € w.
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(3) Whenever G is V-generic for some forcing notion P € V and H is V[G]-generic
for some forcing notion @ € V[G] there are class of ordinals Iyq, Iy ) such
that any order preserving map of Iy (g into Iy (g, combined with the map
AVIG! — AVIGIH] extends uniquely to an elementary embedding of (L(AYIE)), €)
into (L(AVICIH]) €) which is the identity on HU‘J/l[G].

e An e-formula ¢4(z) in one free variable is generically tame for T if T = MAX(A).
o AcV is generically tame for T if A is the extension of some €-formula ¢ 4(z) in
(V, €) such that:
— T = MAX(A),
- (V,e) =T.
o AcV is generically tame if it is generically tame for the theory of (V, €).

Note that if (V,€) =T, T E MAX(A) and G is V-generic for some forcing P € V,
we may have that V[G] & T nonetheless V[G] = MAX(A) holds for sure. In particular
MAX(A) is a consequence of T which is preserved by any forcing over any model of T
while other axioms of T" may not (for example 7' D ZFC might have either one of CH or
—CH among its axioms, and neither of them is preserved through forcing extensions over
models of T').

By [14, Remark 3.3.12, Thm. 3.3.14, Thm. 3.3.19, Thm 3.4.18] and |11, Thm. 36.9] we
get the following:

(i) Assume Ty extends ZFC+there are class many Woodin cardinals which are a limit
of Woodin cardinals.
Then the e-formula ¢g(x) deﬁnin P (29)HO ) defines a generically tame
family for Tp; e.g. Ty = MAX(A) for A = P (2¢)LOrd"),
(ii) Assume 7T} extends Tp with the axio
Any model (V, €) of Ty is a generic extension of some inner model (W, €)
where some countable ordinal § of V' is a supercompact cardinal in W.
Then the universally Baire sets are a generically tame family for 71; e.g. 11 |
MAX(UB) for ¢yg(x) an e-formula defining the universally Baire sets.

Let us now be precise in our definition of the relevant signatures of this Section:

Notation 5.0.3. We expand €x, to a signature €a, which includes symbols Ry, fy, for
finitely many e-formulae ¢;,1); which are A;(ZFC™) and such that ZFC™ |= Vz3ly ¢;(Z, y)
for all 1;. Ta, is T, enriched with axioms Axgi qulpj for all the neededlﬂ i, Vj.

Given an e-formula ¢ 4(z):

® €A, 4 is the extension of €4, in which we add an n-ary relation symbol Sy for any
e-formula ¢ of arity n;
® Ta,.4 is the extension of ZFC + T, by the axioms

VI | Sy(E) < (0" V(@) A N\ 21 € P (w))
=1

as ¢ ranges over the e-formulae of some arity n;

35The Chang model L(Ord”) is the smallest transitive model of ZF containing all the countable sequences
of ordinals.

36This is first order expressible by [15].

37The exact definition of which Ry, fy; we need to add into €4, is left to the reader. We certainly need
to be able to express the Al(ZFC_)—propertyﬁ “J is an iteration of length v” by a quantifier free formula
of type Rg,(J,7). This is needed in the proof of Lemma and to argue that each instance of of
Thm. is formalized by a Ilz-sentence in the relevant signature. It will also be transparent that only a
finite number of such predicate and function symbols for A;(ZFC™)-properties need to be included in €4,
in order to grant the correctness of all arguments of this section based on considerations on €a;.
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EALATEAA U €Ay

ENS., A=€A;,4 U{NSy, w1 };

Tep, A =Trga+Thy;

INS.,.A = Tay,a+ Is,, (recall Notation [£.3.).

Remark 5.0.4. T, 4 makes the subsets of P (w) definable in no parameters in (L(A), €)
the extension of an atomic formula of €, 4. It is clear that €a, .4, €a,,4, €Ns,, 4 can all
be expressed as €p for suitably chosen E C Forme¢ x 2.

Note the difference between €ns,, 4 which is a countable recursive signature, and
ENS., UAY for (V, €) a model of ZFC. The latter has predicate symbols for the at least
continuum (in the sense of V') many elements of A existing in V.

Furthermore note that for any €-model (M, E') of ZFC™ its unique extensions to €a,-
models of Ta, (for ¢ = 0,1) have exactly the same algebra of definable sets. Moreover if
N is a transitive subset of M (according to Notation such that (N, E N N?) also
satisfies ZFC™, we get that (for both ¢ = 0,1) their unique extensions to €a,-structures
which satisfy Ta, are €a,-substructures (in view of Fact [3.1.7)).

Key to all results of this section is an analysis of the properties of generic extensions
by Ppax of L(A) for A generically tame. Generic tameness of A is used to argue (among
other things) that most of the results established in |13] on the properties of Ppay for L(R)
can be also asserted for L(A). We refrain to define the Pp,,x-forcing rightaway and we will
introduce it when needed in our proofs (see Def. [5.5.6). Meanwhile we assume the reader
is familiar with P, or can accept as a blackbox its existence as a certain forcing notion;
our reference on this topic is [13].

We now give a precise definition of (x)-A (modulo the definition of Pp,y).

Definition 5.1. (x)-A holds in some ZFC-model (V, €) if in V:

there are class many Woodin cardinals;

MAX(A) holds for some e-formula ¢ 4(x);

NS, is saturate

there exists a filter G on P .« meeting all the dense subsets of P,,x definable in
L(A) (where A € V is the extension of the formula ¢4(x)).

(%)-UB holds if (x)-A holds for A = UB.

Woodin’s axiom (x) as defined in [13, Def. 7.5] is (¥)-A for A = P (2¢)® with
MAX(A) omitted.
This is the first main result of this section:

Theorem 5.1. Assume (V, €) models
ZFC + there is a supercompact cardinal and class many Woodin cardinals

and A € V is generically tame.
TFAE:

(1) (V,€) models (x)-A;

39See |14, Section 1.6, pag. 39] for a discussion of saturated ideals on ws.
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(2) NS, is precipitouﬂ in'V and the €ns,, U.Av—theorﬂ of V' has as model com-
panion the €ns,,, UAY -theory of H,,.

We obtain as immediate corollaries the following:

Corollary 5.2. Let (V,€) be a model of
ZFC + there is a supercompact cardinal and class many Woodin limit of Woodins,

and A =P (2¢)HO ) TRAE:
(1) (V,€) models (x)-A;
(2) NS, is precipitous and the €ns,, UAY -theory of V' has as model companion the
ENS., UAY -theory of H,,,.

Corollary 5.3. Let (V,€) be a model of

ZFC + MAX(UB) + there is a supercompact cardinal and class many Woodin cardinals,

where UB denote the family of universally Baire sets in V. TFAE:
(1) (V,€) models (x)-UB;
(2) NS, is precipitous and the €ns,,, UUB-theory of V' has as model companion the
Ens,,, UUB-theory of H,.

An objection to Thm. is that it subsumes the Platonist standpoint that there exists
a definite universe of sets. We can prove a version of Thm. which makes perfect sense
also to a formalist and from which we immediately derive Thm. [I.7} This is one of the
reasons we paid attention to give a syntactically meaningful definition of generic tameness

and of MAX(A).

Theorem 5.4. Assume T is an €-theory extendmﬂ
ZFC+ MAX(A) + there is a supercompact cardinal and class many Woodin cardinals.

Let B C Form x 2 be such that €p is ezactly €ns,,, .A- Then B € specayc (T).
Moreover TFAE for any for any Ilz-sentence ¢ for €ns,, A

(A) AMC(T, B) 1.
(B) (VI[G], EK[SGUL A E YHes whenever (V,€) = T, V[G] is a forcing extension of V,

and (V]G] €) E (x)-A.
(C) T proveé

3P (P is a stationary set preserving partial order A IFp 1/)H“2).

(D) T proves
3P (P is a partial order A IFp ypfe2).

40566 |14} Section 1.6, pag. 41] for a definition of precipitousness and a discussion of its properties.

A key observation is that NS, being precipitous is independent of CH (see for example |14, Thm. 1.6.24]),
while (¥)-A entails 2%° = Ry (for example by the results of {13, Section 6]).

Another key point is that we stick to the formulation of Pmax as in [13] so to be able in its proof to quote
verbatim from [13] all the relevant results on Pmax-preconditions we will use. It is however possible to
develop Pmax focusing on Woodin’s countable tower rather than on the precipitousness of NS, to define
the notion of Pyax-precondition. Following this approach in all its scopes, one should be able to reformulate
Thm. omitting the request that NS, is precipitous. We do not explore this venue any further.
4UE g we regard A C (2*)* as a k-ary predicate symbol for any A € A.

2with MAX(A) predicated for the e-formula ¢4 (z).

43Hw2 denotes a canonical P-name for H,,, as computed in generic extension by P. I-p ;/;sz stands for:

(VIGL, eXSD ) E pie

whenever G is V-generic for P.
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(E) T pTOU@ﬁ
L(A) = [P I 1712].
(F) If (V,€) BT and ¢ is VoIy ¢(x,y) with ¢ quantifier free Ens,, .a-formula, then
for alﬁ Ae HL/;

Jy ¢(A,y) is honestly consistent according to V.
(G) For any consistent €ns,,, .a-theory
SOT+Tgp,
Swvg + ¥ is consistent.

Note that even if T = CH, —=CH is in AMC(T, B) (for example by above). In
particular the model companion AMC(T, B) of T describes a theory of Hy, which can be
completely unrelated to that given by models of 7. Moreover recall again that CH is not
expressible as a boolean combination of II;-sentences in ENS,,, A for models of T': it is not
preserved by forcing, while Tyy3 is.

The rest of this section is devoted to proof of Theorems [5.1] and Crucial to their
proof is the recent breakthrough of Asperé and Schindler [2] establishing that(*)-.4 follows
from MM™™ for any generically tame A. First of all it is convenient to detail more on
MAX(A) and its use in our proofs.

5.1. MAX(A). From now on we will need in several occasions that MAX(.A) holds in
V for a generically tame A (recall Def. . We will always explicitly state where
this assumption is used, hence if a statement does not mention it in the hypothesis, the
assumption is not needed for its thesis.

We will use all three properties of MAX(A) crucially: and are used in the proof
of Lemma in the proof of Fact Similarly they are essentially used in Remark
Specifically we will need and of MAX(A) to prove that certain countable
families of subsets of H,,, simply definable using an existential e-formula quantifying over
L(A) with parameters in H,, UA are coded by a universally Baire set in A, and (3)) to prove
that this coding is absolute between generic extensions: i.e. for any family {¢, : n € N} of
G—formulaﬂ with parameters in Hb‘fl UA, if

A, ={ze HY : (Hy, UAEY) E ¢n(a)}
and {A, : n € N} is coded by A € A, letting

AV = {o ¢ YO (HYEU AV, V) o g, (a) )

mx I+ 1/JH‘“2] stands for:
(L(AG], 51 = s

whenever G is L(.A)-generic for P.
453ee [1, Def. 1.8] for the notion of honest consistency. It can be equivalently stated as: For some k and G
V-generic for Coll(w, k), there is a transitive set M € V[G] such that:

(HY, eX,,NSy ,UBY) C (M, el NS} BV n M : BeUuBY),
(M, eX,, B " nm . Beus) C (v[a], e, BV B e uBY),

and

(M, eX ,NSY B9 n M : BeUBY) = 3y¢(4,y).

46Note that the structures (Hy, UA, €), (Hu, UA, €R,), (Huy UA, €X,) have the same algebra of definable
sets, hence we will use one or the other as we deem most convenient, since any set definable by some formula
in one of these structures is also defined by a possibly different formula in the other. The formulation of
MAX(.A) is unaffacted if we choose any of the two structures as the one for which we predicate it.
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{AZ[G] 'n € N} is coded by AVIEl e AVIG]

It is useful to outline what is the different expressive power of the structures
(Hu,,€p,,A: A€ AY) and (H,, UAY,€), ). The latter can be seen as a second order
extension of H,, , where we also allow formulae to quantify over the family of universally
Baire sets given by A; in the former quantifiers only range over elements of H,,, but we
can use the subsets of H,, whose univerally Baire code is in A as parameters. This is in
exact analogy between the comprehension scheme for the Morse-Kelley axiomatization
of set theory (where formulae with quantifiers ranging over classes are allowed) and
the comprehension scheme for Gédel-Bernays axiomatization of set theory (where just
formulae using classes as parameters and quantifiers ranging only over sets are allowed). To
appreciate the difference between the two set-up, note that that the axiom of determinacy
for universally Baire sets in A is expressible in

(Ho, UAEX,)

by the Ilz-sentence for €a,

For all A C 2% there is a winning strategy for one of the players in the

game with payoff A,
while in

(Hoy, €8, A: A AY)

it is expressed by the axiom schema of ¥s-sentences for ea, U {A}

There is a winning strateqy for some player in the game with payoff A

as A ranges over the universally Baire sets in A.

We will crucially use the stronger expressive power of the structure (H,, U.A, €a,) to
define certain universally Baire sets as the extension in (H,,, U A, EXO) of lightface definable
properties (according to the Levy hierarchy); properties which require an existential
quantifier ranging over all universally Baire sets in A.

5.2. A streamline of the proofs of Theorems Let us give a general outline
of these proofs before getting into details. From now on we assume the reader is familiar
with the basic theory of Ppax as exposed in [13].

Much of our efforts will be now devoted to establish the model completeness of the
theory of (HY,, EXI,NSu‘fl,A :Ae AV) (assuming (¥)-A in V).

We will then leverage on Levy absoluteness to infer that in models of (x)-.A the theory
of (HLL/27 eXOl, NSU‘J/I,A : A e AY) is the absolute model companion of the theory of
(V,eX,. NS/ . A:AeA).

A similar strategy will work for the AMC-result for the signature €ns,, 4. To prove
this model completeness result we use Robinson’s test and we show the following;:

Assuming MAX(A) there is a special universally Baire set DNSW1 A which
belongs to A and is defined by an e-formula (in no parameters) relativized
to L(A) (hence represented by a relation symbol of €a, 4) coding a family
of Ppax-preconditions with the following fundamental property:

For any existential €ns,,, .4 U{B,..., Bi}-formula ¢(z1,...,x,) men-
tioning the universally Baire predicateﬂ Bi,...,Br € A, there is an
algorithmic procedure which finds a universal €ng, .4 U {Bi,...,B}-
formula Oy (x1,...,x,) mentioning just the universally Baire predicates
Bq,... ;Bk;DNSwl,A such that

(HEND, el Br, . By) EVE (a1, 20) 5 Op(@1, -, 7))

2

whenever G is L(A)-generic for Ppax.

47Some of these B; may not appear in €a,, 4 being not definable by a lightface property.
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Moreover the definition and properties of DNSM, 4 and the computation of 0y (x1,...,2,)
from ¢ (z1,...,z,) are just based on the assumption that (V, €) is a model of MAX(A),
hence can be replicated mutatis-mutandis in any model of ZFC + MAX(A). We will need

that (V, €) is a model of MAX(A) + ()-A just to argue that in V' there is an L(.A)-generic

filter G for Py.x such tha H£2(A) [ — Hu‘g Since in all our arguments we will only use

that (V, €) is a model of MAX(A) and (in some of them also of (x)-.A), we will be in the
position to conclude easily for the truth of Theorem and
We condense the above information in the following:

Theorem 5.2.1. Let ¢p4(x) be an €-formula such that in some model (V,€) of ZFC
(V,€) E MAX(A) + there are class many Woodin cardinals

with AV being the extension in V of ¢4(x).
Then there is an €-formula ¢ns,,, () in one free wm’ablﬂ such that:

(1) Whenever (V, €) = ZFC + MAX(A)+there are class many Woodin cardinals,
{Z ceV: (V, E) ): ngswl,A(Z)}

is the extension of some element of AV .
(2) Given predicate symbols By, ..., By of arity ni,...,ng, and the theory Tp, . B, in
signature €ns,,, A U{B1,..., B} extending

ZFC + MAX(A) + there are class many Woodin cardinals
by the amjomﬂ:
H'y g (2w)nj [v21, M 72nj (<Z17 ] Z’Vlj> € Yy A Bj(Zl, ] Z’Vl])> A ¢A(y):| )

there is a recursive procedure assigning to any existential formula ¢(x1,...,z,)

for €ns,, .4 U{B1,..., Bx} auniversal formula 0y(x1, . . ., x,) for €ns,, .4 U{B1,...

(mentioning just the predicate symbols occurring in ¢ and S¢NSW1’A) such that
Tp,,.. B, proves thaﬂ

Panasc = [(HEC, X0 By, By) V7 (91, w0) © 021, 20)]

2

5.3. Proofs of Thm. and of (1)—(2) of Thm.
Theorem and H of Theorem [5.1{are immediate corollaries of the above theorem
combined with:
e Asperd and Schindler’s proof that MMt + MAX (A)+there are class many Woodin
cardinals implies (x)-A,
e Theorem [4.1]

We start with the proof of (I)—(2) of Thm. assuming Thm. and Thm.

Proof. Assume (V, € i models (x)-A. Then there is a Pp,ax-filter G € V such that H£2(A) e —

Hu‘g By Thm. and Robinson’s test, we get that the first order €ns,, UAY -theory

of Hfz(A)[G} is model complete. By Levy’s absoluteness (Lemma , HU%Z(A)[G} is a X1-

elementary substructure of V' also according to the signature €ng, UA. We conclude
since the two theories are II;-complete and share the same II; and ¥ fragments. ]

481¢ is this part of our argument where the result of Aspero and Schindler establishing the consistency of
(x)-A relative to a supercompact is used in an essential way. We will address again the role of Aspero and
Schindler’s result in all our proofs in some closing remarks.

49Whose canonical interpretation in models of MAX(.A) will be the magic set DNSW1 .A. Note also that
#ns,,, ,4(z) is computable in terms of ¢.4.

50 Axioms stating that B; is an element of A for all the new predicate symbols By, ..., By.

5lG ¢ L(A) is the canonical Ppax-name for the generic filter.

7Bk}



47

The proof of the converse implication requires more information on DNSW1 A then what
is conveyed in Thm. We defer it to a later stage.

We now prove Thm. [5.2

Proof. Let R be the theory given by the Ily-sentences ¢ for €ns,,, 4 which hold in every
model of the form (HU‘J/Q[G], GKI[S(’:L _4) obtained by forcing over some model (V, €) of T with

V[G] a generic extension of (V, €) such that (V[G], €) = (*)-A. Recall that B C Formc, x2
is such that ENS.,,, A=E€B-
We show that R = AMC(T, B).

R is consistent: by Schindler and Aspero’s result [2]
ZFC + MAX(A) + MM™* + there are class many Woodin cardinals

implies (x)-A.
MM™T is forcible over a model of

ZFC + there is a supercompact

and
ZFC + MAX(A) + there are class many Woodin cardinals

is preserved in forcing extensions.
R is model complete:
e for any existential €ns,, 4-formula ¢(¥), the Ily-sentence for €ns,, .4

VI ((T) < 04(T))

is in R: it holds in all the structures used to define R (by Thm. [5.2.1)).
e By Robinson’s test those axioms suffice to establish the model completeness

of R.
(T'+ T¢,B)vva and Ryy3 are the same: By the very definition of R, we get that Ryy3
is equal to
(21)
{¢ € (€p)wa: V(V,€),BeV [[(V,€) E T +Bis acba+ [(x)-Alg = 18] = [¢"2] ; = 18] } .
In view of Thm. [£.T] and Lemma [3.1] the formulae ¢ in the set displayed in [2]]
are exactly the same ¢ which belong to (T'+ T¢ g)yy3: by Thm. the II;-theory
of (V,€Y) for (V,€) a model of T is exactly the same II;-theory of (V[G], EZ[G])
for G V-generic for some cba forcing (*)-A over (V, €); by Lemma applied in
V[G] this II;-theory is exactly equal to that of the structure of (]’7[3,/2[6}7 GE[G]).
This immediately gives |(A)k={(G)|for (T'+ T¢ p) and R.
We are left with the proof of the remaining equivalences between [(A)] [(B)] [(C)], [[D)]

()

(A)==|(B)t By definition of R.

(B)F={(C): Given an €-model (V, €) of T, by the results of [8], we can find a stationary
set preserving forcing extension V[G] of V which models MM™ . By the key result

, . VG ViG]

of Asperé and Schindler [2], V[G] |= (+)-A. By|(B) (V[G], €X. ) models pfez ™,
and we are done.

(C)={(D): Trivial.

(D)=(E) B [13, Thm. 7.3], if some P forces 1«2, we get that L(A) | |Pupax IF 92 |.

(E)k={(F); By |1, Thm. 2.7, Thm. 2.8].

52MAX(A) implies that the same assumption used in the cited theorem for L(R) holds for L(A).




48 MATTEO VIALE

(E)=1{(G)t Given some complete S O T + T¢ g, and a model M of S, find N forcing

extension of M which models @Z)Hﬁé_ By Thm. and Levy’s absoluteness Lemma
3.1 Hu/]\g models ¥ + Syy3, and we are done.

0

5.4. Proof of Thm. The rest of this section is devoted to the proof of Thm.
What we will do first is to sketch the key intuition on how to define Dns,,, -

5.4.1. More ideas on the proof of Thm. [5.2.1 Recall the notion of generic tameness
introduced in Def. Let M be a countable transitive model of ZFC + MAX(.A)+there
are class many Woodin cardinals for some generically tame A. Then it will model that
AM is generically tame for M.

Now assume that there is a countable family Ay of universally Baire sets in L(.A) which
is such that AM = {BN M : B € Ay}. Furthermore assume that the map BN M ~ B
extends the identity on Hﬂ/f to an elementary embedding of

(HTUAM X))
into
(HY, UAY, €,

The setup described above is quite easy to realize (for example M could the transitive
collapse of some countable X < Vj for some large enough 6); in particular for any a € H,,
and Bi,...,B; € A, we can find M countable transitive model of a suitable fragment of
ZFC with a € H) and Ay 2 {B,..., B} countable and H,,-closed family of sets in A
such that AM = {BNM : B € Ay}

Letting By = [[ Anm, By € A since A is countably closed; hence (L(A), €a,) is able
to compute correctly whether By, encodes a set Ay such that the pair (A, M) satisfies
the above list of requirements, e.g.:

e M is a countable transitive model of ZFC+MAX(A)-+there are class many Woodin

cardinals.
e the map BN M +— B extends the identity on HU]JVII to an elementary embedding of

(HY uAM, eX)
into
(Hy, UAY, €X,).

In particular (L(A), €a,) correctly computeﬂ the set D4 of M € H,, such that there
exists a universally Baire set By = [[ Ay with the property that the pair (M, Ay ) realizes
the above set of requirements. By MAX(A), D4 = Cod'[D 4] is a universally Baire set
in A.

Note moreover that Dy is defined by a €-formula ¢* () in no extra parameters; in
particular for any model W = (W, E) of ZFC + MAX(A), we can define D4 in W and all

its properties outlined above will hold relativized to W.
We will consider the set DNSW1 A of M € Dy such that:

o (M, NS%) is a Ppax-precondition which is B-iterable for all B € Ay (according
to |13, Def. 4.1]);
® jow, is a Xq-elementary embedding of (HM U AM, EAI,NS%) into
(HY, UA, €n,,NSY ) whenever J = {jos : @ < 8 < w;} is an iteration of M with
Jow, (NS%) = NSu‘{l N Jow, (Htf)\g)
It will take a certain effort to prove that (assuming (x)-A):

53Note that (HL/1 uAY, GXO) cannot define D 4 since the notion that (Hﬁ uAM, GAA/IO) is an elementary
substructure of (HY, U.AY, EXO). cannot be defined in (H), UAY, EXO).
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o for any A € H,, and B € A, we can find M € Dns,, 4 With B € Ay, some
a € HM, and an iteration J = {jas:a < B <wi} of M with jo,, (NSY) =
NSZ1 ﬂjgwl(H%) such that jo,, (a) = A.
e Dns,, A is correctlyﬁ computable in (L(A), €a,) using D 4.
This effort will pay off, since we will then be able to prove the model completeness of the
ENS., VA—theoryﬁ

1%
(He,, Exs,,.A)
using Robinson’s test with DNSwl, A = Cod,, 1[DNsw1 4] being the extension of the formula

¢Ns.,, . A(z) mentioned in Thm. and showing that for a quantifier free €ns,,  4-
formula ¢(%,y) and A € H,,, we have that

(Hu‘.)/y EKISWI,A) ): 3£¢(fa A)
if and only if

For all M € Dns,, A and for all J iteration of M of length w1 mapping
correctly the nonstationary ideal, if there is a € M mapped via J to A, then

(Haﬂ/zlv G%Swl ,.A) ': Hf(b(f, a)'
A bit of work shows that the latter quoted statement is formalized by a IIi-formula for

€Ns., A using the predicate symbol Cod;l[DNsw1 .A] together with those appearing in ¢.
We now get into the details.

5.4.2. A-correct models.

Definition 5.4.1. Given M, N iterable structures, M > N if M € (H,,)" and there is
an iteration
J={jap: a<f <= ()"}
of M with J € N such that
NS)" = Ns¥ n .

Notation 5.4.2. Given a countable family X = {B,, : n € w} of universally Baire sets with
each B, C (2¥)*, we say that Bx = [[,c,, Bn C [[,,(2*)" is a code for {B, : n € w}.
Clearly By is a universally Baire subset of the compact Polish space ], (2%)*".

Definition 5.4.3. Let A be a generically tame family of V.
A transitive model of ZFC (M, €) is A-correct if there is Ajp; countable family of
universally Baire sets in V' such that:

e The map
Oy Ay - M
A—ANM

is injective.
e (M, €) models that {ANM : A€ Ay} is the family of sets in M satisfying ¢4 ()

in (M, €).
o (HYU{ANM:Ae Ay}, €) < (HY UAY €)

via the identity on H,, and ANM — Aon {ANM:Ae Ay}
e If M is countable, M is A-iterable for all A € Ay,.

M is absolutely A-correct if for all N > M:

54The key point is that we will be able to define by a formula in parameter D4 an element of A which is
exactly Dns,,, 4 if (*)-A holds.

55Note that aiming for the model completeness result for the theory of H., we are loosing a certain flavour
of second order logic: €ns,,,A is a signature considered in a structure where universally Baire sets are
considered only as parameters, but not as objects over which we can quantify.
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N is A-correct in V if and only if (M,€) = N is AM-correct.

Notation 5.4.4. D4 denotes the set of countable absolutely A-correct M; Dy =
COd;1 [DA]

For each M € Dy, Ay is a witness that M is A-correct and By,, = [[Awm is a
universally Baire set in A coding this witness.

For universally Baire sets By,...,B; € A, E4 B, ... B, denotes the set of M € D4 with
Bi,..., By € Ay for some witness Ay that M € Da; Eap, .. B, = Cod;l[EA7BI,,,.7Bk].

Fact 5.4.5. (V,€) models M is countable and (absolutely) A-correct as witnessed bylﬂ
Ay if and only if so does (L(A), €).

Consequently the set D 4 of countable absolutely A-correct M is properly computed in
(L(A), €).

Therefore assuming MAX(A)

Dy = Cod™! [D 4]

is universally Baire.
The same holds for E4 g, ... B, for given universally Baire sets By, ..., By.

Proof. The first part follows almost immediately by the definitions, since the assertion in
parameters B, M:
B = [],,c., Bn codes an H,, -closed family Ay, = {B, : n € w} of sets such
that
e M is A-iterable for all A € Ay,
e M models that {AN M : A € Ay} is the family of sets realizing ¢ 4(x)
in M and is H,,-closed,
o (HIYU{ANM:Ae Ay}, G%O) embeds elementarily into
(HX1 uAdY, EXO) via the map extending the identity on Hj‘ff by ANM +—
gets the same truth value in (V,€) and in (L(A),€). Note that B = [[Ay € A by
countable closure of A.
We conclude that D4 has the same extension in (V, €) and in (L(A), €). By MAX(A)
D 4 is universally Baire.
The same argument can be replicated for EA,B“..7B,€. O

Note that while the notion of being absolutely .A-correct is a priori not computable in
(HL‘U/1 uAY, EXO), if M < N are both absolutely A-correct in V, there is an elementary
embedding of (HY U AV, EXD) into (HM U AM, EAA/[O) which belongs to M and is coded
by a universally set of V' which belongs to Aj; whenever the latter is a witness that M is
A-correct.

Lemma 5.4.6. Assume NS, is precipitous and there are class many Woodin cardinals in
V. Let § be an inaccessible cardinal in 'V and G be V -generic for Coll(w,d). Then Vs is
absolutely AVIC)-correct in V[G] as witnessed by [[ {BVI¢ : B € AV}. Purthermore V; is
BVIG terable for all B € AV .

Proof. {BV[G] :B € AV} is a countable family of universally Baire sets in A" [C] hence its
product belongs to A" [ by countable closure of A in V[G].

By MAX(A) there is an elementary j : L(AY) — L(AV[]) which is the identity on
H,, and maps B € A to BVIE in AVIC],

By Fact V and L(AY) (respectively V[G] and L(AV[C])) agree on which elements
of HY are A-correct.

56Note that the map M — Ay can be defined in V but possibly not in L(.A), however the binary relation
{(M,B) : B € Ais a witness that M is A-correct} is in L(.A). This suffices for all our proofs.
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The above grants that the unique missing condition to get the AYI)-correctness of Vj is
to check that it is BY[Cl-iterable for all B € AY. This is a standard argument which can
be reconstrued looking for example at the proof of [13, Thm. 4.10]. O

Fact 5.4.7. (MAX(A)) Assume NS,,, is precipitous and MAX(A) holds. Then for any
iterable M, By,...,B, € A, there is N < M such that:

e N is absolutely A-correct as witnessed by An;
e Bi,...,B; € Ay.

Proof. The assumptions grant that whenever G is Coll(w, §)-generic for V', V; is absolutely
AVl correct in V[G] and BYI¢ iterable for all B € AV (i.e. Lemma [5.4.6).

By [13, Lemma 2.8], for any iterable M € HJ) there is in V an iteration J =

{Jop : @ < B<wY} of M such that NSV, N M,, = NSL“*.

By MAX(A)
(L(AV)> EAO) = (L(AV[G])a EAO)
via a map which is the identity on H,, and maps B to BYIE for B € A. Therefore we

. =V |G . =
have that in V[G] EA,[BL--.7B;@ is exactly E.AyBI/[G]““’BI\C/[G].

Also for any B € AV, Vs is BV[CLiterable, and BVl € Ay, = {AVIE . A € AV}
Hence for each iterable M € Hgl and Bi,...,B, € AV, N = V5 < M belongs to

EX,[JCB;L..,B;C as witnessed by Ay; = {UV[G} U e A} and B{/[G}, . ,B,‘C/[G] e AVIE

Note that the ¥;-formulae for €5, we established to be true in HXJG] U AVIGE ag
witnessed by Vj are in parameters M € H“‘,/1 BY[G}, cee B,:,/[G], DZ[G} as Bi,..., By vary in
AV, Hence these formulae reflect to Hu‘,/1 uAY.

The Lemma is proved.

O

5.5. Three characterizations of (x)-A. From now for X a set of universally Baire sets,
we let €x be €a, UX and ENS., Ay is €4,, enriched with a e symbol for NS, and a
constant symbol for w;.

Definition 5.5.1. An absolutely A-correct M is (NS, ,.A)-ec if (M, €) models that NS,
is precipitous and there is a witness Ap; that M is A-correct with the following property:
Assume an iterable N < M is absolutely A-correct with a witness Ay such

that [[ Ay € An.
Then for all iterations
T ={japasf<y=wl}
in N witnessing M > N, we have that jo, defines a ¥;-elementary embed-
ding of
(HuAM el NS
into
(HD, U AN, eX ,NS]).
Remark 5.5.2. A crucial observation is that “z is (NS,,,.4)-ec” is a property correctly
definable in (H,,, U.A, €) using as parameter the set’’| D 4. Therefore (assuming MAX(.A))

DNs,,, A = {M € H,, : M is (NS,,, A)-ec}

is such that DNSwl, A = Cod,, 1[DNSw1 A] is a universally Baire set in A. Moreover letting
for V|G| a generic extension of V'

Dys,,, aviel = {M e HYIE . M is (NSwl,AV[G])-ec},

57Note however that D4 may not be lightface definable in (H,, U A, €).
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we have that

V|G _
DNESJI AT Codwl[DNSwl ,AV[G]]‘

Theorem 5.5.3. Assume V models MAX(A). The following are equivalent:
(1) Woodin’s axiom (x)-A holds (i.e. NSy, is precipitous, and there is an L(.A)-generic
filter G for Pmax such that L(A)[G] 2 P (w1)Y ).
(2) Let § be inaccessible. Whenever G is V-generic for Coll(w, 8), Vs is (NS, , AVIE)-
ec in V[G].
(3) NS, is precipitous and for all A € H,,, B € A, there is an (NS, ,.A)-ec M with
witness Ay, and an iteration J = {jag: o < f < wi} of M such that:
o Ac M,,
e Be Ay,
o NS = NS, N M,,.

Theorem [5.5.3] is the key to the proofs of Theorem and to the missing implication
in the proof of Theorem [5.1}

5.5.1. Proof of Theorem[5.2.1. The theorem is an immediate corollary of the following:

Lemma 5.5.4. Let By,...,Br be new predicate symbols and SNSwl,A,Bl,---,Bk be the
€Ns,, A U{B1,..., Bg}-theory ZFCNs,,, A + (¥)-A enriched with the sentences asserting
that By, ..., By have as extension elements of A.

Let Ep, .. B, consists of the set of M & DNSwl,A such that:

o M is Bj-iterable for all j =1,... k;
o there is Ay witnessing M € DNs,,, .4 with B; € Ay for all j.

Let also Ep, .. g, = Cod;l[EBlw,Bk].
Then SNS.,,A,Bi,...B, Proves that Ep, . p, is in A.
Moreover:

.....

predicate symbol for EBl,...,Bk to €Ns,, 4 U {Bi,...,Br} and the axioms stating

that the interpretation of Ep, ... B, 15 giwen by its definition.

o Let TNSwl,A,Bh...,Bk,Esl ,,,, By be the family of lz-sentences ¢ for €ns,, .4 U {Bl, ., By, EB1,...,Bk}
_ Hy,
such that SNSwl,A,BL-.-,BmEBl """ 5, Proves Prez,
Then TNSW1 AB1,....BiEp, .5, PTOVES that every existential formula_for €NS,,.A U{B1,..., By}
is equivalent to a universal formula for €ns,, a4 U {Bl, ey Bk,EBl,...,Bk}-

Proof. EBI7---7Bk is universally Baire and in A by MAX(A), since Ep, . p, is definable in
(Hy, U A, €) with parameters the universally Baire sets By, ..., By, Dns,,, A

Given any ¥i-formula ¢(¥) for €ns,, .4 U{B1,..., By} mentioning the universally
Baire predicates Bi,..., By, we want to find a universal formula ¢(%) for €ns,, 4
U {Bl, ..., B, EB1,...,Bk} such that

Let 04(Z) be the formula asserting:

For all M € Ep,, . B,, for all iterations J = {jof : @« < < w1} of M such
that:

o ¥ = jo,, (@) for some @ € M,

o NS ™M _ NS A jow, (M),

(H%, G%Nswl) = ¢(a).
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More formally:

Vv {
[
(T’ S EBl,---7Bk)/\
ANT ={jaf :a < B <wi} is an iteration of Cod(r)A

N NSZ}’{” (Cod(r)) _ NS, N jow, (Cod(r))A
A3id € Cod(r) (Z = jow, (@)
]

%
Cod(r —
(HCod(r), GA(;OE ) N, 0@
}.
The above is a IIj-formula for €a, U{wi, NS, } U {Bl, . ,Bk,EBl’._.7Bk}.
(We leave to the reader to check that the property
= {jof:a < B <wi} is an iteration of M such that NSJOWl( ) =
1\]'Sw1 N Jow, (M)
is definable by a Aj-property in parameters M, J in the signature €a, U{wi, NS, }).
Now it is not hard to check that:

Claim 3. For all A € H,,

-,

(1Y, X Bro- - By) = o)
if and only if
(Husr €Xs,,» Bo - B, By p,) b= 06(A)
Proof.
045(A) — $(A): Take any M and J satisfying the premises of the implicatio ¥ in 0¢(ff),
Then (H)!, ey AM) = ¢(@) for some @ such that jo ., (@) = A and B; N M, =

Jow: (Bj N M) for all ji=1,...,k.

Since 3j-properties are upward absolute and (M,,,, EMWI

By N My, :j =
L,...,k) is a €ns,, U{Bi,..., Bg}-substructure of (H,,, ENS ,Bj:j=1,...,k)
which models ¢(A), we get that ¢(A) holds for (H,,, ENS Bl, ..., Bg).

o(A) — 9¢(/T): Assume

(Hw27 GKSM?BD s 7Bk) ': ¢<A’)

Take any (NS,,,A)-ec M € V and any iteration J = {jof:a < B <wi} of M
witnessing the premises of the implication in 1/1(1@), in particular such that:

o A= jy, (@) € M,, for some @e M,

o NSt = NS, N M,,,

e )M is Bj-iterable for j =1,... k.

Such M and J exists by Thm. “ apphed to Ep,...p, and A.

Let G be V-generic for Coll(w,d) with § inaccessible. Then in V[G], Vs is

AVIG_correct, by Lemma

58t least one such M exists by (x)-A.
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Therefore (since M is (NS, , AVI%)-ec also in V[G] by MAX(A)), V[G] models
that j0w¥ is a Yi-elementary embedding oﬂ

(HJ,

b ENs,»BNM : B € Ay)
into

(Hiy €Xs,,» B B € Au).
This grants that

(Hy, ENs,,» BN M : B € Ay) = (@),

w2 !
as was to be shown.
O

The Lemma is proved.
O

Remark 5.5.5. Note that by essentially the same proof we can argue that the €ng,, -theory
of Hy, U A in models of ZFCns,,, + MAX(A) is model complete. However this result is
not relevant for the AMC-spectrum results we are aiming for, since (Hy, U A, €a,, NSy, )
is not a Xj-substructure of (V,€a,,NS,,).

5.5.2. Proof of @—> of Theorem .

Proof. Assume 6 is supercompact, P is a standard forcing notion to force MM™™ of size §
(such as the one introduced in [8] to prove the consistency of Martin’s maximum), and G is
V-generic for P; then (x)-A4 holds in V[G] by Asperd and Schindler’s recent breakthrough [2].
By Thm. V and V[G] agree on the II;-fragment of the €ns,, UAY -theory T of V,

therefore so do HL/Q and HwVQ[G] (by Lemma applied in V' and V[G] respectively).
Since P € SSP

(H,,

w2?

ek, A AeAY) E(HYD el§) AV A e AY).

Now the model completeness of the €ns,,, UAY-theory S of HL/Q grants that HXQ is
Ty-ec. This gives that:

(HY,. ks, AY) =<z, (HY, eXi$) AVE A e AY).

Suy ?

Therefore any Ilp-property for €ns,, UAY with parameters in HL/Q which holds in
VG
(vaz[G]7€N[SJ17AV[G} cAc A

also holds in (H},, EI‘GSWI,AV).

Hence in H}, it holds characterization of (x)-A given by Thm. and we are
done. O
5.5.3. Proof of Theorem[5.5.5.

Definition 5.5.6. [13| Def. 2.1] Pyax is the subset of H,, given by the pairs (M, a) such
that

e M is iterable, countable, and models Martin’s axiom.

e acP(w)™\ LR)M, and there exists r € P (w) N M such that wM = wlL[a’T].

(M,a) < (N,b) if there exists J = (jog : @ < B < wM) in M iteration of N of length
w such that jow{”(b) = a and (M, €) models that J is correct.

59Actually is ¥1-elementary between the structures (Hfg uAM, GAO,NS%) and (Hu‘,/2 UAY, en,, NSX1)7
but we only need the weaker form of 3¥;-elementarity described in the proof.
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Note that Pp,ax is a definable class in (H,,,, €); in particular it belongs to any transitive
model of ZFC™ containing P (w).

Our definition of P,y is slightly different than the one given in [13], but it defines a
dense subset of the poset defined in |13 Def. 2.1] in view of the followingﬂ

Fact 5.5.7. Let P).  be the forcing deﬁneaﬂ in (13, Def. 2.1]. Assume there are class
many Woodin cardinals.

Then for every condition (M,I,a) in PY . there is a condition (N,b) in Pyax and
an iteration (jop : o < B < wiV) € N of (M,I) according to [15, Def. 1.2] such that

Jow (I) = NsY M Jow [M] and jo(a) = b. Hence (N,NSY | b) refines (M, I,a) in PO

1 w1? max-*

Proof. Let v > 6 be two Woodin cardinals. Let X < V, be countable with 6, (M, I,a) € X.
Let Ny be the transitive collapse of X, and N be a generic extension of Ny by a forcing
collapsing § to become wy and forcing NS,,, is precipitous and Martin’s axiom. Since
v is Woodin, there are class many measurables in V,, hence Ny is iterable and so is IV
(by [13, Thm. 4.10]).

By [13, Lemma 2.8] there is in N the required iteration (jog: o < 8 < w]) of (M, I)
and we can set b = jow{\’(a)- O

In particular (at the prize of assuming the right large cardinal assumptions) the forcings

Proax and PY _ are equivalent as the former sits inside the latter as a dense subset.

This is a key property of Py, we will need, and is based on Aspero and Schindler result
that MM™* + MAX(A) implies (x)-A:
Lemma 5.5.8. Assume MAX(A) and there is a supercompact cardinal. Let A € L(R)
and N € L(A) be the Ppyax-canonical names respectively for:
° U{a: (N,CL) S G},
o HEAE G 4,
whenever G is a Pyax-generic filter for L(A).
For any quantifier free formula ¢(x,y,z) for €n, U{NS,,} and B € A"

L(AY) |= |(N,a) - 3y e No(A, y, B)

if and only if the set Dy of (M,e) such that
e M is B-iterable,
o (HMuUAM el NSM) = 3y d(e,y, BN M),

is dense below (N, a).

Proof. Let G be a Ppax-generic filter for L(AY) and A = Ag. Then (by [13, Lemma 2.7])
G = {(N,a) : 3Jn NS-correct iteration of N mapping a to A} .

If some (M, a) € G is such that:

e M is B-iterable,

o (HMUAM X NSM) |=3yé(a,y, BN M).
Let

I = {Japg:Ma— Mg: a<pB<w}.
Then
M = (Hop™ U AMer, el NSSIY) |= 3y oA, y, BN M.,).

This yields that

N = (HEAIE Y A, XA NSEAIG)) = 3y6(4,y, B),

w2

60Much weaker large cardinals assumptions are needed, we don’t spell the optimal hypothesis.
61E.g. the forcing Pmayx according to the terminology of [13].
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since it is not hard to chec that M C N via the map which is the identity on Hij(A) €]
and maps B N M,, to B on AMe1.

Otherwise note that

Dy U{(M,b) : V(N,c) < (M,b) (N,c) & Dg)}

is dense in Pyax and belongs to L(.A). Hence for some (M, a) € G, L(.A) models that for
all (N,c) < (M,a) which are B-iterable

(HS, UAY, €X,,NSJ)) = 3y é(c,y, BN N).
If the Lemma fails we can find (N, c¢) < (M, a) in the above set such that
L(A) | |(N.0) e, 3y € N o(Ay, B)|

In particular for any (P,d) < (N, c) we have that

(22) (HE UAP ek \NSD) 3y o(d,y, BN P),

and

(23) L(A) = [(Pd) IFe,.. 3y e N o(A,y, B)] .
Fix in V

K={kap:No—=Ng:a<f<w}.

NS-correct iteration of N. Let A = ko, (¢).

Now let v be a supercompact cardinal, § > « be inaccessible, and H be V-generic for
Coll(w,d). Then in V[H] we can find K V-generic for some stationary set preserving
forcing of V' collapsing v to become ws, together with MM (and therefore (*)-A by
Aspero and Schindler’s result). Then (V5[K], A) is a Ppax-condition in V[H| refining (N, c)
(as witnessed by K), hence such that

(HY Y AVIKT €01 NSVIRT) 12 3y ¢(A, y, BYSIK)
by On the other hand since (Vs[K], A) models (¥)-A and A € P (w;) \ L(AVIE]),
Ga ={(P,d) : 3J NS-correct iteration of P mapping d to A}
is L(AYED)-generic for Ppay, with (N, ¢) belonging to G 4; therefore
(HEATDICA G A1, LATIIO, NSEATINIGA) = 3y A, y, BY1H))
by Since HﬁéAV[K])[GA] = HLZ[K}, we have reached a contradiction. O

We can now prove Thm.

Proof. implies (2): Let G be V-generic for Coll(w,d). By Lemma [5.4.6, V; is
absolutely AY!%-correct in V[G] as witnessed by {BV[G] :Be AV} = Ay =

{BX[G} 'n € w} and BYCiterable for all B € AV .

—

Claim 4. Vj is (NS,,, AV -¢ec in V[G] as witnessed by Ay .

62r¢ o(x1,...,Tn,Y1,...,Yx) is provably A;(ZFC™), one can prove by an induction on its syintactic com-
plexity that for each A1,..., A, € Hﬁ“l and each By, ..., By € AM“1 ¢(Ay,...,An, By, ..., By) holds in
N if and only if ¢(A1,...,An, Bi N My, ..., Bx N M,,) holds in M.
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Proof. Let in V[G] Ba, = [[,c. BY be the universally Baire set in A" [ coding
Ay .

Let (by Fact[5.4.7) N < Vs in V[G] be absolutely A" [“l-correct, B 4, -iterable,
with By, € Ay for some Ay countable subset of AVIE] witnessing that N is
AV[C) correct.

Then it is not hard to check that

(HY UAY eX,) < HY uAN eX )
via the map extending the identity on H:J/l by B — BYIEI AN for B e AY. This
holds since N € DY and {BVI¥/ AN : Be AV} in N.
Let
J={japa<B<y=(w)V}eN
be an iteration witnessing Vs > N in V[G].
We must show that
joy : HY, UAY — HY U AN

is 3j-elementary for ea, U{NS,, }.

By simple coding tricks (e.g. coding any finite tuple of elements of H,, by a
subset of w; via the map Cod,, and any finite tuple of elements of A by their
product), it suffices to check that for any ¥;-formula ¢(x,y) for ea, U{NS,,}

AcPw)”, Be A
(HY U A, X, NS ) E 6o, (4), BV A N).
if and only if
(Hy, UAY €X,.NSL) = ¢(4, B).
Now by (x)-A in V,
Ga ={(N,a) : 3J NS-correct iteration of N mapping a to A}
is L(A)-generic for Ppax.
Recall the set Dy defined in and the dense set
Ey =Dy U{(M,b):V(N,c) < (M,b), (N,c) & Dy}
which are both elements of L(A)Y, since both sets are the image under Cod,, of
universally Baire sets in .A"". Hence (by we can argue in V[G] that (N, jo(A))
witnesses that any (M,b) € Ga N Ey C EX[G] is not in E;/[G] \DZ[G} (since
(M,b) > (V5,A) > (N,jo(A)). Therefore any such (M,b) € G4 N Ey is in
Dy nv =D,
We conclude that
(Hi, UAY, €X,.NSL) = 6(4, B),
by Lemma [5.5.8 0

implies : Our assumptions grants that the set

Djy={M e HU‘J/1 : M is absolutely Av—correct}

is coded by a universally Baire set D 4 in V. Moreover we also get that whenever
G is V-generic for Coll(w, d), the lift DX[G} of D4 to V[G] codes

DZ‘[/G[A;] = {M € HL/I[G} : M is absolutely AV[G]—correct} .

VG
By we get that Vs € DN[SM]1 AVIG)-
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By Fact
(H(L/1 uAY, GXO) = for all iterable M there exists an absolutely A-correct structure M > M.
Again since
(HY uAY X)) < @YD uAVE, EXLG}),
and the latter is first order expressible in the predicate D4 € AV, we get that

(HU‘J/I[G]U.AV[G], EXLG]) = for all iterable M there exists an absolutely A" [“l-correct structure M > M.

So let N < Vs be in V[G] an absolutely A" [“l-correct structure with Vs € H) and
{BVINN:Be AV} e N.
Let J = {jag ralp<y= w{v} € Hfd\g be an iteration witnessing N < V.
Now for any A € P (w;)” and B e A
(H) U AN, eX ,NST)
models
There exists an (NSwl,AV[G]):ec structure M with BVICI NN € Ay
and an NS-correct iteration J = {jap: o < B <~} of M such that
Joy(A) = joy(A).
This statement is witnessed exactly by Vj in the place of M (since B = BVIENny; e
AV and AQG] = {BV[G] : Be AV}), and J in the place of J.
Since Vj is (NS, , AY[¢)-ec in V[G] we get that jo, | HY, UA is ¥;-elementary
for €, U{NS,, } between HY U.AY and HY U AN.
Hence
(HY,UA", ex,,NSY)
models
There ezists an (NSZI,AV)—ec structure M with B € Ay and an it-
eration J = {jop: a < B < (w1)V} of M such that jo,(a) = A and
NSl = NSY o, (M),

1
implies (I)): The key point is to prove that if M is (NS, A)-ec, a € P (w)™\ L(R)M,
D is a dense open set of Py, such that D = Cod,[D] for some D € Ay, then
there is some (Mo, ag) > (M, a) with (My,ag) € DN M.
Once this is achieved gives immediately the desired conclusion.
So pick D,a as above. Find (P,b) < (M,a) € D and (N,c) < (P,b) with N
A-ec and Ay C Ay.
Then N models (as witnessed by (P, b)) the ¥i-statement for €, U{NS,,, } in
parameters D, c:
There exists a NS-correct iteration of some (Mo, ag) € DY which maps
ag to c.
Since M is (NS, A)-ec and there is a unique NS-correct iteration of M which maps
a to ¢, we get that M models
There exists a NS-correct iteration of some (Mo, ag) € DM = DN M
which maps ag to a.
Now the rest of the argument is routine and is left to the reader.

SOME COMMENTS AND OPEN QUESTIONS

We believe there is still room to improve the model completeness results one can predicate
from Woodin’s axiom (x). Specifically we conjecture the following:
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Conjecture 5.5.9. Assume MAX(UB) and (x)-UB. Let © be the supremum of the
ordinals o which are the surjective image of some ¢ : 2% — Ord which exists in L(UB).
Then the theory of Le(UB“!) is model complete for the signature €a, U{wi, NS, , UB}
where UB is a predicate symbol which detects which subsets of 2“ are universally Baire.

Note that the above conjecture does not say that © (the supremum of Wadge rank of
universally Baire sets) is regular in V' assuming V' models MAX(UB) + (x)-UB (it could
certainly have cofinality we in V', and we conjecture it could not have cofinality wi). In
fact an argument of Woodin combined with the results of [22] should bring that © cannot
be regular in models of MM,

A subtle question is whether for ZFC the AMC-spectrum and the model companionship
spectrum can be distinct. We conjecture the following:

Conjecture 5.5.10. Assume S +Tc s has a model companion for some €-theory S O ZFC
and some A with € 42€a, Then A € specapc (S).

Another set of open questions is whether the (generically invariant for suitable classes
of forcings) theories of Hy, under bounded category forcing axioms (or under iterated
resurrection axioms) isolated in [3,4] produce model complete theories for some signature
extending €a, and for some theory extending ZFC+large cardinals with some a-sentence
not holding assuming (x)-UB (for example the assertion that canonical functions are not
dominating modulo clubs, or some other Ys-sentence whose negation can only be forced
using a stationary set preserving forcing which cannot be proper).

We believe it can also be interesting to investigate more the notions of model com-
panionship spectrum or AMC-spectrum. For example: given a countable theory, analyze
the descriptive set theoretic complexity of the partial order given by its AMC-spectrum
under inclusion; can this be a useful measure to compare the complexity of countable
theories? Are there other model-theoretic properties of a mathematical theory sensitive to
the signature for which the spectrum makes sense? In which case what type of information
can we extract from this spectrum?
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