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Finally, we can state the

Proper Mapping Theorem. If M,N are complex manifolds, f: M—N «a
holomorphic map, and V CM an analytic variety such that | is proper, then
f(V) is an analytic subvariety of N.

The proof will be given in Section 2 of Chapter 3.

3. SHEAVES AND COHOMOLOGY

Origins: The Mittag-Leffler Problem

Let S be a- Riemann surface, not necessarily compact, p a point of S with
losal coordinate z centered at p. A principal part at p is the polar part
> @z % of a Laurent series. If €, is the local ring of holomorphic
fl\unlctions around p, @Kp the field of meromorphic functions around p, a
principal part is just an element of the quotient group M /C€,. The
Mittag-Leffler question is, given a discrete set {p,} of points in § and a
principal part at p, for each n. does there exist a meromorphic function f
on S, holomorphic outside { p,}. whose principal part at each p, is the one
specified? The question is clearly trivial locally, and so the problem is one
of passage from local to global data. Here are two approaches, both of
which lead to cohomology theories.

Cech. Take a covering U={U,} of S by open sets such that each U,
contains at most one point p,,, and et f, be a meromorphic function on U,
solving the problem in U,. Set

fap = fu — SR EC(U,N Uy).
In U,nUgn U,, we have
Jop T oy + fra =0-

Solving the problem globally is equivalent to finding { g, €0 (U,)} such
that

fa[} = gﬁ_gu in Uaﬂ UB:

given such g,, f=f +g, is a globally defined function satisfying the
conditions, and conversely. In the Cech theory,

{fus) s fop+Sp, +£a=0} = Z'(U,0)
{({fus): fup=85—8. some (g} =8C%U,E)
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and the first Cech cohomology group

Z'(U.¢)

B'(U,€)

is the obstruction to solving the problem in general.

HYU.€) =

Dolbeault. As before, take f, to be a local solution in U, and let p, be a
bump function, 1 in a neighborhood of p, €U, and having compact
support contained in U,. Then

Q= ; ¥o.f,)

is a_é-closed C* (0,)-form on § (p=0 in a neighborhood of p,). If
¢ =dn for n & C*=(S), then the function

f=§a:p,,fa-n

satisfies the conditions of the problem; thus the obstruction to solving the
problem is in HJ'(S).

Sheaves

Given X a topological space, a sheaf F on X associates to each open set
UcCX a group F(U), called the sections of & over U, and to each pair
UcV of open sets a map ry, ,: F(V)—>F(U), called the restriction map,
satisfying

1. For any triple U C V' C W of open sets,

"'wu = Tvu Tw, v

By virtue of this relation, we may write o|, for r, (o) without loss of
information.

2. For any pair of open sets U, ¥V C M and sections a €F(U), r€F (V)
such that

olyny = Tluav
there exists a section pEF (U U V) with
ply = o, ply =1
3. fee%(UUV)and
oly =0}, =0
then o =0.

Notation. The following are the sheaves we will be dealing with most
often. In every case the restriction maps are the obvious ones, and the
groups are additive unless otherwise stated.
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1. On any C* manifold M, we define sheaves C*, C*, @, %*,  Z, Q,
R, and C by

C*®(U)=C* functions on U

C*(U)=multiphcative group of nonzero C* functions on U,

@& (Uy=C* p-forms on U,

Fr(U)=closed C* p-forms on U,

Z(U), QU), R(U), C(U)=locally constant Z-, Q-, R-, or C-valued
functions on U.

2. If M is a complex manifold, V' C M an analytic subvariety of M, and
E— M a holomorphic vector bundle (defined below), we define the sheaves
¢, 0% @, @9, 209 9, O(E), and @9(E) by

€ (U)=holomorphic functions on U,

®*(U)=multiplicative group of nonzero holomorphic functions on U,
QP(U)=holomorphic p-forms on U,

@7 9(U)y=C* forms of type (p,q) on U,

-9(U)=3-closed C* forms of type (p,q) on U,
4,,(U)=holomorphic functions on U vanishing on V' N U,
C(E)U)=holomorphic sections of E over U,

P 9EY)U)= C™ E-valued (p,q)-forms over U.

3. If M is again a complex manifold, a meromorphic function f on an
open set UCM is given locally as the quotient of two holomorphic
functions—i.e., for some covering {U;} of U, f|, =g/ h;, where g, h; are
relatively prime in O(U}) and g, =gk, in O(U,N UJ) This definition makes
implicit use of the proposition on p. 10. A meromorphic function f is not,
strictly speaking, a function even if we consider oc a value: at points where
g, =h =0, it is not defined. The sheaf of meromorphic functions on M is
denoted 91 ; the multiplicative sheaf of meromorphic functions not identi-
cally zero is denoted M*.

A map of sheaves 58 on M is given by a collection of homomor-
phisms {a,: F(U)—8E(U)}ycp such that for UCV CM, a, and «a,
commute with the restriction maps. The kernel of the map a: ¥ —§ is just
the sheaf Ker(a) given by Ker(a)(U)=Ker(q,: F(U)—G(U)); it is easy
to check that this assignment does in fact define a sheaf. The cokernel of «
is harder to define: if we set Coker(a}(U)=6(U)/a,F(U), Coker may
not satisfy the conditions on p. 35. [The basic example of this is the sheaf
map

exp: 0 - 0O*

on C—{0} given by sending f€O(U) to ez”\/:inE@*(U). The section
z€*(C—{0}) is not in the image of O(C— {0}) under exp, but its restric-



SHEAVES AND COHOMOLOGY 37

tion to any contractible open set U CC—{0} is in the image of O(U).]
Instead, we take a section of the cokernel sheaf Coker(a) over U to be
given by an open cover {U,} of U together with sections ¢, € §(U,) such
that for all a, S,

%lu.ny~ %luny € auunuﬂ(g( U,n Uy));
we identify two such collections {(U,,0,)} and {(U,,0.)} if for all pe U
and U,, Ug 3 p, there exists ¥ with p € V C(U,N Ug) such that o;|, —op/,
Ea, (F(V)).
We say that a sequence of sheaf maps

0565556 50

is exact if & =Ker(8) and § =Coker(a); in this case we also say that & is
a subsheaf of % and § the quotient sheaf of % by &, written % /& . More
generally, we say a sequence
&y Ay |
'.'—)gn—>65n+l HG‘yn+2—)”.
is exact if a, ;°a,=0 and
0-Ker(a,) > %, > Ker(a,,,) >0

is exact for each n. Note that by our definition of Coker, this does not
imply that

o—»gunf$@umf$@an—+o

is exact for all U; it does imply that this sequence is exact at the first two
stages for all U, and that for any section 6 €8 (U) and any point pe U
there exists a neighborhood V of p in U such that o], is in the image of B,.

A note: if M C N is a_subspace, § a sheaf on M, we can “extend & by
zero” to obtain a sheaf % on N, setting

FU)=F(UNM)
and letting the restriction maps be the obvious ones. Thus we may consider
% as a sheaf on either M or N.
Examples

1. On any complex manifold, the sequence

exp

O——)Z—i>@—>(‘)*——>0

is exact, where / is the obvious inclusion and exp the exponential map

exp(f)=e?"V~1/. This fundamental sequence is called the exponential
sheaf sequence.
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2. If M is a complex manifold, ¥ C M a complex submanifold, the
sheaf O, may, by extension by zero, be considered a sheaf on M. The
sequence

00— QV—’)GM—;@V -0,
where i is inclusion and r restriction, is then exact.
3. By the ordinary Poincaré lemma, the sequence
d d
05R-CS@ > -
is exact on any real manifold.
4. By the d-Poincaré lemma, the sequence

0 —@° @ —a)@‘”‘z — -
is exact on any complex manifold.
5. If M is a Riemann surface and we let PP be the quotient sheaf of
the sheaf 9N by the subsheaf O L9, then for UC M open,

U discrete,
(V) = {(Pmfa)}: f{’;fmi 10 ‘;SC“’“"

i.e., giving a section of P over U is the same as specifying the data of a
Mittag-Leffler problem for U.

Cohomology of Sheaves

Let & be a sheaf on M, and U={U,} a locally finite open cover. We
define

cu, %) = 115(,),

o

c'(w.s =1l $(u,nuy).
a#Ff3

cwH= I Fu,n--nU,)

apFo) F - Fa,
An element 0= {0, EF(N U,)}=;_,4, of CP(U,%) is called a p-cochain of
. We define a coboundary operator
8: CP(U,9)— CcP*Y(U,%)
by the formula
p+1

(60)10 ..... i,,“:Z("l)joio _____ FRRUN A
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In particular, if o ={0,} € CYU, %),
(d0)yy = —o, + 0y
and if 6=(0, ,} €CY(U,9),
(86)u,v,w = oyy + Oy — oy
(omitting the restriction).

A p-cochain 6 € C(U, %) is called a cocycle if 86 =0. Note that any
cocycle o must satisfy the skew-symmetry condition

iy vl RSN S S Y S
o is called a coboundary if o =387 for some r€ C?~!(U, F). It is easy to see
that §2=0—i.e., a coboundary is a cocycle—and we set
Z/(U,%) = Kers c (U, 5)
and
" 2°(U.9)

HA(U,F) = ==
(L.9) 8CP (U, F)

Now, given two coverings U={U,},e; and U'={Uz} g, of M, we say
that U’ is a refinement of U if for every B €1 there exists a € I such that
Usc U we write U’ < U. If U’ < U, we can choose a map ¢:I'—1 such
that Up C U, for all B; then we have a map

& ' 6p
pp: CP(U,%)— CP(U",F)
given by
(pq;o)ﬁo. B, = a‘Pﬁo""PB,;' Uﬁon e Uﬁp

Evidently 8¢ p, =p, ° 8, and so p, induces a homomorphism

p: H?(U,9)— HP(U', %),
which is independent of the choice of ¢. (The reader may wish to check
that the chain maps p, and p, associated to two inclusion associations ¢
and ¢ are chain homotopic and thus induce the same map on cohomology.)

We define the p* Cech cohomology group of F on M to be the direct limit
of the H?(U, FYys as U becomes finer and finer:
lim
H (M, %) = 7 HP (U, %).

Where there is a possibility of confusion, we will denote Cech cohomology
groups by H. Clearly, for any covering U

HYM, %)= HY(U,%) = F(M).

Note that if M CN is a closed subspace, ¥ any sheaf on M, then
extending ¥ by zero to a sheaf on N, we have

H*(M.F) = HX(N,%).
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The definition of H*(M, %) as a direct limit is, in practice, more or less
impossible to work with. What is needed is a simple sufficient condition on
a cover U for

H*(U,%) = H*(M,9),
and this is provided by the

Leray Theorem. If the covering U is acyclic for the sheaf % in the sense
that

H(Un--nU,9)=0, ¢>0, anyiy i,
then H*(U, %)=H*(M, %).
We will prove the Leray theorem in those cases where it will be used.

The most basic property of sheaf cohomology is: Given an exact
sequence

065556 50

of sheaves on M, we have maps
@ B
(U, 6)— CP(U,9), (U, %) CP(U,9)

that commute with 8 and hence induce maps

*
al

H?(M,6) —> H/(M,%),  H"(M,5) —> H?(M,8).

We next define the coboundary map 8*: H?(M,8)—>H?*'(M,&): given
0 € CP(U,8) with 8o =0, we can always pass to a refinement U’ of U and
find 1€ CP(U’, %) such that B(r)=po. Then B6r=35Br=208p0=0, so by
passing to a further refinement U” we can find p€ C?*'(U”, &) such that
ap = 87; adp=Sap = 8’7 =0 and since a is injective this means 8y =0. Thus
pEZP*I(U”,&) and we take §*o=M € HP*' (M, &).

Basic Fact. The sequence

0—>H (M, &) — HA(M,F) > HY(M,8)
—SHY(M,6)— H\(M,5) > H\(M,8)—- - -

—)H"(M,f;) — H”(M, "5) - H”(M,Q) —
is exact.

For most exact sequences 0—& —% —8 -0 that actually arise naturally
—and certainly for all sheaves with which we shall deal in this book—it is
the case that there exist arbitrarily fine coverings U such that for every
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openset U=U, N...N U, the sequence
0->6(U)Y->%F(U)—-8(U)-0

is exact. Thus, we can find arbitrarily fine coverings U of M for which the
cochain groups form an exact sequence

0 CP(U,b)— C?(U,%)— CP(U,8) 0.

In this case, our basic fact is easy to verify: for example, to see that

B* 5*
HP(U,F) —> H?(U,8) —> H?*(U,6)

is exact, let € C?(U,8) with 86=0 and 8*¢=0 in H?*'(U,&). Then
there exists 7€ C?(U,%) such that fr=¢ and p€C?* (U, %) such that
ap=98r1; by definition p=8* in H?*'(U,&), so p=28v for some v€E
CP(U,b). Then 7—avr is a cocycle in CP(U,%) with B(r—av)=pr=o0,
showing o € B*(H?(U,¥)). Conversely, it is clear that §*B8*=0. The re-
maining stages are similar but easier.

The most common application of the exact cohomology sequence
associated to a sheaf sequence

0——)6—0‘)(’5—13)@ -0

is to answer the question: given a global section o of §, when is ¢ the
image under B of a global section of %? The answer, according to the exact
cohomology sequence, is that this is the case exactly when 8*0=0 in
H'(M.,5).

For example, we consider again the exact sequence

0———)@—‘—3%—&@6} —0

on a Riemann surface M. The data of the Mittag-Leffler problem consist
of a global section g€ PP(M)=H(M,P?P); the question is whether
g=B*f for some global meromorphic function f. If {f,} are the local
solutions of the problem, we have seen that

(*Quvv=1f—fy
and that g=a*f if and only if §*g=0in H'(M,0).

There are, roughly speaking, three kinds of sheaves we will encounter:

1. Holomorphic sheaves—such as 0, $,, O(E), and Q’—whose sec-
tions are given locally by n-tuples of holomorphic functions. These contain
for us the most information and are the principal objects of interest.

2. C™ sheaves, such as @9, whose local sections can be expressed as
n-tuples of C* functions. These are generally used in an auxiliary manner.

3. Constant sheaves, such as Z,R,C. These, as we will see, contain
topological information about the underlying manifold.
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There are a couple of observations to be made about the latter two
classes of sheaves:

1. HP(M,@")=0 for p>0.

Proof. Given any locally finite cover U={U,},; of M, we can find a
partition of unity subordinate to U, i.e, C* functions p, on M such that
2p, =1 and support(p,)C U,. Now given ¢ € Z?(U, @), we define 1&
C?~ (U, @) by setting

Tﬂn"""r—l = BEEIPBGB‘(XO »»»»» a, - y?

p—1

where the section pg0g,, . . , extends to U, N--- N U,,_, by zero; one
verifies that 67 =o6. In the case p=1, explicitly:

o= {o,, €EX(UNV)};
oyt oy +oy, =0 n Unvnw.

Set 7, =2 ypy 0,y then
(6T)Uy = Ty + Ty

- 2 PwOwy t 2 PwOwy
w w

= 2 PwOyy = Oyy-
W

In general, sheaves that admit partitions of unity [more precisely, for any
U=y U,, maps n,: F(U)—>%(U) such that the support of (n,0) is con-
tained in U, and 30, (o], )= 0 for 6 €F(U)] are called fine, and the same
argument shows that their higher cohomology groups vanish.

2. For K a simplicial complex with underlying topological space M,

H*(K,Z) = H*(M,Z),

that is, the Cech cohomology of the constant sheaf Z on M is isomorphic to
the simplicial cohomology of the complex K. To see this, we associate to
every vertex », in K the open set St(v,), called the star of v, which is the
interior of the union of all simplices in K having », as a vertex. U={U,=
St(v,)} is an open covering of M. N¥_,St(v, ) is nonempty and connected
if v, - - - v, are the vertices of a p-simplex in our decomposition; otherwise
itis empty‘j Thus a p-cochain o of the sheaf Z associates to every (ag- - - a,)
an element

Opya, € zZ(nst(r,)) = [

Given o€ CP(U,Z), we are led to define a simplicial p-cochain o’ by
setting, for A=(y, --- Va,,> a p-simplex with vertices », - - -7, ,

o'(4) = o,,.

YA if », span a p-simplex,

0 otherwise.

‘o,
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oo’ gives an isomorphism of Abelian groups
CP(U,Z)—™ C’(K,Z),
and

0/ (Coy 1) = B (= 0 Kty )

= (60),
so that we have an isomorphism of chain complexes C*(U, Z)—»C*(K, Z),
hence an isomorphism H*(U,Z)—H*(K,Z). Since we can subdivide the
complex K to make the cover U of M arbitrarily fine without changing
H*(K,Z), we finally obtain

H*(M,Z) = H*(U,Z) = H*(K,Z).

The de Rham Theorem

Let M be a real C* manifold. We say that a singular p-chain o on M,

given as a formal linear combination X q,f; of maps Ai M of the standard
p-simplex ACR? to M, is piecewise smooth if the maps f, extend to C*
maps of a neighborhood of A to M. Let CP(M,Z) denote the space of
piecewise smooth integral p-chains. Clearly the boundary of a piecewise
smooth chain is again piecewise smooth, so C¥(M, Z) forms a subcomplex
of C,(M,Z) and we can set

ZP(M,Z) = Kerd: CP(M,Z)— CF* (M,Z)
zZrH(M,Z)
8C (M, T)
By a foundational result from differential topology, the inclusion map
CP(M,Z)— CW(M, Z) induces an isomorphism
HP(M,Z) = H,(M,Z);

in other words, every homology class in H,(M, Z) can be represented by a
piecewise smooth p-cycle, and if a piecewise smooth p-cycle ¢ is homolo-
gous to 0 in the usual sense, there exists a piecewise smooth (p + 1)-chain 7
with dr=o.

Now let p € A?(M) be a C* p-form and 6 =2aq,f; a piecewise smooth
p-chain; we set

prs(M ) =

(o= [o
= 2’ aij;j;'*(p'

If ¢ is a closed form, then for ¢ the boundary of a (p+1)-chain 7, by

Stokes’ theorem
fo P = f dp =0,
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so that ¢ defines a real-valued singular p-cocycle. Again by Stokes’
theorem, we have for o a cycle

f0q>=foq>+dn

for any n €47~ Y(M); thus there is a map
BR(M ) i H;ng(M’ R)

The de Rham theorem says that this map is in fact an isomorphism.

De Rham’s theorem was originally proved essentially by defining rela-
tive de Rham groups and showing that the resulting homology theory
satisfied the axioms of Eilenberg and Steenrod. We will give here the
shorter sheaf-theoretic argument that, while not so geometric, can be
merely rephrased to give a proof of the Dolbeault theorem later.

First, since any differentiable manifold M can be realized as the under-
lying topological space of a simplicial complex K, we have

H% (M,R) = H*(K,R) = H*(M,R).
Next by the ordinary Poincaré lemma, the sequence of sheaves
0—>R-—>@0—d>@3'£)@2—>-“
on M is exact; in other words, the sequences

0—>R——>@0—i%l~+0

0-»%5-»&21’51 Pl 50
are all exact. Now we have seen that
HY(M,@)=0

for >0 and all p; by the exact cohomology sequences associated to the
short exact sheaf sequences above,

H?(M,R)= H?"'(M,Z")
=HP "M, %?

;H‘(M,?zp—‘)
o H(M, )
T SHOM. @)
Zr(M)
dA?~ (M)
= Hpp(M). Q.E.D.
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Note that the de Rham isomorphism is functorial: if f:M—N is a
differentiable map of C* manifolds, ¢ a closed p-form on N representing
[p]€ HE, (N, R) under the de Rham map and 0 =24,/ a piecewise smooth
p-cycle on M,

(frp0) =2 a,-ff.-*f*tp
i A
= <<P,f*0>
Le, f*ol=[f*9]

The Dolbeault Theorem

We saw in the beginning of this section that the obstruction to solving the
Mittag-Leffler problem on a Riemann surface S can be taken to lie in
either H'(S,0) or Hgo"(S ). In fact, this represents a special case of the

Dolbeault Theorem. For M a complex manifold,
HY(M,Q) = H»(M).
Proof. By the 0-Poincaré lemma the sequences

0> @252 50

0— %g“’ - @”’q—{’)gg“”l -0
are exact for all p,q. Since
H'(M,@9) =0

for >0, all p,q, the long exact cohomology sequences associated to these
sheaf sequences give us

HYM,@)=H"""(M,22'")
~ -2 .2
=H" (M, Z?)

=H(M, 289 D)
_ H(M, S’Zg'q)
dH(M, @)
= HZY(M). Q.ED.

As an application we will prove a special case of Leray’s theorem: for a
locally finite cover U={U,} of M that is acyclic for the structure sheaf O,
i.e., has the property

H”(Ualﬂ-~‘man,(‘))=O for p >0,
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we have
H*(U,0) = H*(M,0).

Proof. We have, by hypothesis,
(U0 U, ) =38 (U,n--- 00, )
i.e., we have exact sequences of cochain groups
0 CP(U, 2 ") - C/(U, 8% 1) > P (U, Z37) >0,
which by the usual algebraic reasoning gives exact sequences
o HI(U,E ) - HY(U. %) > HP (U, 257

__,HPH(Q,@OJ—l) I
Since H?(U,@%")=0 for p >0 by the partition of unity argument, we find
HY(U,0)=H*'(U, 2"
=HI(U.T?)

;H‘(g,%qu*’)
__Hw
3HO(U,Q% )
= HSO"’(M) = HYM,0). Q.E.D.
The same argument works as well for the sheaves 7.
Computations

1. The first observation is that if M is an a-dimensional complex
manifold, then

HY(M,0)=H}(M)=0 forg>n.
2. By the 9-Poincaré lemma,
HYC"0)=0 forg >0
and more generally
H((C)*x(C*,0)=0 forg>0.
Since C" is contractible, moreover, we see that
H(C"Z)=0 forq>0.

Now, from the long exact cohomology sequence associated to the exponen-
tial sheaf sequence on C”,

HY(C",0) - HI(C",0%) - HT*(C",Z)
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1s exact, and it follows that
H(C",0*)=0 forg > 0.

As an immediate consequence, we have the answer to the Cousin
problem:

Any analytic hypersurface in C" is the zero locus of an entire function.

Proof. We have seen that in a neighborhood of any point p in C” an
analytic hypersurface ¥ C C" may be given as the zero locus of a holomor-
phic function f€0,, and if we choose f not divisible by the square of any
nonunit in O, then f is unique up to muitiplication by a unit. We can thus
find a cover U={U,} of C" and functions f, € O(U,) such that the locus
(f,=0)=Vn U,, and such that for any a, 8,

_ L € 0%(U,n Up).

Js

But since H'(C",0*)=0, the cocycle
{8} ECY(U,0%)

is a coboundary, i.e., after refinement of the covering if necessary there
exists a cochain

8ap

(h,} € COU.0%)

such that
fa hg
f-/} - gaB - Z .
The entire function
f=Lfh = fﬂhﬁ
then has zero locus exactly V. Q.ED.

Another application of the vanishing H(C)* X(C*Y,0)=0 is that a
covering of a complex manifold by products of planes and punctured
planes is acyclic, a fact we will use in the following two computations.

3. To compute the cohomology groups HY%P',0), take v and v=1/u
Euclidean coordinates on P', and set U=(v#0), V=(u+0). U and V¥ are
biholomorphic to € via the coordinates u and o, respectively, while
U N V=C*; thus the cover {U,V'} of P! is acyclic. Now

C{U,V},0)={(fg): fEO(U),gEO(V))
and
C'({U,¥},0) = (hed(UnV)).
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Given (f,8)€ C{ U,V },0) we can write
o0 [ee] o0
f=Sau g=3 b= 3 bu
n=0 n=0 n=0
Thus 8((f,2))= —f+g€0(UNV) is zero if and only if a,=5,=0 for n
positive and a,= by, i.e.,
H°(P',0) =C,

or in other words the only global holomorphic functions on P' are
constants.

In general it is clear from the maximum principle that H(M,0)=C for
any compact, connected complex manifold.

On the other hand, given any

o0 [ee)

h= Y au"= 2 av "eC'({UV}0)

n=-o0 n=-

we can write

h = 8((f.g)),

where

and it follows that
H'(P,0) =0.
Similarly, any element (w,7) of
C{ U,V L, = {(wn): wEQ(U),nel(V)}
may be written as
w= ( ioa,,u")du; n = ( ﬁobnv")dv = (— §0b,,u‘"'2)du,

since dv=d(u~")Y= —u"*du. We see from this that §((w,1))=0 if and only
if w=7n=0, that is,

HP',Q"Y) =0.
By the same token, an element

v =( ﬁwanu")due C{U,V),8) =2UAY)

is expressible as 8((w,n))= —w+ 7 if and only if a_,=0; thus
HY(P.QY = C.
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The reader may, in the same manner, verify that in general

Ho (P, = { C dp=q<n,
0 otherwise,

a fact which we will prove later by means of Hodge theory.

4. Let M=C?—{0}. By Hartogs’ theorem we have O(C*— {0})=0(C?).
Take the covering U,={z,#0},U,={z,#0}; this is again an acyclic
cover (U =U,=CXC* U, nU,=C*xXC*. Now C'({U,,U,},0)=
O(U,n U,) consists of Laurent series

oQ
f(zl’ZZ) = 2 amnzlmz2”;
m,n=—00
O(U,) consists of series
f(zl’ZZ) = 2 bmnzlng
m>0
and O(U,) of series

f(zl’ZZ) = 2 CmnzlmzZ"'
nz0

Thus 8C%{ U,, U,},0)=0(U)+0(U,) contains no Laurent series with
terms z{"z§, m,n <0; we see that dim H '(C*— {0},0)=co.

4. TOPOLOGY OF MANIFOLDS

Intersection of Cycles

Consider the standard torus T and the two l-cycles 4 and B drawn in
Figure 1. It is intuitively reasonable that any l-cycle homologous to B
must intersect any 1-cycle homologous to A, while a cycle holomologous to
A—for example, 4'—may well be disjoint from A. This is an invariant of
the classes a=(A4) and B=(B) in H(T,Z), which we would like to
formalize. The problem is that the number of points of intersection of
cycles representing a and f is indeterminate: we can have, for example,
either of the situations shown in Figure 2. What is needed is a way of
counting up the points of intersection of two cycles on T such that
“extraneous” intersections cancel each other out. We may do this as
follows: first choose an orientation on 7. Then if two cycles 4 and Bon T
intersect transversely at a point p, we define the intersection index v,(A-B)
of A and B at p to be + 1 if the tangent vectors to 4 and B in turn form an
oriented basis for T,(M), —1 if not; we define the intersection number
#(A-B) of cycles 4 and B meeting transversely in smooth points to be the



