M.ScC. IN STOCHASTICS AND DATA SCIENCE
ANALYSIS COURSE A (ADVANCED)

Homework 5

Exercise 1. Let f(z) = e~ I71°/2 (note that f € .#(R™)). Show that f = (2m)"/2f.
Hint: Observe that
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Exercise 2. Recall that for f € L*(R") the Fourier transform is defined as
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where (p;) C % (R™) is a sequence such that ¢ — f in L*(R"). Show that this definition
does not depend on the choice of the sequence ().

Hint: Prove that, for any other sequence (¢) C .%(R") such that ¢, — f in L*(R"), the
limits F and G in L*(R") of the two sequences () and () coincide.

Exercise 3. Let f € L*(R) and T} be the associated regular tempered distribution. Show
that .7 (1) = Tzs, where on the left-hand side is used the Fourier transform of tempered
distributions while on the right-hand side the Fourier transform of L2-functions.

Exercise 4. Let T' € .¢/(R") and o € Njj. Let p,(x) = z®. Show that
8T =ilp T, (—i)p.T = 2T.

Hint: Apply all terms to a test function ¢. Use the definition of derivative of distribu-
tions as well as multiplication of distributions with functions of tempered growth and the
corresponding rules for rapidly decreasing functions.



