Analysis (SDS — UNITO, 23/24)
Weekly mix #4

S. Ivan Trapasso

Exercise 1
Let 1 < p < oo and n € N. Consider the family of operators

Tp (k <mn)

Ty £7(N) — £7(N), Tl = {$k + otk (E>n+1),

(a) Prove that T), is a linear and bounded operator — that is, T,, € B(¢*(N)).
In particular, show that

1
Tn D < 1 .
ITallsen <1+
(b) Prove that T,, — I in B(/?(N)), that is

lim ||Tn - IHB[p =0.
n—o0

(c) Prove that

1
T, =1+ —.
Tollaen =1+

k

[Hint. If p = 1 compute Ty (e,). If p > 1 compute T,,(>_;_, €;) for k >n + 1/

Exercise 2

Let X be a Banach space and h: [0,1] — X a function such that f o h € C]0,1] for all
feX'.

(a) Prove that h is bounded, that is supcoqy [|2(t)[lx < 0.

(b) Prove that the functional ¢: X’ — R given by

B(f) = / F(h(t))dt

is linear and continuous.

(c) If X is a Hilbert space with inner product (-,-), show that there exists a unique
v € X such that

(v,x) = /0 (x, h(t))dt, r e X.



Exercise 3

Let H be a Hilbert space, (f,)nen be a sequence in H and assume that f € H.
Prove that f, — f in H if and only if f, = f and || fullg = ||f||#-

Exercise 4

Consider the set
X ={fecCfo,1]: f(0)=0}

and the functional

T:X >R, T(f)= /1f(t)dt.

(a) Prove that T € X’ and compute ||| x-.

(b) Discuss whether there exists f € X such that || f|l.c = 1 and T'(f) = ||T|| x

Exercise 5

Consider the function

t(0<t<1/2)

1/}2 (0, 1) — R, @D(t) = t1(071/2] == {0 (1/2 i< 1)

Let then T be the operator on L?*(0,1) defined by T'f =1 f.
Prove that T' € B(L*(0,1)) and compute ||T'||5(L2).

Exercise 6

Consider the set
C={fecL?0,1]:f>0ae. in [0,1]}.

a) Prove that C is a closed convex subset of L?[0, 1].

(a)

(b) Discuss whether C'is a linear subspace of L?[0, 1].

(c)
)

(d) Compute the distance between f(t) = 2t — 1 and C.

Determine the explicit form of the orthogonal projection Po: L?[0,1] — C.



