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(2) Given an open cover {U,},1 of M, there is a partition of unity {p,};.,
with compact support, but possibly with an index set J different from I,
such that the support of p, is contained in some U,.

For a proof sec Warner {1, p. 10] or de Rham [1, p. 3].

Note that in (1) the support of p, is not assumed to be compact and the
index set of {p,} is the same as that of {U_}, while in (2) the reverse is true.
We usually cannot demand simultaneously compact support and the same
index set on a noncompact manifold M. For example, consider the open
cover of R! consisting of precisely one open set, namely R! itself. This open
cover clearly does not have a-partition of unity with compact support
subordinate to it.

" The Mayer-Vietoris Sequence

The Mayer-Vietoris sequence allows one to compute the cohomology of the
union of two open sets. Suppose M = U u V with U, V open. Then there is
. a sequence of inclusions

%
M—UllveUunv
Lt
where U]V is the disjoint union of U and V and 3, and 3, are the
inclusions of U n V in .V and in U respestively. Applying the contravariant
functor Q2*, we get a sequence of restrictions of forms

QM) — QHUYB Q*(V) :t QWU n V),
H
‘where by the restriction of a form to a submanifold we mean its image
under the pullback map induced by the inclusion. By taking the difference
of the last two maps, we obtain the Mayer-Vietoris sequence

| (2.2) . 0 -—oﬂ‘(M) — Q%) @Q*(V) ——’Q*(U NnV)y—0
B (w, 1) - T-w

. Ptoposmon 2.3. The Ma yer— Vietoris sequence is exact.

.PROOF. The exactness is clear except at the last step. We first consider the
case of functions on M = R'. Let f be a C* function on U n V as shown in
Figure 2.1. We must write f as the difference of a function on U and a

" function on V. Let {py, py} be a partition of unity subordinate to the open
cover {U, V}. Note that p, f is a function on U—to get a function on an
open set we must muluply by the partition functxon of the other open set.
Since - .

(qu)"(.—Prf) =1,
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we see that Q%(U) @ Q°(V) — Q°%R!) — 0 is surjective. For a general mani-
fold M, if w € QYU N V), then (—py @, pyw) in QYU) @ QYV) maps onto
o. ‘ a
- The Mayer-Vietoris sequence

0—- Q*M) - Q U)eQ*(V)—» QU NN V) 0
induces a long exact sequence in cohomology, also called a Mayer-Vietoris
sequence:

.CH'+1(M)__’ Hq+1(U)eHg+l(V)__’ Hq-l»l(v A V)J

24 d* -)

We tecall again the definition of the caboundary operator d* in this explicit
instance. The short exact sequence gives rise to a diagram with exact rows -

! t 1
0 QIM) - QUHUIDATY) — U A V) -0
dt a = At
0~ QM) — QW) - AUAYV) —0
w - : w .
{ R W | do =0

Let w € QU N V) be a closed form. By the exactness. of the rows, there is
a { € (V) ® QY(V) which maps to w, namely, { = (—py w, pyw). By the
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commutativity of the diagram and the fact that dw = 0, d{ goes to 0 in
QYU n V), ie., ~d(py w) and d(py w) agree on the overlap U ~ V. Hence
d¢ is the image of an element in Q9% '(M). This element is easily seen to be
closed and represents d*[w]. As remarked earlier, it can be shown that
d*[w] is independent of the choices in this construction. Explicitly we see
- that the coboundary operator is given by

[(~dlpyw)] on U

@) dt[w]a{ {dpyw)] on V.

fclosed set Z so that w restricted to Z is not 0. Note that in the Mayer-
. Vietoris sequence d*w € H*(M) has supportin U n V.

ExampLE 2.6 (The cohomology of the circle). Cover the circle with two

open sets U and V as shown in Figure 2.2. The Mayer-Vietoris sequence
gives '

3! ulv Unv
H? 0 0 0
1
(-.H S 0 — 0
d* _)
H° —s RO®R s ROR

The difference map 8 sends (w, 1) to (1~ w,t—w), so imé is 1-
dimensional. It follows that ker 8 is also 1-dimensional. Therefore,

HOS') = ker 6 = R
HY(S') = coker 6 = R.

We now find an explicit representative for the generator of H(S'). If
a € QUU n V)is a closed O-form which is not the image under 6 of a closed
form in Q%U) @ Q%V), then d*a will represent a generator of H!(S'). As a
we may take the function which is 1 on the upper piece of U n V and 0 on
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Figure 2.2
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the lower piece (see Figure 2.3). Now a is the image of (— py&, hu é). Since
—d(py o) and dpya agree on U ~ V, they represent a global form on S*;
this form is d*«. It is a bump 1-form with supportinU n V.

The Functor Q and the Mayer-Victoris Sequence for Compact
Supports o N

Again, before taking up the Mayer-Vietoris sequence for compactly sup-
ported cohomology, we need to discuss the functorial properties of Q¥(M),
the algebra of forms with compact support on the manifold M. In gencral
the puliback by a smooth map of a form with compact support need not



