M.ScC. IN STOCHASTICS AND DATA SCIENCE
ANALYSIS COURSE A (ADVANCED)

ELENA CORDERO

Homework 2

Exercise 1. Let X and Y be inner product spaces with inner products (-,-)x and (-,-)y
respectively, and let Z = X x Y be the Cartesian product space. Prove that the function
(,')z : Z x Z — F defined by

(@1,91), (22,92)) z = (21, 22)x + (Y1, 92)y

is an inner product on Z.

Exercise 2. Let X be an inner product space with inner product (-,-) and induced norm
||l = (-,-)/2. For every x,y € X, prove the following equalities

(i)
lz+yl1* + llz = l* = 2(ll=]* + lly[1*)

(the parallelogram rule);

(ii) If X is real then

eyl =Nl =yl

(z,y) = 1 ;

(iii) If X is complex then

_ Nl yll? = Nl = yl® + il + ayl* — il — dylf?
(x7y> - 4

(the polarization identity).
Exercise 3. Let X and Y be linear subspaces of a Hilbert space H. Recall that
X+Y={s+y:zeXyeY}
Prove that (X +Y)t = X+tNnY+.
Exercise 4. Let H be a Hilbert space and let A C H be a non-empty set. Show that:
(i) A~ =Sp4;
(i) At = AL (where AHHE = ((AH)H)1).



Exercise 5. Let H be a Hilbert space and let {e,} be an orthonormal sequence in H.
Determine whether the following series converge in H:

o0

(@ Y= v Y

1
n=1 n nz
Exercise 6. Consider the function f € L*([—n,n]) given by

f(l’):|$’, LS [_W’ﬂ—)‘

Compute the Fourier series of f. Hint: Observe that f is even.

Exercise 7. Let T": Cr([0, 1]) — R be the transformation defined by

)= | ().

(i) Show that 7' is linear and bounded;
(ii) Show that ||T]] < 1;

(iii) Show that ||T'|| = 1. Hint: Evaluate T'(g) where g is the function in Cg([0,1]) such
that g(x) = 1 for every z € [0, 1].

Exercise 8. Consider the space
C'c([a,b]) ={f : [a,b] — C: fisdifferentiableand f’iscontinuouson [a,b]}
(i) Show that
[ fller = sup [f(@)[ + sup [f'(2)] = [ flloc + [I/"lls

x€[a,b] z€[a,b]

is a norm on C'¢([a, b]).

(ii) For f € C'c([a,b]), consider the operator T : C'¢([a, b]) — C defined by
T(f) = f'(a).
Show that T is linear and bounded.
Exercise 9. Given a sequence (x,) € %, consider the operator
T(x1, 29, x3,24,...) = (0,421, 9,423, 24, . .. ).
(i) Show that T": ¢* — ¢? is linear and bounded.

(ii) Compute ||T||. Hint: Consider the sequence e; = (1,0,0,0,...) € ¢* and compute
T€1.



