Analysis (SDS — UNITO, 23/24)

Final simulation

S. Ivan Trapasso

Notation. N ={1,2,3,...}.

Question 1

(a) Recall the definition of inner product and inner product space.

(b) Let X be an inner product space and let (e, )neny be an orthonormal sequence in X.
Prove Bessel’s inequality:

> l@e) <z, VreX.

neN

Question 2

Let X, Y be normed spaces and T' € B(X,Y). Recall the definition of a compact operator
and then prove the following statements.

(a) If T has finite rank, then T € K(X,Y).

(b) If at least one of the spaces X or Y is finite-dimensional, then T € IC(X,Y).

Question 3

Let H be a complex Hilbert space. Recall the definition of the spectrum o(7") and the
resolvent p(7") of an operator T € B(H), then prove the following statements.

(a) If A > ||T|| then A ¢ o(T).
(b) o(T) is a closed set.

Exercise 4
Consider the linear operator T defined on ¢*(N) by

r = (x1,T9,...,7,,...) € A(N).

Ty T2 X3 T
TZU = ( )

T,g,ﬁ,...,ﬁ,...
(a) Show that T € B(¢?) is bounded and compute ||T||g2).
(b) Prove that T € K(¢?) and find the eigenvalues of 7.

(c¢) Give the definition of the continuous spectrum of an operator and show that 0 €
o.(T).



Exercise 5
Let o € R and consider the operator

T: *(N) = R, Tz = Zmneo‘", T = (Tp)nen € (N;R).

neN

(a) Find the values of « such that T' € B(¢*, R) = (¢2).

(b) Compute the norm ||T°]| 2y

Exercise 6
(a) Show that the Fourier transform of f(z) = 7 ij in S'(R) is
f(w) = /]R f:w; dr = 7re*|°"|, w € R.
(b) Leveraging the previous result, find the Fourier transform of g(z) = . fo in S'(R).

(c) Leveraging the result in (a), compute the integral

—+o00 1
—dzx.
/o (1+a22"



