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[ 2.35 Definition An embedding of M into N is an injective total map h : M — N such )

that
1. ae™ o haerN for every r € Ly and a € M";
2. hfMa) = fN(ha) for every f € Ly and a € M"/.

Note that when ¢ € L,y is a constant 2 reads 71 c™M = ¢N. Therefore M C N if and
only if idy; : M — N is an embedding.

A surjective embedding is an isomorphism or, when domain and codomain coin-
cide, an automorphism.
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[ 1.10 Lemma The following hold for every A C N
1. (AN = {tN . taclosed L(A)-term }
2. (AN = {tN(a) : H(x) an L-term and a € Ax}
3. (A)y = |J An, where 49 = A
e Anpt = Aw U {N@) : f€Lun a€ Ay}




1.4 Example Let F be a field. The language of vector spaces over F, which we denote
by Lp, extends that of additive groups by a unary function symbol k for every
keF.

Recall that a vector space over F is an abelian group M together with a function
i Fx M — M satistying some well-known properties. To view a vector space
over F as an Lp-structure, we interpret the group symbols in the obvious way and
each k € F as the function p(k,-). See Example 2.6.
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| 2.11 Definition We say that M and N are elementarily equivalent if
ee. NFop & MFEg, for every sentence ¢ € L.

In this case we write M = N. More generally, we write M =4 N and say that M
and N are elementarily equivalent over A if the following hold

a. ACMNN
ee’. equivalence ee above holds for every sentence ¢ € L(A).
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of M then A is also the domain a substructure of N he two substructures

2.13 Lemma If M and N are such that M =4 N and A is the i omain of a substructure
coincide.
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