
The Banach fixed point theorem pTeorema di Banach-Caccioppoliq

Let pM,dq be a metric space, ϕ : M ÑM and z PM .

aq z is called a fixed point of ϕ if ϕpzq � z.

bq ϕ is called a strict contraction if

D L P r0, 1q @ x, y PM : dpϕpxq, ϕpyqq ¤ Ldpx, yq.

Theorem. Let pM,dq be complete and ϕ a strict contraction. Then ϕ has a unique
fixed point. If x0 P M is an arbitrary element of M and one defines precursivelyq
the sequence

xn � ϕpxn�1q, n � 1, 2, 3, . . . ,

then
xn

nÑ�8
ÝÝÝÝÑ z.

Moreover, the following error estimates are valid:

aq A-priori estimate: dpxn, zq ¤
Ln

1� L
dpx1, x0q for every n.

bq A-posteriori estimate: dpxn, zq ¤
L

1� L
dpxn, xn�1q for every n.

Proof: There is at most one fixed point, since if z � ϕpzq and z1 � ϕpz1q then

dpz, z1q � dpϕpzq, ϕpz1qq ¤ Ldpz, z1q,

hence dpz, z1q � 0, i.e., z � z1. For the existence note that

dpxk�1, xkq � dpϕpxkq, ϕpxk�1qq

¤ Ldpxk, xk�1q � Ldpϕpxk�1q, ϕpxk�2qq

¤ L2 dpxk�1, xk�2q ¤ . . . ¤ Lkdpx1, x0q.

Then, for every indices m ¡ n,

dpxm, xnq ¤ dpxm, xm�1q � dpxm�1, xm�2q � . . .� dpxn�1, xnq

¤
m�1̧

ℓ�n

Lℓ dpx1, x0q ¤ Ln
�8̧

ℓ�0

Lℓ dpx1, x0q �
Ln

1� L
dpx1, x0q.

Since Ln nÑ�8
ÝÝÝÝÑ 0 this shows that pxnq is a Cauchy-sequence in M . Since M is complete,

the sequence converges; call z its limit. Then, using the continuity of ϕ,

z
nÑ�8
ÐÝÝÝÝ xn�1 � ϕpxnq

nÑ�8
ÝÝÝÝÑ ϕpzq
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shows that z is a fixed point of ϕ. Moreover,

dpz, xnq
mÑ�8
ÐÝÝÝÝÝ dpxm, xnq ¤

Ln

1� L
dpx1, x0q

shows the a-priori estimate. Similarly one finds the a-posteriori estimate: First one has

dpxm, xnq ¤
m�n�1¸
ℓ�0

dpxn�ℓ�1, xn�ℓq ¤
m�n�1¸
ℓ�0

Lℓ�1 dpxn, xn�1q.

Passing to the limit mÑ �8 yields

dpz, xnq ¤
�8̧

ℓ�0

Lℓ�1 dpxn, xn�1q �
L

L� 1
dpxn, xn�1q.

This completes the proof.

An application: Initial value problems

Let f : ra, bs � Rn Ñ Rn be a continuous function satisfying the Lipschitz condition

}fpt, xq � fpt, x1q} ¤ C}x� x1} @ t P ra, bs @ x, x1 P Rn,

with some constant C ¥ 0. Let x0 P Rn and t0 P ra, bs be fixed.

Picard-Lindelöf Theorem (global version). With the previous notation, there
exists a unique solution x P C1pra, bs,Rnq of the initial value problem

x1ptq � fpt, xptqq, xpt0q � x0. (1)

Proof: By the main theorem of calculus, being a continuously differentiable solution of
p1q is equivalent to being a continuous solution of the integral equation

xptq � x0 �

» t

t0

fps, xpsqq ds. (2)

Now let M :� Cpra, bs,Rnq and define a metric on M by

dpg, hq � max
a¤t¤b

e�pC�1q|t�t0|}gptq � hptq}.

Recall that the standard metric on M is given by

dpg, hq � max
a¤t¤b

}gptq � hptq}.

Since
e�pC�1qpb�aq ¤ e�pC�1q|t�t0| ¤ 1 @ t P ra, bs,

d and d are equivalent metrics on M . Hence pM,dq is a complete metric space.
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Now we consider the map ϕ : M ÑM defined by

rϕpgqsptq � x0 �

» t

t0

fps, gpsqq ds, t P ra, bs. (3)

We shall show below that ϕ is a strict contraction on pM,dq with constant L � C
C�1   1.

Hence there exists a unique fixed point of ϕ in M . This fixed point is the unique solution
of p2q and thus of p1q.

Let us assume for simplicity that t0 � a (the general case works analogously); thus |t�t0| �
t� a for all t P ra, bs. Then

|rϕpgqsptq � rϕphqsptq| �
���
» t

a
fps, gpsqq � fps, hpsqq ds

���
¤ C

» t

a
|gpsqq � hpsq| ds

� C

» t

a
epC�1qps�aqe�pC�1qps�aq|gpsqq � hpsq| ds

¤ Cdpg, hq

» t

a
epC�1qps�aq ds

¤ Cdpg, hq
1

C � 1
epC�1qps�aq

���s�t

s�a

�
C

C � 1
dpg, hq

�
epC�1qpt�aq � 1

	

¤
C

C � 1
dpg, hqepC�1qpt�aq.

Multiplying from the left with e�pC�1qpt�aq and the passing to the maximum over t P ra, bs
yields

dpϕpgq, ϕphqq ¤
C

C � 1
dpg, hq

for arbitrary g, h PM .

Example. Let us consider the initial value problem

x1ptq � xptq, xp0q � 1.

Here n � 1 and fpt, xq � x. Obviously f satisfies the Lipschitz condition on every interval
r�a, as with constant C � 1. The map ϕ from p3q becomes

rϕpgqsptq � 1�

» t

0
xpsq ds.

Let us calculate the sequence of functions pgnq defined by

g0 � 1, gn � ϕpgn�1q.
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We have

g1ptq � 1�

» t

0
1 ds � 1� t,

g2ptq � 1�

» t

0
1� s ds � 1� t�

t2

2
,

...

gnptq � 1�

» t

0
gn�1psq ds � 1� t�

t2

2
� . . .�

tn

n!
.

Therefore

gnptq �
ņ

k�0

tn

n!
nÑ�8
ÝÝÝÝÑ

�8̧

k�0

tn

n!
� et.

Hence xptq � et is the unique (on Rq solution of the initial value problem.
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