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(2) Given an open cover {UCI}alel of M, there is a partition of unity {P,},eJ 
with compact support, but possibly with an index set, J different from It 
such that the support of P, is contained in some U Cl • 

For a proof see Warner [1, p. 10] or de Rham [1, p. 3]. 
Note that in (1) the support of p. is not assumed to be compact and the 

index set of {PCl} i~ the same as that of {U Cl}, while in (2) the reverse is true. 
We usually cannot'demand simultaneously compact support and the same 
index set on a noncompact manifold M. For example, consider the open 
cover of Rl consisting of precisely one open sett namely Rl itself. This open 
cover clearly does not have a' partition of unity with compact support 
subordinate to it. 

. The Mayer-Vietoris Sequence 

The Mayer-Vietoris sequence allows one to compute the cohomology of the 
union of two open sets. Suppose M = U u V with U, Y open. Then there is 

, a sequence ofindusions 

wlaere (J U V is the disjoint union of U and V and ~ao and a 1 are the 
inclusiOns orii ('\ V in.V and in U res~tively. Applying-lhe coniravariant 
runctor 0*, we get a sequence oCrestrictions of forms 

a~ 
Q*( M) --. 0-( U) e 0*( V) =t 0*( U f'\ V), 

where 'by the restriclion of a' form. to a submanifold we mean its image 
under the pull back map induced by the inclusion. By taking the difference 
of the last two maps. we obtain the M ayer .. V ietoris sequence . . . . .. -- ...... 

(2.2) -0 -t O*(M) --. O*(U) Ef) O*(V) ---.; 0*«(' n V) -+ 0 
. :, " (co, T) H t' - Cl) 

" ~positioD 1.3. The Mayer-Vietoris sequence is, e~act. . --.-.- -. -, .. 
• ' PROOf. The' exactness is clear except at the last step. We first consider the 

case .of functions on M = RI. Let f be a C«J function on U " V as shown in 
Figure 21~ We must wrile f as the difference of a function on U and a 

- function on V. Lc!t {PUt Pr} be a partition of unity subordinate to the open 
cover {Ut V}. Note that p~/ is a function on U-to get a function on an' 
open set w.e must. multiply QY th~ partition function of the other o~n set. 
S· ,\ , 11lC'e .' • , ..... ' 

(Pu f)..:.. (-py f) =f, 
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we see that OO(U) El) OO(V) -+ aO(RI) --+ 0 is surjective. For a general·mani
fold M, if Cl) E ()4( U ~ Y), then ( - Pv w, Pv co) in Qt(U) 6) Qt(Y) maps onto 
~ 0 

. The Mayer .. Vietoris sequence 

o --+ O*(M) --+ O*(V) EB O*(V) -+ O*(U " V) ~ ,0 

induces a long exact sequence in cohomolol)'t also called a Mayer .. Vie~ris 
sequence: 

CH' +l(M) -+ HI+l( U) E& HI+l(Jf} -+ Hf+l(U ,.., V).'::> 
d* . ) 

C H4(M) --+ Hf(U) (B Ht( Y) --+ H"{ U '" JI) , 

(2.4) 

We recall again the definition of the coboundary operator d* in this explicit 
instance. The short exact sequence gives rise to a diagram with exact rowI . 

f t t 
0--+ QI+1(M) -+ Qt + 1 (U)$OC+ 1(Y) -+ " Q1+1(U f'\ Y) -.0 

df dt dl 
0-+ Qf(M) -+ O'(U)Q)Qf(J') -+ O'(u "', Y) ........ 0 

w '" , Cl) tieD =- 0 

Let (J) e 0'( U " J') be a closed form. By the exactness, of the rows, there is 
a , e Qf( U) e Qt(Y) which maps to w, oamely, , =- ( - Pv (.(), Pu c;u). By tbe 
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commutativity of the diagram and the fact that dw = 0, d, goes to 0 in 
nq + 1(V (l V), i.e., -d(pvw) andd(puw) agree on the overlap U (l V. Hence 
d~ is the image of an element in Q4 + l(M). This element is easily seen to be 
closed and represents d*[w]. As remarked earlier, it can be shown that 
d*[c.o] is independent of the choices in this construction. Explicitly we see 
that the coboundary operator is given by 

(2.5) d*[w] = {[ -d(pyw)] on U 
[d(pu (0)] on V. 

. We define the ,support of a form c.o on a manifold M to be the smallest 
! closed set Z so that w'restrjcted to Z is not O. Note that in the Mayer· 
; Vietoris sequence d*w E H*(M) has support in V (l V. 

EXAMPLE 2.6 (The coh~mology of the circle), Cover the circle with two 
open sets U and Vas, sb9wn in Figure 2.2. The Mayer-Vietoris sequence 
gives 

Si uUv Ui'\V 

H2 0 0 0 

rHl : 0 -----to 0 

d· 
REDR::J HO REBR 

6 
• -+ 

The difference map b sends (co, t) to (t - ro, t - w), so im b is 1-
dimensional.·1t 'follow$ tttafker' 6is·also·1..<Jimensional. Thereforet 

HO(SI) = ker lJ = R 

HI(SI) = coker b = IR. 

We now find an ex'plicit representative for the generator of Hl(Sll. If 
ex e go(U () V) is a closed O-form which is not the image under t5 of a closed 
form in nO(U) Et) aO(V), then d*(J. will represent a generator of H 1(SI). As a 
we may take the function which is 1 on the upper piece of. U ('\ V and 0 on 

-~ 
UtlV 

I ......... 

Figure 2.2 
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the lower piece (see Figure 2.3). Now « is the image of ( - Pv «t Pu a). SiDa: 
- d(pv <X) and dpu Cl agree on U (') V, th.ey represent a global "form on SI; 
this form is d*a.. It. is a ~~~p.~ ~ .. form with .supPQrt iD. U " Y.. , . '. 

The Functor a: and the Mayer .. Vietoris Sequence' for' Com"Ct 
Supports 

Again, before taking up the Mayer-Vietoris sequence for ,compactly sup
ported cohomology, we need to discuss the functorial properties orO:(M), 
the algebra of forms with compact support on the manifold M. In acncraJ 
the pull back by a smooth map of a form with compact ~rt need Dot 


