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222 Proposition For every f : R — R, for every 4,/ € R the following equivalenc:es1

hold.

a o,

b Hm,

c. lim
k d. lim

fx =400 << *f(c) is positive and infinite for every infinite ¢ > 0
fx =1 < *f(c) = I for every infinite ¢ > 0

fx =+o00 <& *f(c) is positive and infinite for every ¢ ~ a # ¢

fx =1 & *f(c) = for every ¢ =~ a # c.
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2.35 Definition An embedding of M into N is an injective total map & : M — N such

that
1. aer™ o haerN for every r € Lg and a € M™;
2. hfMa) = fN(ha) for every f € Lg,, and a € M/,

Note that when ¢ € Ly, is a constant 2 reads hc™ = cN. Therefore M C N if and
only if idy; : M — N is an embedding.

A surjective embedding is an isomorphism or, when domain and codomain coin-
cide, an automorphism.

1. MEr(a) & NEr(ha) for every r € Lo U {=} and every a € M".



2/ htMa) = tN(ha) for every term t(x) and every a € M*.
3. ME ¢(a) < NE ¢(ha) for every ¢(x) € Ly and every a € M*.

e MSN o Lo @ Mremen Nets) e ptuel,

op~ L eM”

' 2.36 Theorem If i : M — N is an isomorphism then for every ¢(x) € L
ME ¢(a) < NE @(ha) for every a € M*

/- In particular, if & is an A-isomorphism then M =, N.
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2.37 Corollary If h : M — N is an isomorphism then for every ¢(x) € L.
ho(M¥)] = @(N¥)
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1.10 Lemma The following hold for every A C N

-

1. (AN = {tN : taclosed L(A)-term}
2. (AN = {tN(a) : t(x) an L-term andaeAx}
3. (A = |J A, where 4 = A
. An+1 = Ay U {fN(a) . f€ Leyn, a EAZ"[}-
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