
Analysis (SDS – UNITO, 23/24)

Weekly mix #6

S. Ivan Trapasso

Exercise 1

Let a ∈ C∞
c (Rd) \ {0} and m ∈ N. Prove that the sequence

ϕj(x) := e−jjma(jx), j ∈ N, x ∈ Rd,

converges in D(Rd).

Exercise 2

Let a ∈ C∞
c (Rd) \ {0} and for j ∈ N+ consider the sequences

ϕj(x) := j−1a(j−1x), ψj(x) := j−1a(jx), x ∈ Rd.

Discuss the converge of such sequences in D(Rd).

Exercise 3

Give sufficient conditions on N ∈ R in such a way that |x|N log |x| ∈ D′(Rd).

Exercise 4

Prove that (log |x|)′ = P.V.
1

x
in D′(R), where the principal value is defined by

(
P.V.

1

x

)
(φ) := lim

ε→0+

∫
|x|≥ε

φ(x)

x
dx, φ ∈ D(R).

Exercise 5

For ε > 0 consider
gε(x) :=

1

π

ε

x2 + ε2
, x ∈ R.

Prove that gε → δ in D′(R) as ε→ 0+.

Exercise 6

For ε > 0 consider
fε(x) := (2πε)−d/2e−

|x|2
2ε , x ∈ Rd.

Prove that fε → δ in D′(Rd) as ε→ 0+.

1


