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Chapter 1

Introduction

These notes are meant for students in mathematics who wish to follow the set theory
course in the master program of Torino university. The course program covers large
portions of Kunen'’s book [5] (or its new edition [6]). We focus in particular on:

e Axiomatic set theory, including basics of cardinal and ordinal arithmetic,
transfinite recursion and the Mostowski collapsing theorem, the reflection the-
orems, the absoluteness properties of transitive structures, the development of
basic model theory (including the Lowenheim-Skolem theorem for set struc-
tures) inside the standard model V' for ZFC. This material is extensively
covered in [5, Chapters LIII,IV,V] or [6, Chapter I, and Sections II.1-11.5].

e Forcing and combinatorics of partial orders ( [5, Chapters II,VII] or [6, Chap-
ters III, IV]). Since the course presents this material in a way which differs
substantially from the approaches taken in [5] or [6], we decided to write up
these notes to cover this part of the program.

These notes are divided in five chapters and an appendix. The second and third
recall standard material on partial orders, boolean algebras, and topological spaces
which can be found in several textbooks. The fourth introduces boolean valued
semantics as a natural generalization of Tarski semantics for first order logic. The
fifth chapter is the heart of these notes. It gives a detailed presentation of the forcing
method via boolean valued models. It features the most celebrated application
of this method, namely the undecidability of the continuum hypothesis CH. The
appendix gives some more details on the parts of our course for which the reference
texts are [5, Chapters IILIV,V] or [6, Chapter I, and Sections II.1-11.5]. The reader
already familiar with the material covered in the first two chapters of these notes
may just skim through this part or refer back to it if needed while reading the third
and fourth chapter.

e Chapter 2 introduces basic notions regarding partial orders, topological spaces,
and boolean algebras. Some basic properties of the dualities which link these
apparently distinct categories of mathematical objects are recalled. We prove
in particular that every partial order admits, up to isomorphism, a unique
complete boolean algebra in which it embeds as a dense subset, and we link
the basic theory of boolean algebras to that of compact Haussdorff spaces
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by means of the Stone representation theorem. We bring to the attention of
the reader that this first chapter presents material on boolean algebras and
compact spaces rather standard which she/he may already have encountered
in other courses. We decided to include it here in order to present these results
with a focus aimed towards their use within set theory and their role in the
development of the forcing method.

Chapter 3 introduces some basic combinatorial properties of partial orders
which will be needed to prove the independence of the continuum hypothesis
by means of the forcing method. In particular we focus on CCC partial orders,
we prove the A-system Lemma, and we use it to prove that the notion of forcing
which can be used to produce a model of ZFC where CH fails is CCC. Most (if
not all) of these results can be found in [6, ITI.1-II1.2-II1.3] or [5, IT] , however
these sections of both books contain a large amount of material which is not
strictly necessary to present the two basic applications of the forcing method
we aim for in these notes. The role of this chapter is to collect the minimal
amount of information needed to run our applications of the forcing method.
We also aim to outline the connections between the combinatorial properties
of certain partial orders and well known topological properties of the Stone
spaces associated to them (among other things we prove the Baire category
theorem for compact Hausdorff spaces).

Chapter 4 introduces the boolean valued semantics for first order theories
and shows that certain function spaces which naturally occur in functional
analysis produce natural examples of boolean valued models. The boolean
valued semantic selects a given complete boolean algebra B and assigns to
every statement ¢ a boolean value in B. The boolean operations reflect the
behavior of the propositional connectives; it requires more attention to give a
meaning to atomic formulae and to quantifiers, and we need a certain amount
of completeness for B in order to be able to interpret quantifiers in the boolean
semantic.

Chapter 5 develops the theory of forcing by means of boolean valued models
giving detailed proofs of the basic properties of boolean valued models for
set theory, of Cohen’s forcing theorem, and the two basic applications of the
method which suffice to prove the independence of CH from the standard
axioms of set theory. Our presentation of forcing departs completely from the
approach taken by Kunen and is more keen to that taken by Bell [2],Jech [4].
We decide to follow this different approach for two reasons:

1. In our eyes, the boolean valued models approach makes the metamath-
ematical arguments needed to understand the forcing method easier to
grasp and greatly simplifies some proofs.

2. The boolean valued model approach makes more transparent what is the
role played by generic filters in the development of the forcing method and
where the hypothesis that a filter is suitably generic is essential. Moreover
it enlightens the link existing between the notion of generic filter arising



in forcing with the corresponding topological notion of generic point of a
topological space which is at the heart of the Baire category arguments.

Typographical conventions All over these notes in some occasions we introduce
some arguments and material which are not central for the development of the core
results. We adopt the typographical convention to put these parts of our notes in a
smaller font.

Prerequisites. We assume that the reader of these notes has familiarity with the
content of [5, Chapter I, Sections II.1-11.5] or [6, Chapter II1,IV,V] (see the appendix
for more details). This familiarity is not of vital importance for the comprehension
of the first four chapters of these notes, where just a basic knowledge of the axioms
of set theory is required and no familiarity with the formal first order development
of ZFC is needed. On the other hand to understand the fifth chapter on forcing the
reader must know:

e the basic facts about cardinal arithmetic and well orders (what is done for
example in [5, Sections 1.7, [.10] is more than sufficient),

e the first order axiomatization of set theory ZFC (which for us is the first order
axiom system introduced in [5, Introduction, Section 7]),

e what is an absolute property between transitive sets M C N C V', where V is
meant to be the “standard” model of ZFC and M, N are definable classes or
sets,

e that all properties which are provably A; in a theory T" with respect to parame-
ters ay, ...a, € M are absolute for transitive (class or set) models M C N C V
of T,

e which standard set theoretic objects (eventually defined by transfinite recur-
sion) are defined by properties which are absolute for transitive structures
which models large fragments of ZFC, i.e.: the notion of relation, function,
ordinal, algebraic structure, etc... or the functions defined by transfinite re-
cursion using absolutely defined functions to be generated (for example the
rank function, the Mostowski collapsing function, the transitive closure oper-
ation, etc....)

e which standard set theoretic properties are not absolute for transitive struc-
tures which models large fragments of ZFC, for example the notion of cardi-
nality, of power set, etc...

e the standard facts about Mostowski collapsing theorem.

All these facts (and much more) are covered in [6, Chapter I, and Sections I1.1-11.5]
or [5, Chapters I, III, IV, V]. Some of these facts are also covered in the appendix
of these notes (see Chapter 6).
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Some remarks on the philosophy of mathematics which may be of help
for the reader of these notes. The first three chapters do not require on our
side any special commitment on the philosophy of mathematics we adopt, and can
be considered as a mathematical theory which is developed much in the same way
as one develops the theory of other fields of mathematics, i.e. we are in the situation
common to most of mathematics where onthological considerations on the nature
of mathematical entities do not play a significant role in our reasonings. On the
other hand in the fifth chapter we have to give a neat explanation of the type of
onthological assumptions we are making, in order to make transparent many of our
arguments. Below we give a concise account of the point of view on the nature of
mathematics we pursue in these notes. We do this in the following form: we list
a series of basic questions on the onthology of mathematics, and we explain in few
words what are the possible stances and the one that we choose to adopt.

1. What is a mathematical reasoning? For us a mathematical reasoning is
a process expressed in a natural language (i.e. italian, english, french, chinese,
whatever is most suited) which from given premises (hypotheses) produces a
certain conclusion (thesis) which is mathematically rigorous.

2. What does it mean mathematically rigorous? For us it means that
there is a first order language such that the premises and the conclusion can be
formalized by first order formulae in that language (¢4, ... ¢, for the premises
and 1 for the conclusion) and such that there is a sound and complete first
order calculus which allow to prove ¥ by premises ¢1, ... ¢, on the basis of the
calculus rules and axioms.

3. What is the meaning of premises and conclusion? There are various
possible stances in this regard which range from

o FExtreme finitism: there is no clear meaning in the premises and the
conclusion of our reasoning as expressed in the natural language, since
there cannot be a precise semantic interpretation of natural languages.
What we know for sure is that with respect to the formalized counterpart
@1, ... ¢, of the premises and ¥ of the conclusion, for what we know so
far, from premises ¢, ... ¢, on the one hand, using a first order sound
and complete calculus, we have not been able to derive a contradiction,
on the other hand, we have been able to derive .

e Fatreme platonism: There is a hyperuranium of mathematical entities,
the premises and the conclusion define clear mathematical properties
which can be predicated of objects in this hyperuranium. Our reasoning
show that if the premises assert true properties of the hyperuranium so
does the conclusion of our mathematical reasoning. The fact that our
reasoning (which we express in a natural language) can be formalized in
a first order calculus gives a proof check of the correctness of our reason-
ing process which leads us from certain truths on the hyperuranium (the
premises of the reasoning process) to another truth on the hyperuranium
(the conclusion of the reasoning process).



In this course we adopt a stance of extreme platonism when dealing with
mathematical reasoning.

4. What does it mean CON(T') for a first order theory 7' in a language

E:

(Ri,iel, f;:j5€ Jc ke K)to which Gédel’s incompleteness

theorem applies?

For the extreme finitist it means just that so far nobody has been able
to derive a contradiction using a sound a correct first order calculus and
starting from the axioms of T as premises.

For a platonist as we are it means that there is a set M in V' and relations
RM i eI on M, forie I, functions f : M™ — M for j € J, and
elements of M ¢ for k € K also all in V' such that (M, R} :i e I, )
je J,c¥ ke K)is a Tarski model for T as well as an element of V.

5. What is the status of the first order theory ZFC?

6. Are

For an extreme finitist it is not different from the status of any other
first order theory T to which Gd&del’s incompleteness theorem applies:
the only sure thing we know so far is that a deduction of the false has
not been found using a sound and correct first order calculus in which
the premises are axioms of ZFC.

For an extreme platonist as we are, there is among the elements of the
hyperuranium a well defined mathematical entity V' consisting of all those
mathematical entities which are sets. V' is not all of the hyperuranium,
for example Russell’s class R = {x € V : = ¢ z} is a well defined math-
ematical entity belonging to the hyperuranium but is not an element of
V (i.e. R is not a set!). Nonetheless V' is very large and contains as
elements most (if not all) mathematical entities we commonly use to do
mathematics such as the natural numbers, the complex and real numbers,
most topological spaces, the spaces of functions used in functional analy-
sis, etc..... Moreover V' is closed under many set-theoretic operations, i.e.
if (a; : i € I) € V then also its product [[,.,a; € V, if a € V, Ua and
P(a) € V as well, if B € V and P(z) is a property which makes sense to
be asked whether it is true of mathematical entities {a € B : P(a) holds}
isalsoin V,if F: V — V is a function and A € V' is a set then F[A] is
alsoasetinV, etc...... In particular the Tarski structure (V, €, =) = ZFC.
So for an extreme platonist as we are, ZFC is not only a consistent theory
(since it holds in the Tarski model (V, €,=), though this model is not a
set), but it formalizes in a first order language a true state of affairs of
the large portion of the hyperuranium given by V.

there independence results over V7

For an extreme platonist as we are there are no independence results over
V', given that V is a well defined coherent mathematical entity and thus
the first order theory of the Tarski structure (V, €,=) is complete and
coherent, in particular for example the continuum hypothesis is either
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true or false in V', even though currently our imperfect knowledge of V'
makes it impossible to ascertain which is the case. On the other hand
ZFC is just a recursive list of first order properties which reflects true
properties of V', but which we know that they cannot give a complete
first order axiomatization of the theory of V' in the first order language
{€,=} due to Godel’s incompleteness theorem. In particular it is well
possible and it is actually the case that there can be models (M;, E;, =)
which are sets in V' for ¢ = 0,1 and are first order models of the first
order theory ZFC with the following property: there is a formula ¢ in
the language of ZFC such that (M, Ey,=) | ¢ and (M, B, =) E —¢.
Actually the aim of these notes is to show that this is the case for ¢ being
the first order formalization of the continuum hypothesis CH.

e For an extreme finitist the above question is void of content given that
V' is a meaningless concept.

7. How do we proceed to prove that CH is independent from the axioms
of ZFC? We really commit ourselves to the extreme platonist stance. First
of all ZFC is consistent, since (V, €, =) is a model of ZFC. Moreover (V, €, =)
is a model of the completeness theorem we saw in model theory. We can
express it in V' in the following form: For every first order language £ =
{Ry,...,Rn, f1,-.., fi,c1,...,cx} given by a finite set of relations, functions,
and constants, there is a recursive set of natural numbers Form; C w in V
which is a code for the formulae in £. There is also a recursive subset Sent,
of Form, consisting of the formulae without free variables (i.e. its sentences).
There are also:

e A recursive predicate DER; C Form3z* which says that (¢1,...¢,, %) €
DER; iff there is a derivation in first order calculus of ¢ from premises

¢1,...¢n;

e A definable satisfaction predicate (i.e. a class definable in V')
Sat : Form, x L-structures x V< — 2 U {x}

such that for all L-structure M = (M, RM ... RM fM .  fM M ... el e
Vand §€ M<¥ (V,€) |= Sat(¢p, M, s) = 1 if and only if

(M,RM, ... RM M MM e E o(R)

is true (in the latter case according to the rules of Tarski semantics for the
L-structure M, and in the former case according to the rules of Tarski
semantics for the structure (V, €)).

Now the correctness and completeness theorem in V' says that (V, €) models
the following formula in parameter DER,, Form,, for any set of sentences
T C Sent,:

There is no (¢1,...¢n, ¥ A =) in DER, with ¢1,...,¢, € T if and
only if there is an L-structure (M, RM ... RM M fM M . M)
such that Sat(¢, M,0) =1 for all ¢ € T



It can be checked that the above expression can be formulated as a ZFC-formula
(more on this will be said in 6).

This means that in V', there is (M, E/, =) which is a set and is model of ZFC,
since we know that ZFC is consistent given that we assume that (V, €,=) is a
Tarski model of ZFC.

Nonetheless we want more than this! We want that in V' there is a transitive
countable model M such that (M, €,=) is a model of ZFC. This can be
achieved if for example we assume that in V' there is a strongly inaccessible
cardinal (more on this will be said in 6). The latter is an axiom which an
extreme platonist consider true. So we will from now on work in the first
order theory T extending ZFC with the statement there is a set M € V which
is a countable transitive model of ZFC.

We will use the forcing method to build from M new countable transitive
models Ny, N7 € V of ZFC such that (Ny, €,=) = CH and (Ny, €,=) = —CH.

. What will an extreme finitist think of this proof of the independence
of CH from the axioms of set theory? Our proof does not make any sense
for a finitist! Nonetheless, even if we will not spell out the details, by means of
standard logical arguments, our proof can be converted in a proof that CON(T")
implies also CON(ZFC + CH) and CON(ZFC + —CH). This is meaningful for a
finitist in the following sense: if we know that no contradiction can be derived
in a sound and complete first order calculus from the axioms of T, then such
a contradiction can be derived in the same calculus neither from the axioms
ZFC+ —CH, nor from the axioms ZFC+ CH. Moreover by means of arguments
which are more sophisticated (and are rooted in the reflection properties of
V'), one can rework our proof of the independence of CH from the axioms of
set theory and obtain a proof (also for a finitist) that CON(ZFC) implies also
CON(ZFC + CH) and CON(ZFC + —=CH).

. Why the existence of a ZFC-model which is a set in V' is not enough
for our purposes, and we want to work with countable transitive
models of ZFC? We want to avoid to work with ill-founded models of ZFC.
The pathologies we do not want to run into are well explained by the non-
standard models of the first order theory of Peano’s arithmetic. We know that
the structure of natural numbers N is a set in V, for example (N, <) can be
presented as the model (w, €) and the sum, product, exponentiation of natural
numbers can also be presented as suitable operations on elements of w which
can be defined in V using formulae in the parameter w. So let the operations
+, - be such that (w, €, +, -) is a representative of the isomorphism type of the
structure (N, <, +,-). Let S be the first order complete theory of the structure
(w, €,4, ) in the language £ = {+,-,<}. It is well known that there are ill-
founded models of S, i.e. structures (M, <ps, 4+, -ar) € V such that the order
type of (M, <js) is not isomorphic to (w, €) and is ill founded: it can be shown
that the order type of (M, <,;) is isomorphic to an order of type N+ I x Z,
where [ is a dense linear order without end-points and all @ € N precede any
(b,c) € I X Z, and the order between elements in I X Z is the lexicographic
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order. Notice that N+ 7 X Z contains many non empty sets without minimum,
for example I x Z. So this is the case also for (M, <ps). On the other hand
(M, <ar, 4+, -ar) is a model of Peano’s arithmetic, in particular it models the
principle of induction, which in this case amounts to say that for all formulae
o(z,y1,...,yp) in L and ay,...,a, € M if

(M7 <M7+Ma'M) IZ 3$¢($,a1,...,an),

then

(M’ <M7+M7 M) ): EII'(Qb(ZE,CLl, s 7an) /\\V/y['y <M T — _'qb(’ra ai, ... 7an)]>‘

This means that there are ill-founded subsets of M with respect to the order
<, but that the model (M, <ps,+ar, ) is not able to define any such ill-
founded subset. Similar arguments can occur for models of ZFC. In particular
there can be models (N, Ey,=) € V of ZFC which are ill-founded: i.e. there
is X = {a, : n € w} € V subset of N such that a,,1 Ex a, for all n €
w. However, since (N, Ey,=) models the axiom of foundation, such a set
X € V cannot be a definable subset of NV, otherwise this X would contradict
that N models the foundation axiom. On the other hand if we assume that
(N, €,=) is a transitive model of ZFC, we have that (IV, €, =) is really a well-
founded model of ZFC in V' or even in the hyperuranium. This adherence
between the first order theory of (N, €,=) (where the axiom of foundation
states that all ordered non empty sets in N have a minimal €-element) and its
true properties from the point of view of V' (or of the even larger hyperuranium)
is important because it will enormously simplifies many of our considerations
and calculations on such type of ZFC-models (N, €,=).

Why do we work with ZFC as a first order counterpart of the theory
of V, rather than with Morse Kelley MK-+choice? 1t is just a matter of
habits, since there is a well developed study of the first order theory of ZFC, in
particular for what concerns the analysis of forcing. On the other hand, this
is not the case for the Morse-Kelley axiomatization of set theory.



Chapter 2

Boolean algebras

The core of of this chapter develops the basic properties of boolean algebras: first we
prove the Stone duality theorem linking boolean algebras to the category of compact
0-dimensional Hausdorff spaces. Next we give several different presentations of these
algebras in terms of their logical properties (Def. 2.2.1), of their ring structure
(Theorem 2.2.36), and as partial orders (Lemma 2.2.43). Finally we address the
theory of complete boolean algebras: we show that any complete boolean algebra
(cba) can be represented as the family of regular open sets of a compact topological
space (Theorem 2.3.10 and Proposition 2.3.17), and we prove that every partial order
can be completed to a cba, which is unique up to isomorphism (Theorem 2.3.18).
Towards this aim we first recall some definitions about orders, topological spaces
while setting up the notation. Throughout the five sections of this chapter the
reference text for unexplained details on most of these matters is [1, Section 24-
Boolean algebras]; an introductoy and exhaustive text on boolean algebras is [3].

2.1 Orders and topology

2.1.1 Orders

A pre-order, also called quasi-order or qo, is a set P equipped with a reflexive and
transitive binary relation denoted by <p. An antisymmetric qo is a partial order,
or poset, or even just po. Every qo has an associated strict relation denoted by <p
and defined by x <p y if and only if x <p y and y £p z.

Remark that if P is a po then the strict relation <p is just <p \Ap, where Ap
stands for the diagonal in P?. Remark also that this is far from being true in any
qo, since for instance the total relation P? on P is a qo.

In a clear context we write < instead of <p.

When z < y holds we say that = is below y. When z is either below or above
y, we say that z and y are comparable. An order (P, <) is total or linear when any
two elements are comparable.

Let (P, <) be a qo.
We say that two elements x,y in P are compatible and we write x||y if there is

z € P such that both z < z and z < y hold. Otherwise z and y are incompatible,
which is denoted by x L .
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A chain of a partial order (P, <) is a subset of P which is linearly ordered by <.
An antichain of (P, <) is a subset of P consisting of incompatible elements.

A subset D of P is dense in P if for all x in P there is some y in D below z, it
is predense if its downward closure

ID={q:3xr€D,qg<z}

is dense, it is a maximal antichain if it is a predense antichain.
We say that (P, <) is separative if for all x and y in P, if x is not below y then
there is some z below x that is incompatible with y. Formally,

Vee PVYye Pz Ly—3Jz<z(zLly)).

We say that a separative (P, <) is atomless if it does not have minimal elements,
in the following strong sense: given any x in P there are elements y L z of P strictly
below x.

Fact 2.1.1. Let 2<% be the set of finite sequences of Os and 1s, more precisely:

g<w _ U on
necw
where 2" is the set of functions with domain n and range 2. Let s <t if t C s,

that is if t is an initial segment of s. Then (2<%, <) is a separative and atomless
pre-order.

The proof is left as an exercise.

Fact 2.1.2. Assume a is an atom of a partial order P. Let D C P be dense. Then
a€P.

Proof. Since D is dense, D N ({ {a}) # 0. But a is a minimal element of P, hence
{a} =l {a} € D. O

Fact 2.1.3. Assume D C E C F with (F,<g) a pre-order. Assume D is a dense
subset of the pre-order (E,<p), and E is a dense subset of the pre-order (F,<p).
Then D is a dense subset of the pre-order (F,<pg). Le the property of being dense
18 transitive.

Proof. Exercise for the reader. O

An ideal I on a partial order |P, <| is a downward closed subset of P such that
a,b € I entail that for some ¢ € I, a,b < ¢. Dually a filter G on P is an upward
closed subset of P any two elements of G are compatible.

Zorn’s Lemma

Assume (P, <) is a pre order and A is a subset of P. p € P is an upper bound
for Aif p > a for all a € A. pis an exact upper bound for A or a supremum of A
it is an upper bound for A and g > p for all upper bounds ¢ for A. Exchanging <
with > one obtains the notions of lower bound and exact lower bound or infimum.

p € A is a maximal element for A if it is an upper bound for A. Dually p is a
minimal element for A if it is a lower bound for A.

We recall the following equivalent of the axiom of choice:



2.1. ORDERS AND TOPOLOGY 11

Definition 2.1.4 (Zorn’s lemma). Let X be a non-empty set. Assume A C P(X)
is non-empty and such that all chains in the partial order (A, C) have an upper
bound. Then A admits a maximal element.

Morphisms of orders

A map i : P — () between partial orders is a morphism if it preserves the order
relation, an embedding if it preserves the order and the incompatibility relations,
a complete embedding if it maps predense subsets of P in predense subsets of ().
Remark that a complete embedding need not be injective, examples of non-injective
complete embeddings will be given later on (cfr. for example Remark 2.3.23).

2.1.2 Topological spaces

A topology on a given set X is a family 7 C P(X) that contains ) and X and that
is closed under arbitrary unions and finite intersections. We call (X, 7) a topological
space.

The elements of 7 are the open sets for the topology 7. Complements of open
sets are called closed sets, we denote by 7¢ the family of closed sets (the family of
closed sets of a topological space is closed under arbitrary intersections and finite
unions). When a set A is both open and closed, we call it a clopen set of T and we
denote this family by CLOP(X, 7).

A basis o for a topological space (X, 7) is a subfamily of 7 with the property
that every open set in 7 can be written as an union of elements of . We say that 7
is generated by o. Notice that if o is a basis for 7 any intersection of finitely many
elements of o contains an element of o (i.e. o\ {0} is a prefilter on P(X)).

A semi basis o for a topological space (X, 7) is a subfamily of 7 with the property
that the set of finite intersections of elements of o is a basis. ¢ is a semibasis for
(X, 7) if and only if 7 is the weakest (i.e. smallest) topology on X containing o. If
o is a semibasis for 7, we say that 7 is generated by o.

We say that U C X is a neighborhood of some x € X if x € U.

A Hausdorff space (X, 7) is a topological space (X, 7) in which any two distinct
points  and y can be separated by two open sets U and V in 7, that is x is in U,
y isin V and U and V are disjoint. Recall that in a Hausdorff space X points are
closed (i.e. {x} is closed for all z € X).

We say that (X, 7) is O-dimensional if 7 admits a basis of clopen sets.

z € X is an isolated point if {z} is open and closed.

Given a topological space (X, 7) and an arbitrary subset A of X, we denote by
CI(A) (the closure of A) the smallest closed set containing A. We denote by Int(A)
(the interior of A) the biggest open set that is contained in A. An open set A is
reqular open if A = Int(ClI(A)). For any A C X Reg(A) = Int(CI(A)) denotes the
reqularization of the set A.

Given B C A, B is dense in A if CI(B) = CI(A). Remark that if B is dense in A
and C' C A is open, then BN C is dense in C.

A map f: X — Y between topological spaces (X, 7) and (Y, o) is continuous if
the preimage by f of any open set of Y is open, open if the (direct) image of an open
set of X is open in Y, a homeomorphism if it is an open and continuous bijection.
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Given a topological space (X, 7) and Y C X the restriction of 7 to Y is given by
the family {ANY : A € 7} and is a topology on Y.

The order topology
A pre-order can always be equipped with a topological structure. Let (P, <) a
pre-order. For each p € P we put:

N,i={g€P:q<p}

The sets N, form a basis of a topology 7p on P, which we call the order topology.
We remark the following:

e The open sets of P in this topology are the downward closed subsets of P
with respect to the order < (dually the closed sets in 7§ are the upward closed
subsets of P).

e For any p € P, N, is the smallest open set to which p belongs.

e A subset D of P is dense in the sense of the order iff it is dense in P with
respect to the order topology.

e The family of open sets of this order topology is closed under arbitrary inter-
sections, since the family of downward closed subsets of P has this property.
In particular the order topologies are always complete and distributive sublat-
tices of P(P) (see the next subsection 2.2.9 for a definition of complete and
distributive lattice).

Remark 2.1.5. This topology is not to be confused with the one induced by a linear
order. For example the family of open sets for the order topology induced by the lin-
ear order (R, <) is given by the intervals of the form (—o0,a) or (—o0, a] as a ranges
in R. The order topology we introduced corresponds to the Alexandrov topology
reversing the order on P. In these notes we are interested in order topologies for
orders which are not linear. For any pre-order (P, <) containing p # ¢ with p < ¢
the induced order topology is not Hausdorff: p € U for any open neighborhood of
q, since p € Ny.

Driving examples of the kind of partial orders we will focus on are given by
(7\ {0}, <), where 7 is a topology on some space X with no isolated points.

Example 2.1.6. The simplest example of a non-separative partial order is given
by the standard topology 7 on R. Consider the partial order (7 \ {0}, <), this is
an atomless non-separative partial order: First of all notice that open sets A and
B in this partial order are incompatible iff they have empty intersections. Next
notice that any non-empty open set contains two disjoint non-empty proper open
subsets , showing that (7 \ {0}, C) is an atomless partial order. Finally to see that
(7 \ {0}, <) is not separative, let A # B be such that AN B is a dense subset of
both (for example A = (0,1)U(1,4), B = (0,7) U (7, 4)). We have that any V C A
contains an U C B and conversely, thus giving that neither A < B, nor B < A, but
also that no non-empty open subset of A is incompatible with B.
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Example 2.1.7. The partial order (2<%, D) is the standard example of a separative
atomless partial order. Prove that s L ¢ iff sUt is not a function and s||t iff sUt = s
or sUt =1.

It can be seen that these two partial orders are quite similar (they give rise to
isomorphic boolean completions, cfr.: Theorem 2.3.18 and Remark 2.3.23).

The following remark will play a crucial role in many of the arguments of these
notes:

Fact 2.1.8. Let (X, 7) be a topological space. Then:

e D C X is a dense and open iff op = {O € 7: O C D} is a dense subset of
the partial order (17 \ {0}, C) which is open in the order topology induced by C

on 7\ {0}.

e 0 C 7\ {0} is predense in the partial order (T\{0}, C) iff Uoc = D, is an open
dense subset of X with respect to the topology T.

We leave the proof as an exercise for the reader.

Product topologies

Let I be a set of indexes and for all i € I, let (X;,7;) be a topological space and
X =TI, Xi be the cartesian product of the sets X;. The product topology 7 on X
is the weakest topology making all the projections maps m; : f + f(i) continuous.
It is generated by the family of sets of the form [, ., A;, where each A; is open in
X; and A; # X, only for finitely many 1.

Compactness
A topological space (X, 7) is compact if any of the following equivalent conditions
are met:

e cvery family F of closed sets with the finite intersection property! has a non-
empty intersection.

e Every open covering of X has a finite subcovering.
We emphasize the following two statements:
o We focus on either Hausdorff compact spaces or on order topologies.

e We often interplay between the topological notion of density and the notion of
dense subset of a partial order.

L F has the finite intersection property if any finite subfamily of 7 has a non-empty intersection.
A family A of subsets of X such that | JA = X is a covering of X.
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2.2 Boolean algebras

We give the following equational characterization of a boolean algebra:

Definition 2.2.1. Let (B, A, V,—,0,1) be a sextuple consisting of a set B, two total
binary operations A and V on B, a total unary operation — on B and two elements

0 and 1 of B.
(B, A,V,—,0,1) is a boolean algebra if it satisfies the following equations:

aV(bVe)=(aVb)Ve associativity
AN(bAc)=(aNb)A
aV(bAc)=(aVb)AaVec) distributivity
aN(bVe)=(aNnb)V(aAc)
aVb=bVa commutativity
aNb=bANa
aV0=a identity
aNl=a
aV-a=1 complements
a—a=0

Example 2.2.2. A bounded distributive lattice is a structure (B, A, V) such that its
two operations A,V satisfy the identity laws, the commutativity and associativity
laws, and the distributivity laws.

Given a (non-empty) set X and a topology 7 on X:

e let 0, 1, V, A, = and < be respectively (), X, U, N, — and C, then the power set
P(X) of X is a (complete) boolean algebra and A C B if and only if ANB = A
if and only if AU B = B,

e the family 7 and the family of closed sets 7¢ are bounded distributive sublat-
tices of P(X) (with the same operations we have on P (X)),

e the family CLOP(X, 7) of clopen set of 7 (with the same operations we have on
P(X)) is a boolean subalgebra of P(X) (though in general it is not complete).

Notation 2.2.3. It is often convenient to introduce further operations on a boolean
algebra. For example given a boolean algebra B and a,b € B a \ b = a A —=b, and

alAb= (a\b)V(b\a)=(aVDb)\ (aAD).

Notice that if B is P(X), the above operations turn out to be the natural set
theoretic operations on subsets of X. We will see among other things that the above
examples cover all possible types of boolean algebras (Theorem 2.2.32).

The main results of this section are the following:

e Boolean algebras admits maximal ideal with corresponding dual ultrafilters
(the Prime ideal Theorem 2.2.30). This result is crucial for most results on
first order logic where the axiom of choice is used (for example in the proof of
the compactness and/or completeness theorems for first order logic).
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e Every boolean algebra is isomorphic to the algebra of clopen sets of some
compact 0-dimensional space (The Stone duality Theorem 2.2.32). This is a
cornerstone result linking the logical and algebraic point of view on boolean
algebras to the topological analysis of compactness.

e Boolean algebras can also be described as the class of commutative rings with
idempotent multiplication (see Def. 2.2.34 and Theorem 2.2.36). This charac-
terization greatly simplifies certain computations, for example those regarding
the properties of boolean ideals and of boolean quotients.

In the remainder of this section we assume the reader is familiar with the basic
properties of orders and topological spaces. We refer the reader to section 2.1 for
the missing details.

2.2.1 The order on boolean algebras

We start with the following:

Proposition 2.2.4. Let (B,A,V,—,0,1) be a boolean algebra. Define a < b by
aNb=a fora,be B. Then:

(i) < is an order relation on B,

(ii) a A'b defines the infimum of {a,b},

(ii1) a Vb defines the supremum of {a,b},

(iv) a < b if and only if aV b =0.
Proof.

(i) < is reflexive:

a=aNl=aAN(aV-a)=(aNa)V(aAN—-a)=(aNa)V0=aAa,
hence a < a.

< is transitive: Assume a < b (i.e. a Ab=a)and b < ¢ (i.e. bAc =0D).
Then
aNc=(aNb)ANc=aAN(bANc)=aNnb=a.

< is antisymmetric: Assume a < b < a, then a =a Ab=b.

(ii) First of allaAbAa=aAband a ANbAD=aAb, hence a Abis a lower bound
for a, b.

Assume ¢ < a,b. Then ¢ Aa = c and c A b= ¢, hence
cNaANb=cANb=c,

therefore our thesis.
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(iii) First of all we show that a V b is an upper bound for b, a:
b=bVv0g=0bV(aN—-a)=((bVa)A(bV-a)<bVa, (2.1)

where in the latter equality we used the fact that cAd < d (being the infimum
of {¢, d} by the previous item) for all ¢, d € B; similarly we can prove a < aVb.

The second observation is the following:
Assume ¢,d < e, then ¢V d < e. (2.2)
This holds since:
(cvd)Ne=(cNe)V (dNe)=cVd.

By 2.1, 2.2 we get that a V b is the supremum of {a,b} (2.1 grants that it is
an upper bound, and 2.2 that is the smallest such).

(iv) a < b if and only if b = max{a,b} =sup{a,b} =a V0.

2.2.2 Boolean identities

Proposition 2.2.5. The following holds on a boolean algebra:
(i) a=aVa=aAa (Idempotence laws).

(i1) —a is the unique b € B such that bAa = 0g and bV a = 1g
(Law of uniqueness for complements).

(111) —=—a = a (Double negation law).
(iv) =(a ANb) = —a V b (First De Morgan law).
(v) =(aVb) ==aA—b (Second De Morgan law).
Proof.
(i) Immediate since a A a = min {a,a} = a = max{a,a} = a V a.
(ii)) Assume b Aa = 0g and bV a = 1g, we show that b = —a.
b=bAlg=bA(aV-a)=((bAa)V(bA-a)=0sV (bA-a)=(bA—a).
Therefore b < —a. On the other hand:
b=bVO0g=0bV(aA—-a)=(bVa)A(bV-a)=1gA (bV —a)=(bV —a).
Therefore b > —a.

(iii) By (ii) a = —=—a, since both satisfy the equations defining the complement of
—a.
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(iv) Remark that
(@Nb)V (maV—b)=(aV-aV-b)AbV-aV-b)>1.
Similarly one can prove that

(@A b) A (—aV —b) <O0.

By (ii) we get that =(a A b) = (—a Vv —b).

(v) Left to the reader (along the lines of the proof of the previous item).

2.2.3 Ideals and morphisms of boolean algebras

Ideals on boolean algebras are the kernel of boolean algebra morphisms. The usual
algebraic properties of morphisms of rings and groups works equally well for boolean
algebras, the reason being that boolean algebras are axiomatized by equational
theories, as rings and groups are.

Definition 2.2.6. Let B, C be boolean algebras. A map k : B — C is a homomor-
phism of boolean algebras if it preserves the boolean operations, an isomorphism if
it is a bijective homomorphism.

A subalgebra of a boolean algebra (B, A, V,—,0,1, <) is a subset A of B such that
the inclusion map of A into B defines an injective homomorphism.

Fact 2.2.7. A map ¢ : B — Cis an homomorphism of boolean algebras if it preserves
V, = or if it preserves A, .

Proof. Left to the reader. (Hint: Use De Morgan’s laws). O

FExercise 2.2.8. Prove that a boolean morphism ¢ : B — C preserves the operation
of symmetric difference A.

Remark 2.2.9. Since boolean algebras are axiomatized by an equational theory, the
class of boolean algebras is closed under homomorphic images, products and sub-
structures (by the easy direction of Birkhoff’s theorem, see [9, Theorem 131]).

Definition 2.2.10. Let B be a boolean algebra. I C B is an ideal if it is closed
under the V operation and is downward closed (i.e. b € I and a < b gives that a € I
as well).

FExercise 2.2.11. I is an ideal if and only if the following two conditions are simul-
taneously met:

e aAbe [ for all a,b e I,

e aNbelforallbe ] and a € B.
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2.2.4 Atomic and finite boolean algebras

Notation 2.2.12. Given a boolean algebra B, Bt = B\ {(}}. We will often look at
B as the partial order (BT, <).
A subset X of BT is dense if for all b € B* there is a € X such that a < b.

Definition 2.2.13. Let B be a boolean algebra. The atoms of B are the minimal
elements? of (BT, <) (if they exists).

e B is atomic if its atoms form a dense subsets of BT.
e B is atomless if it has no atoms.

Remark 2.2.14. The following holds:
e Let B be a boolean algebra. The following are equivalent:

— a € B is an atom,
— for all b € B it is not the case that Og < b < a,
—aANb=aoraAb=0 forall be B.
To see this oberve that if b < a, then either b =0 or b = a, hence a Ab = a or
aNb=0;ifb>a,aNb=ua;ifb* a, a ANb# a; since a ANb < a, we must have
that a A b= 0.
e Let X be a non-empty set, then P(X) is atomic:

The order relation on P(X) given by X <Y if X NY = X is the inclusion
relation; all singletons {z} for z € X are atoms of P(X); P(X)*T = P(X)\{0},
and any non-empty set Y C X has some y € Y with {y} C Y.

e All finite boolean algebras B are atomic:

Assume by € B is not refined by any atom. Inductively define a chain
{b, : n € N}

such that b, < b, is not refined by any atom. The procedure cannot termi-
nate, otherwise some b, is refined by some atom a, hence so is by, contra-
dicting our assumptions on by. Hence {b, : n € N} is an infinite subset of B,
a contradiction.

We may formalize properly this proof as follows: fix by such that no atom
refines by. Consider the family
{f :dom(f) =B : dom(f) € Nor dom(f)=N and f is such that
f(0) =bg and f(i) > f(i+1) for all i +1 € dom(f)}

ordered by inclusion. This partial order has upper bounds for all its subchains.
By Zorn’s Lemma the family has a maximal element h. It is easy to check

that dom(h) = N and h(i) > h(i + 1) for all i € N.

2Recall that a is a minimal element of an order (P, <) if b < a for no b € P.
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The structure of the class of finite boolean algebras is described by the following:

Proposition 2.2.15. Assume B is a finite boolean algebra. Then B = P(Ag), where
Ag 1is the set of atoms of B.

The following exercise provide a concrete example of how this isomorphism can
be defined for a finite boolean algebra.

FEzercise 2.2.16. Consider the set Div(30) = {1,2,3,5,6, 10, 15,30} with operations
A, V, = given by n A m = MCD(n,m), n V. m = mem(n,m), ~(n) = 2.
1. Check that:

e B = (Div(30), A, V,—, 1,30) is a boolean algebra (look at the picture below
to understand what is the order structure of B, where the vertexes are ordered
according to whether one is below another and there is a line connecting the
two).

e n < m if and only if n divides m.
e The atoms of Div(30) are 2,3, 5.

e The map F' : Div(30) — P({2,3,5}) of the proposition is given by
n +— {p: pis a prime number and divides n} and implements an iso-
morphism of B with (P({2,3,5}),N,U, A— {2,3,5} \ A,0,{2,3,5}).

2. For which n Div(n) with the above operations is a boolean algebra? (Hint:
Show that Div(12) is not a boolean algebra. Notice that 12 has a prime factor
which divides it in power 2).

Now we prove the Proposition.

Proof. By the previous remark B is atomic. Define

FB-)P(AB)
b— {a€ Ag:a < b}

F is a morphism:

e [ preserves A:

Fbne)={aceAg:a<bAc}={acAg:a<cand a <b} =
{aceAg:a<bin{ac Ag:a<c}=F(c)NF(b),

where the second equality follows since a A b = inf {a, b}.
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e F maps 1g to Ag and Og to () (useful exercise for the reader).

e [ preserves —:
F(=b)={a€Ag:a<-b}={a€ Ag:a £ b} = Ag \ F(b),

where the second equality follows since a A b = Og if and only if a £ b for
any atom a and

a=aA (bV-b)=(aNb)V (aA-b)

for any a € B.
Hence for a € Ag we have that:

a<£b

if and only if
alNb= OB

if and only if
a=(aNb)V(aAN-b)=aA-b

if and only if
a < —b.

F is an injection: If b # ¢, assume bA —c > Og, and let a € Ag refine bA—c. Then
a € F(b)\ F(c) since a < b while a £ c.

F is surjective: Given X C Ag, let bx = \/ X. The following holds:
For any a € Ag a < bx if and only if a € X.

If a € X clearly a < bx. On the other hand if a ¢ X, then a A u = 0Og for all
u € X (since distinct atoms are pairwise incompatible), hence

a/\\/X:\/{a/\u:ueX}zog.
Therefore a A bx = 0g # a, i.e. a £ bx.
We get that F(by) = X.

2.2.5 Examples of boolean algebras

Example 2.2.17 (Lindenbaum algebras on finitely many propositional vari-
ables). Let A = {A;,...,A,}; the Lindenbaum algebra B4 on A is defined as

follows:
e Its domain is {[¢] : ¢ an A-formula};
L] 1BA = [Al V _|A1], OBA = [Al N ﬁ141];
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o [l Npy [W] =[P AY]a, [0 Ve, [¥] = [0 VY], =8, [¢] = [¢].
Remark that:
[¢] < [¢] if and only if [¢ A )] = [¢] if and only if
(PNY Edand ¢ = AY).

Now ¢ = ¢ A4 if and only if ¢ = ¢. Hence [¢] < [¢] if and only if ¢ = 9.
We get the following very nice fact:

B is the quotient of the preorder given by |= on the propositional A-
formulae.

A second nice observation is the following:

The domain of B4 is in bijective correspondence with the set of truth
tables for A-propositional formulae. Moreover the atoms of B4 are in
bijective correspondance with the truth tables containing exactly one row
in which a 1 appears. Hence B4 has 2"-many atoms and 23" -many
elements.

We can see it by the following argument: Clearly any A-formula has a truth table
and two formulae are logically equivalent if and only if they have the same truth
table.

Given n-many propositional variables there are 2"-possible assignments of truth
values to the propositional formulae. Hence each truth table on an A-propositional
formula has 2"-rows.

There are 2(2") possible truth tables in 2"-rows, and each such truth table iden-
tifies a unique equivalence class. Therefore:

The Lindenbaum algebra B4 has 2")-elements.

B, being finite, is isomorphic to P(Ag,). We already computed the size of B4
has being 22" = |P(2")|, hence B4 has exactly 2" atoms.
Let us identify which truth tables define atoms:

The atoms of B4 are the truth table with exactly one 1.

Assume [¢] < [¢] for some 1) whose truth table has exactly one 1 in the relevant
column. Then the truth table of ¢ can have 1 only in the places where these occurs
in the truth table of v, i.e. in at most one place, therefore either ¢ is not satisfiable
or ¢ is logically equivalent to 1. This means that [¢)] is an atom.

Since there are 2" such atoms, one for each of the possible truth tables where 1
appears in exactly one row, we get that the truth tables with exactly one 1 appearing
in them define all the possible atoms of A.

Example 2.2.18 (Lindenbaum algebras on infinitely many propositional
variables). Let A = {A,, : n € N}; the Lindenbaum algebra B4 on A is defined as
follows:
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e Its domain is {[¢] : ¢ an A-formula};
° 1BA = [Al V Al], OBA = [Al A _|A1];
o 9] Ney [W] = [0 A Y] (9] Ve, [U] = [0V Y], meu Y] = [7¢).

This is an infinite atomless boolean algebra. To prove that it is atomless, proceed
as follows: given a satisfiable formula ¢, find A, not appearing in ¢ and v : A — 2
with 0(¢) = 1.

Then ¢ [~ ¢ A A, (choosing v'(A) = v(A) for all propositional variables A
occurring in ¢ and v'(4,) = 0), but A, A ¢ = ¢, hence [A, A ¢] < [¢]. This shows
that [¢] is not an atom.

Let A, = {4, : j < n}. The inclusion map of the Lindenbaum algebra B4, into
B 4 is an injective homomorphism and B4 is the union of the algebras B 4, for n € N.

Example 2.2.19 (Lindenbaum algebras of L-theories). Let £ be a first order
signature and 7' be a satisfiable £-theory consisting of sentences. The Lindenbaum
algebra Br is defined as follows:

e Its domain is {[¢p]|r : ¢ an L-sentence};
e lg, = [0V ~d]r, Og, = [¢ A @]

o 9] Ner [U] = [0 AW, [0] Ve, [¥] = (¢ V Y1, = [0] = [7¢]2.
Remark that [¢p|r = 1g,. if and only if T' = ¢.

Fxercise 2.2.20. T is complete if and only if By has only 2-elements.

Exercise 2.2.21. Let S C T be satisfiable £-theories (consisting only of sentences)
for a given language L.

Show that I = {[¢]s : T = —¢} is an ideal on the Lindenbaum algebra Bg and
also that By = Bg/y, via the map [[¢]s]r. — [¢r]-

Example 2.2.22 (The algebras of definable subset of an L-structure.). Let
M be an L-structure with domain M.
The algebra B, of n-dimensional £-definable subsets of M" has domain

{Tqﬁ\&l 77777 o) (btosbi) - &1,y Ty Y1, - - - yg) an L-formula, {by,... b} C M}

with operations inherited as a subalgebra of P(M™).
Recall that T

O(@15e Y1, Yk ) (D15 k
{{ar,...,a,) € M" - M = d(x1,. .., Toy Y1, - - Uk) [T/ @iy /5] }

Example 2.2.23 (The boolen algebras of characteristic functions). Let
(X, 7) be a topological space and consider the ring By of characteristic 2 given
by the f : X — Z, which are continuous with respect to 7 (where Z, is endowed
with the discrete topology). The boolean operations on By are defined as follows:
fVg=max(f,g9), °f =xx—f, fAg= f-g. The top elements is xyx and the
bottom element is xy.

When X is endowed with the discrete topology, Bx is P(X). When X is endowed
with a connected topology Bx = {xx, xo}

See Section 2.2.8 for more details.
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FEzercise 2.2.24. Assume (X, 7) is a topological space and consider the boolean al-
gebra By defined in the above example 2.2.23. I C By is an ideal with respect to
the boolean algebra structure on By if and only if it is an ideal with respect to the
ring structure on By (Hint: what is fAg in the boolean structure of Bx? Once
you find out, use exercise 2.2.11).

Example 2.2.25 (The algebra of Lebesgue measurable subsets of [0, 1],
and its quotient algebra modulo the ideal of null sets). The boolean algebra
M([0;1]) given by the Lebesgue measurable subsets of [0;1] is an example of an
atomic boolean algebra properly contained in P([0; 1]) which is not isomorphic to
P([0,1]): M([0;1]) is not complete, while P([0,1]) is complete, a counterexample
to the completeness of M([0;1]) is given by any non-measurabel set V' & M([0; 1],
which is a supremum in P([0, 1]) of a family {{r}:r € V} of atoms of M([0;1]),
see Section 2.3 for a definition of completeness.).

MALG = M([0;1])/xun (where Null is the ideal of measure O-subsets of [0;1]) is
an example of an atomless boolean algebra which is also complete.

See Section 3.3.1, Prop. 3.3.14, Cor. 3.3.16 for more details on MALG.

Example 2.2.26 (The clopen sets of the Cantor set). The clopen sets on 2V
with product topology form an atomless countable boolean algebra.

The family of sets Ny = {f €2V :5 C f} as s ranges in 2<V describe a basis
consisting of clopen sets of 2.

Any clopen set can be uniquely described as a finite union of sets in this basis.

It can be shown that this boolean algebra is isomorphic to the Lindenbaum
algebra on infinitely many propositional variables.

2.2.6 The Prime Ideal Theorem
Definition 2.2.27. Let B be a boolean algebra?.

e (G C Bisa prefilter in B if and only if for every a4, ..., a, € G, a1A---Aa, > Op.

o (G C Bis wltra if for all b € B either b € G or —=b € G.

G C B is a filter if it contains all its finite meets and is upward closed (i.e.
aANb=a € G entails that b € G as well).

e (G C B is an ultrafilter if it is a filter and is ultra.

A filter G is principal if G = {c: ¢ > b} for some b € B.

e Given ACB, A= {-a:ac A}

FEzxercise 2.2.28. Assume G is a principal filter on a boolean algebra B with a € G
an atom of B. Show that G = G, = {b € B" : a < b}, and that G, is a principal
ultrafilter.

3This definition of filter generalizes the usual definition of a filter on a set X. In that case,
B =P(X).



24 CHAPTER 2. BOOLEAN ALGEBRAS

Ezercise 2.2.29. Show that
e [ C B is an ideal if and only if I is a filter.

e [ is a prime or maximal ideal if and only if one among a, ~a € I (maximality)
if and only if one among a,b € I whenever a A b € I (primality).

Theorem 2.2.30 (Prime ideal theorem). Assume F is a prefilter on a a boolean
algebra B. Then F' can be extended to an ultrafilter G on B.

Proof. Let A be the family of prefilters on B containing . We show that:

e any chain under inclusion contained in the partial order (A, C) admits an
upper bound in A,

e a maximal element of A is an ultrafilter on B containing F'.
By Zorn’s Lemma, A has a maximal elements, hence the thesis.

A chain under inclusion of (A, C) admits an upper bound:

Assume {F; :i € I} C Ais achain (i.e. for 4,5 € I either F; C Fj or F; C F;).
Let H = |J;c; F;. We show that H is a prefilter. Assume by,...,b, € H. Then
each b; € Fj, for some j; € I. Since {F; : i € I} is a chain, there is some k < n
such that Fj, O Fj, foralli =1,...,n. Henceeach b; € Fj, foralli =1,... n.

Since Fj, is a prefilter, by A--- Ab, > 0g. Hence H is a prefilter.

Any maximal element of (A, C) is an ultrafilter:

Assume G is a maximal element of (A4, C), we must show that G is upward
closed, closed under meets, and contains either b or —b for all b € B. First of
all we prove that if a prefilter G is ultra (i.e. such that for all b € B either
b e G or —b € G, then it is a ultrafilter:

e Assume b € G and a > b (i.e. a Ab=>). Then —a & G, since
—“aANb=-aA(aNb)=0g

and G is a prefilter. Hence a € G, since G is ultra.

e Assume a,b € G. Then —(a A b) ¢ G, otherwise —(a Ab) ANa Ab = 0g.
Since G is ultra we get that (a A D) € G.

Now assume G is a maximal prefilter of A. We show that G is ultra: assume
not as witnessed by b. Then G U {b} and G U {—b} are not prefilters. Hence
there are aq,...,a, € G and by, ...,b; € G such that

arAN---Na, Nb=0g

and
by AN+ Abp A b= 0g.
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Hence

Og<arA--ANay, Aby A+ ANby =
g A Nap Aby A=+ Ab A (bV —b) <
<(arA---ANay AD)V (b A--- Aby A=b) = 0g,

where the first inequality holds because G is a prefilter and a4, ..., a,,b1,...,bx €
G. We reached a contradiction. Hence G is a prefilter which is ultra and thus
an ultrafilter.

The theorem is proved. O

2.2.7 Stone spaces of boolean algebras

There is a natural functor that attaches to a boolean algebra the Stone space of its
ultrafilters. We prove here that these spaces turn out to be compact, Hausdorff, and
0-dimensional. Finally we prove the Stone duality theorem, which represents any
boolean algebra as the family of clopen sets of its Stone space.

Let B be a boolean algebra. We define

St(B) = {G' C B : G is an ultrafilter},

and
78 to be the topology on St(B) generated by*{N, = {G € St(B) : b € G} : b € B}.
The topological space (St(B), 7g) is the Stone space of B. We have:

1. for all b € B, N, N N_y, = 0;

2. for all b € B, N, U N_, = St(B);

3. for all by,...,by € B, Ny, (... Ny, = Noynno

4. for all by,...,b, € B, Ny, U...UNy, = Np,v._vo,-

atom a € B.
FEzercise 2.2.31. Prove the above facts for St(B).

Now we outline the key properties about the Stone space of a boolean algebra
B.

Theorem 2.2.32 (Stone duality for boolean algebras). Given a boolean algebra B,
we have that:

1. (St(B),7s) is a Hausdorff 0-dimensional, compact topological space.

4L.e., the smallest topology that contains {Ny : b € B}.
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2. The map

¢ :B — CLOP(St(B))
b— Ny

s an isomorphism, hence the clopen sets of Tg are the sets N, for b € B, and
form a basis for 1g.

3. There is a natural correspondence between open (closed) subsets of St(B) and

ideals (filters) on B:
e U C St(B) is open if and only if

{ceB:N.CU} is an ideal on B.

e F' C St(B) is closed if and only if

{c€eB:N.2D F} is a filter on B.

4. G is an isolated point of St(B) if and only if G = G, = {b€B:a<b} is a
principal ultrafilter generated by some atom a € B.

Proof. We prove all items as follows:

1. Topological properties of St(B):

0-dimensional: We have already observed that N, U N_, = St(B) and N, N
N_, = (0. Thus these sets are clopen and form a basis by definition of 75
and the observation that Ny, N... N Ny, = Ny, Ao nb,-

Hausdorff: If G, H are two different points of St(B), then 3b € G\ H; hence
G € Ny and H € N,

Compact: Fix F a family of closed sets with the finite intersection property.
Let
G={N,:3C € F(N,2C)}.

e We first claim that (| F = ()G holds.
Since every set in G contains some set in F, we get the inclusion C.
Conversely, if C' € F, since C' is a closed set and {N, : b € B} is
a basis of clopen, then we can write C' = (J{N, : b € A} for some
A C B. Thus C O NG (notice that, if C' = [({N, : b € A}, then
every N, with b € A belongs to G). Since this holds for all C' € F we
get the other inclusion.

e Second claim: G has the finite intersection property. In fact, let
Ny, ..., Ny, bein G, and let C,...,C, € F such that C; C N,,.
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Now we can conclude the proof: let H = {b € B : N, € G}, since G has
the finite intersection property,

Nognnby = Noy N ... NNy, # 0 for every by,...,by € H,

SO
Vbl,...,bkEH(bl/\.../\bk>OB).

Thus H is a prefilter, so - by the prime ideal theorem - there exists an
ultrafilter G on B such that G O H. G € (G because ¥b € H(b € G), so
G € N, for all b € H, hence G € N, for all N, € G. We conclude that

0£(G=)F

O

A clopen set is of the form N, for some b € B: Let U be clopen in St(B).
Then U = J{Ny: N, C U}, since it is open. Also U is a closed sub-
set of a compact space, hence U is compact and any of its open cover-
ing admits a finite subcovering. Therefore there are by, ..., by such that
U= Nbl U---u ka = Nbl\/"‘\/bk‘

2. B is isomorphic to the clopen subset of St(B):

¢ is an homomorphism: Observe that Nyr. = Ny N N, Nypve = Ny U N,
N_p = St(B) \ N,

¢ is injective: Assume b # c¢. Then either b A =¢ > 0Og or ¢ A =b > Og,
assuming the first option, an ultrafilter G extending {b A —c} isin N\ N,
assuming the second option holds we can find G € N, \ N,.

¢ is surjective: Immediate since any clopen set is of the form NV, = ¢(b) for
some b € B.

3. Correspondence between closed (open) subsets of St(B) with filters (ideals) on
B: Useful exercise for the reader, in essence it has already been proved when
we establisehed the compactness of St(B).

4. G € St(B) is an isolated point (i.e. such that {G} is open) of St(B) if and
only if G 1s a principal ultrafilter:
If G is isolated, {G?} is clopen, hence {G} = N, for some a € B. a must be an

atom.

We can also go the other way round, i.e. we take a topological space and attach
to it a boolean algebra.

Proposition 2.2.33. Let (X, 7) be a 0-dimensional compact topological space. Then
(X, 1) is homeomorphic to the Stone space of CLOP(X, 1) via the map

m: X — St(CLOP(X, 7))
r+— G, ={U € CLOP(X,7) : 2 € U} € St(CLOP(X, 7)).
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Proof. We show that 7 is a well defined continuous bijection which is also open (i.e.
maps open sets in open sets), this suffices to prove the Proposition.

Well defined and injective: the fact that G, is an ultrafilter is an easy exercise.
When x and y are distinct, since 7 is Hausdorff and 0-dimensional, there is a
clopen set U containing = and not y. Then U € G, and U € G,,.

Surjective: Let G € St(CLOP(X, 7)), set C' =[] G. We claim that C'is a singleton.
C' is non-empty since X is compact and G is a family of closed sets with the
finite intersection property, thus it must have a non-empty intersection. Now
assume x # y € C. Find as in previous item U clopen such that € U and
y € U. Then U € G iff (X \ U) ¢ G, which gives that x € C'iff y € C, a
contradiction. Let z be the unique element of C. Then it is easily checked
that G = G,.

Continuous and open: Notice that for any clopen set U and z € X z € U iff
U € G, thus n[U] = Ny, from this we easily infer that 7 is continuous and
open. ]

We give two other different presentations of the notion of boolean algebra, one
axiomatizable in the first order language for rings and another in the first order
language for partial orders.

2.2.8 Boolean rings

Throughout this section we assume the reader is familiar with the notion of com-
mutative ring, of an ideal on it, and of their basic properties.

We want to show that boolean algebras can also be described as commutative
rings with idempotent multiplication.

Definition 2.2.34. Let R = (R, +,-,0, 1) be a commutative ring. R is boolean if it
has idempotent multiplication (i.e. a? = a for all a € R).

Remark 2.2.35. A commutative ring R with idempotent multiplication has automat-
ically characteristic 2: (a + a)? = a + a for all a € R, hence

0=(a+a)l—(a+a)=a*+a*+2a—2a=a+a

for all a € R. Hence in boolean rings a = —a and the sum operation and the
difference operation coincide.

Theorem 2.2.36. Let B a boolean algebra. Then (B, Ag, Ag,0, 1) is a boolean ring.
Given a boolean ring R = (R, +,-,0,1), defineavVb=a+b+a-b,aNb=a-b,
—a=1+a foralla,b€R. Then R=(R,V,A,—,0,1) is a boolean algebra.

We slit each of the two statement of the theorem in separate Lemmas. We first
show that interpreting in a boolean algebra the boolean operation of symmetric
difference A as a sum and that of meet A as a multiplication, any boolean algebra is
naturally identified with the boolean ring of characteristic functions of clopen sets
of St(B).
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Lemma 2.2.37. Let B a boolean algebra. Then (B, Ag, Ag,0,1) is a boolean ring
1somorphic to the ring

C(St(B),2) = {f : St(B) — Zy | f is continuous},
where Zo = {0,1} is the two elements ring endowed with discrete topology.

Proof. We leave to the reader to check that C(St(B),2) is a boolean ring. Let
6 : B — C(St(B),2) be defined by b+ f,, with f,(G) =1iff b € G.

f» is continuous for any b since f, ' ({1}) = N, and f, ' ({0}) = N,. It is also easy to
check that 6 in injective. Let us now check that 6 is surjective. Let g : St(B) — {0,1}
be continuous. Let A; = ¢g~'({i}), i = 0,1. We have that Ay U A; = St(B) and
Ao N A; = 0, so both A; are clopen for i = 0,1. Hence Ay = N, and N; = N_, for
some b € B with 6(b) = g.

We now check that:
fa+fb:faAb; fa'fb:fa/\b7

so that the proof is completed: given an ultrafilter G C B, we have:

folG)+ f(G)=1 & (aeG ANbEG) V (a¢dG N beG) & albe G,
and
fo(G)- fi(G)=1 & fu(G)=1 N f,(G)=1 & a€eG NbeG & aNbed.

]

Remark 2.2.38. The above Lemma greatly simplifies the proofs of certain properties
of boolean operations and of boolean morphisms: for example try to prove the
associativity of the symmetric difference operation A on a boolean algebra B using
the equational presentation of boolean algebras given in Def 2.2.1, and compare
your attempts, with the argument that A is associative being (modulo the above
isomorphism) the sum operation of a commutative ring.

The next proposition shows that ideals on boolean algebras and kernel of boolen
morphisms are the same, its proof takes advantage of the characterization of boolean
algebras as boolean rings.

Proposition 2.2.39. Let B, C be boolean algebras, ¢ : B — C be a boolean morphism,
I C B an ideal. Then:

o kerp ={beB: o) =0c} is an ideal on B,

e the map w; : b — [b]; = {c € B:cAb € I} defines a surjective morphism of
B onto the quotient boolean algebra B/; (with operations in B/; defined by
[br Alelr = [bAelr, bV [clr = [bV clr, =[blr = [=b]1;

o the map ¢/xer(g) : [Dlkero — (b) is a well defined injective morphism of B/xer(s)
mto C;
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® = (9/ker(9)) © Ther(¢)-

Proof. By Lemma 2.2.37 and exercises 2.2.8, 2.2.11 it suffices to prove the Proposi-
tion for the usual notions of ideal and morphism on rings, since:

e Lemma 2.2.37 show that boolean algebras are boolean rings.

e Exercise 2.2.11 gives that I is an ideal on a boolean algebra (B, Vg, Ag, —g, 0g, 1g)
if and only if it is an ideal on (B, Ag, Ag, 0, 1).

e Exercise 2.2.8 shows that a boolean morphism is also a ring morphism.

The proposition for ring morphisms and ring ideals is a standard result in ring
theory. ]

We now prove the converse:

Lemma 2.2.40. Assume R = (R, +,-,0,1) is a boolean ring. Let aVb=a+b+a-b,
aANb=a-b, —~a=1+a forall a,b € R. Then R = (R,V,A,—,0,1) is a boolean
algebra.

Proof. Let us go through the equations of 2.2.1 with - in the place of A. The
associativity and commutativity law for -, and the identity laws for 0,1 are ring
axioms. The commutativity law for V is trivially checked. We are left to check the
associativity law for V, and the laws of complementation and distributivity:

The associativity law for V holds since

aV(bVve)=aV(b+c+b-c)=a+b+c+b-c+a-b+a-c+a-b-c
while
(avb)Ve=cV(b+a+b-a)=c+b+a+b-at+c-b+c-a+c-b-a.
The complementation laws are also immediate to check:
a-(l1-a)=a—a*=a—a=0

while
aV(l—a)=a+1—a+a-(1—a)=1+0=1.

Now
(avb)-c=(a+b+a-b) -c=
a-c+b-cta-b-c=a-ctb-ct+a-b-c*=
a-c+b-c+(a-c)-(b-c)=(a-c)V(b-c)

for all a, b, ¢, hence the first distributivity law (a V b) - ¢ = (a - ¢) V (b - ¢) holds.
Also the second distributivity law (a - b) V¢ = (a V ¢) - (bV ¢) holds:

(a-b)Ve=a-b+c+a-b-c,
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while

(aVe)-(bVe) =

=(a+c+a-c)-(b+c+b-c)=
=a-bt+a-cta-b-ctb-ct+b-FH+a-b-cta-+a-b-cF=
=a-b+a-c+a-b-c+b-c+c+b-c+a-b-c+a-c+a-b-c=
=a-b+a-b-c+c

for all a, b, c.

Proposition 2.2.41. For a boolean ring B the following holds:

31

1. a < b holds if and only if a Vb = b. Moreover a \V b is always the supremum

under < of {a, b}.

2. B does not have 0-divisors if and only if it is isomorphic to Zs.

3. The dual of a subset A of B is unambiguosly defined as A= {-a:a€ A} =

{1—a:a¢€ A}. Moreover I is a (prime) ideal on the ring B if and only if

1s an ultrafilter on the boolean algebra B.
Proof.

1. The first part of the proposition has already been proved.

Next assume [ is an ideal on the ring R, we show that I is an ideal on the
ring (R, +,-,0,1): assume a,b € I, then a+b,a-b € I as well, hence a Vb =
a+b+a-bel. moreover a € I and b < a entails that b=5b-a € I.

Conversely assume [ is an ideal on the partial order (R, <), we show that I is
an ideal on the ring R: if a,b € I, a+b=aVbA-(aNb) <aVbelandif
aclandbeRaANbD<acl, henceaANbe I as well.

. x? = x entails that the equation z(x — 1) = 0 holds for all z in a boolean ring.

If « belongs to a boolean ring with no zero-divisors, either z =0 or z —1 = 0.
Hence the boolean ring is {0, 1} = Zs.

. I is a (prime) ideal on the ring R if and only if I is an (ultra)filter on the
boolean algebra B: this follows by the observation that the unique boolean
ring without zero divisors is Zs, hence the quotient of R by a prime ideal is Zs
which is also a field. This entails that all prime ideals of R are maximal, i.e.
their dual is an ultrafilter.

]

2.2.9 Boolean algebras as complemented distributive lat-

tices
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We also give another characterization of boolean algebras in term of their order
relation. These axioms for boolean algebras can be expressed in a first order theory
with a binary relation symbol for the order relation. Nonetheless we expand the
language adding symbols for the operations A, V,— and constants 0,1 definable in
this axiom system for boolean algebras and leave to the reader to check that this is
not necessary.

A join-semilattice (P, <) is a partial order such that every pair of elements (z, y)
of P admits an unique least upper bound denoted by x V y, the join of z and y.

Dually, a partial order (P, <) is a meet-semilattice when any two elements x and
y in P have an unique greatest lower bound denoted by x A y, the meet of z and y.

A partial order (P, <) is a lattice if it is both a join-semilattice and a meet-
semilattice.

A lattice (P, <) is bounded if it has a greatest element 1p and a least element 0p
which satisfy 0 < x <1 for every z in P.

A lattice (P, <) is distributive if for all z,y and z in P we have

zAyVz)=(@Ay)V(eAz)andzV(yAz)=(zVy) A(zV=2).

Let (P, <) be a bounded lattice. A complement of an element a € P is an
element b € P such that aVb=1and a Ab=0.

Remark 2.2.42. In a distributive lattice, if @ has a complement it is unique. In this
case we denote by —a the complement of a.

A lattice is complemented if it is bounded and every element has a complement.

A lattice (P, <) is complete if every subset X = {z; : i € I} of P has a meet (or
infimum) A,.; #; and a join (or supremum) \/,_; z;.

Notice that if X =@, then A® =1 and \/ 0 = 0, so a complete lattice is always
bounded.

Lemma 2.2.43. (B, A,V,—,0,1) is a boolean algebra if and only if
(B,<)
18 a complemented distributive lattice.

Proof. One direction is clear: say that a boolean algebra B is a field of sets if it is

a subalgebra of

(P(X),NU,A— X\ A0, X)
for some set X. It is an easy exercise to check that boolean algebras which are
fields of sets are complemented distributive lattices. By Stone’s duality theorem
any boolean algebra is isomorphic to a field of sets. The converse direction is left as
an exercise. O

2.2.10 Suprema and infima of subsets of a boolen algebra

Notation 2.2.44. Given a boolean algebra B, we denote by \/ A the supremum
(least upper bound) under < of a subset A of a boolean algebra B (i.e. the least
element a € B such that a > b for all b € A - if this least element exists), and by
/\ A its infimum (i.e. the largest element a € B such that a < b for all b € A - if this
largest element exists).
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The following proposition gives a simple topological method to compute the
supremum of a subset of a boolean algebra:

Proposition 2.2.45. Let B be a boolean algebra and X C B. Then a = \/ X if and
only if | J{N, : b € X'} is a dense open subset of N, in the relative topology of N, as
a subset of (St(B),7s).

Proof. Assume A =|J{N, : b € X} is a dense open subset of N, but a # \/ X. The
first assumption on A gives that N, C N, for all b € X, which occurs if and only
if a > b for all b € X, i.e. a is an upper bound of X. Since a # \/ X, we argue
that there must be some ¢ < a which is still an upper bound for X, i.e. is such that
N. D N, for all b € X. First of all remark that if e is an upper bound for X, then
sois e Aa, and e A a < a. Hence if a is not the least upper bound for X there must
some ¢ < a which is still an upper bound for X. Hence d = a A —¢ > Og and for all
be X NyNN, C NgN N, = 0, which gives that AN Ny = ). But N, is an open
non-empty subset of N,, hence A is not an open dense subset of N,, a contradiction.

Conversely assume A = |J{N,:b € X} is not a dense open subset of N,, we
must argue that a # \/ X. If a 2 b for some b € X, certainly a # \/ X, therefore
we can assume N, O N, for all b € X. Since A is not a dense open subset of N,, we
can find 0g < d < a such that N;N A = (). We conclude that ¢ = a A —d is such that
N, D N. D N, for all b € X, i.e. ¢ witnesses that a is not the least upper bound of
X. m

Corollary 2.2.46. Let B be a boolean algebra, the following holds for any X subset
of B:

1LrAVX=V{rAnb:be X} if VX is well defined.
2. 2\ X = A\{-b:be X} if any among \/ X or N{—b:b e X} is well defined.

Proof.

1. Let a = \/ X. By the previous proposition we get that A = [J{N,: b€ X}
is a dense open subset of N,. Therefore N, N A is a dense open subset of
N, NN, = N,po. Now

NNA=NNJ{Ny:be X} = J{NM NN, :be X} = J{Nin: b€ X}

By the previous proposition we conclude that a Ar =\/{rAb:be X}.

2. Remark that a < b if and only if —a > —=b. Now a = \/ X if and only if
U{Ny: b€ X} is a dense open subset of N,. Therefore N, O N_, for all
b € X. Now assume there is some ¢ > —a such that —-b > ¢ for all b € X.
Then —¢ < a and b < —c¢ for all b € X, contradicting a = \/ X. We leave
to the reader to handle the case in which we assume A {-b:b € X} is well
defined.
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Remark 2.2.47. Take the boolean algebra B of clopen subsets of the Cantor space
C' identified as the subset of [0; 1] given by

STOE Sy

=0

endowed with the euclidean topology. Let a, = 3;—153, b, = a, + #, U, =

[a,;b,] NC. We get that
X={U,:neN}CB

is such that C' = \/g X, but UX = C'\ {1} is a proper dense open subset of C' in
the euclidean topology.

Moreover if we let Xy = {Us, : n € N} we get that | J Xy is open, but also that no
clopen subset of C' contains X, as a dense subset: Let A O X be a closed subset of
C. Then it must contain 1, which is an accumulation point of X,. If A C C' is also
open, then A D C'N [37;;1; 1] for some large enough n, since {C N [37;;1; 1]:ne€ N}
is a base of clopen neighborhood of 1 in C'. This gives that Uy,1 € A for some
large enough k. But Uy, is disjoint from X, hence X is not a dense open subset
of any clopen A containing it.

In particular X, has no supremum in B.

2.3 Complete boolean algebras

Definition 2.3.1. A boolean algebra (B,0,1,V,A,—, <) is complete (or cba for
short) if it admits suprema and infima with respect to all of its subsets for the order
relation <.

Notation 2.3.2. Given a boolean algebra B, we often consider Bt when referring
to B as an order, otherwise some definitions could indeed become trivial.

For XCB|lX={b:dce Xb<gcland T X ={b:3ce€ Xb>pc}.

For b € BT, the boolean algebra B | b is given by {a € B : a <g b} =] {b}, with
the operations inherited from B. The top element of B | b is b.

X C B is predense if | X is dense in BT with respect to <g.

We will need the following property of the Stone spaces of boolean algebras:

Fact 2.3.3. Assume B is a complete boolean algebra and X C B. The following
holds:

1. VX =VIX.

2. Forallr € BrA\/ X > 0g if and only if r ANb > Og for some b € X.

3. VX =1g iff X NB* is a predense subset of BT in the sense of the order.

4. More generally for any dense set D C BT and anya € BT a=\/{q € D : ¢ <g a}.

Proof.
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1. VX <g V | X since X C| X. Conversely if d > b for all b € X we also
have that d > ¢ for all ¢ €] X, hence \/ X is an upper bound for | X, and

VX <s VX
2. Left to the reader: use Corollary 2.2.46.
3. Left to the reader: use Corollary 2.2.46.

4. Left to the reader: use Corollary 2.2.46.

In particular the following holds:

Lemma 2.3.4. A complete boolean algebra B can be split in the disjoint sum of an
atomic boolean algebra and of an atomless boolean algebra. I.e. there is ¢ € B such
that B | —c 1s atomless, and B | ¢ is atomic.

Proof. Let A = {a € B:ais an atom of B} and ¢ = \/ A. Then b A ¢ = 0Og entails
that b is not an atom of B [ —¢ (otherwise b would also be an atom of B and thus
be a refinement of ¢), while b < ¢ entails that for some atom a € A, a < b. This
gives that B | ¢ is atomic and B | —¢ is atomless. O

Definition 2.3.5. Let B, C be boolean algebras A map k£ : B — C is a complete
homomorphism if it maps predense subsets of BT to predense subsets of C*, or
equivalently if it preserves suprema and infima.

FExercise 2.3.6. Any complete homomorphism is also a homomorphism in the usual
sense.

Fact 2.3.7. An isomorphism of boolean algebras preserves suprema and infima.
Hence isomorphic images of complete boolena algebras are complete boolean algebras.

Proof. Left to the reader. O]

2.3.1 Complete boolean algebras of regular open sets

We prove that every complete boolean algebra can be considered as the family of
regular open sets of some given topological space, and we characterize complete
boolean algebras as those whose Stone spaces have the property that their regular
open sets are clopen. The first step in this direction is to show that the regular
open sets of a given topological space have a natural structure of complete boolean
algebra.

Definition 2.3.8. Let (X, 7) a topological space. A € 7 is a regular open if A =
Reg(A). We denote by RO(X, 7) the collection of regular open sets in X with respect
to 7. If no confusion can arise we write RO(X) instead of RO(X, 7).

Remark 2.3.9. Any clopen subset of a topological space is regular. Any open interval
of R with the usual topology is regular. We will see that if U and V' are open regular
then so is U N'V. Moreover any isolated point © € X of a topological space X is
such that {z} is clopen and thus regular.
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Weset 0 =0,1=X,U <V ifand only if U C V and we equip RO(X) with
the following operations:

UVV =Reg(UUYV),

UANV =UnNYV,
\/ Ui :Reg(U Us),
iel i€l
el el

We prove the following;:

Theorem 2.3.10. Assume (X,7) be a topological space. Then RO(X) with the
operations defined above is a complete boolean algebra.

We will need several facts on regular open sets, the first of which is the following
characterization:

Lemma 2.3.11. Let (X, 7) be a topological space. For any open A € T we have:
Reg(A) = {z € X : U € 7 open set containing x such that ANU is dense in U} .

Proof. For one inclusion, take z € Reg(A). The set U = Reg(A) is an open set
contaning x, and ANU is dense in U because A is dense in CI(A) and U C CI(A) is
open.

For the converse inclusion, take z € X and U an open set containing = such that
ANU is dense in U, then AN U is dense also in CI(U), thus CI(ANU) = CI(U)
holds. So U is an open subset of CI(A), and we obtain « € Reg(A). O

Remark that if U is an open neighborhood of x witnessing that = € Reg(A)
any V' C U open neighborhood of z is equally well a witness of x € Reg(A), since
ANW =ANUNW is a dense open subset of W for any open W C U.

We also need the following crucial property:

Fact 2.3.12. Assume U,V are open sets in 7. Then UNV is a dense open subset of
V' if and only if Reg(V') C Reg(U). In particular Reg(V) = Reg(U) iff UNV O W
for some W open dense subset of U and open dense subset of V.

Proof. Assume U NV is a dense open subset of V. Let € Reg(V'). Let W be an
open neighborhood of x such that V NW is a dense subset of W. Then UNV NW
is also a dense subset of W (if P C W is open non-empty, V' N P is a non-empty
open subset of V| since V N is a dense open subset of W; thus U NV N P is also
a non-empty open set, given that U NV is dense in V'), and so a fortiori also U NW
is a dense subset of W. In particular W witnesses that = € Reg(U).

Conversely assume Reg(V') C Reg(U). Since U is a dense subset of Reg(U) and
V' is a dense subset of Reg(V), U NV is a dense subset of Reg(V'), hence also of
V. O
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For convenience we also introduce the following notation: given V' C X

Vi=Xx\QW).
Fact 2.3.13. The following hold:

1. for allU,V C X, U CV implies V- C UL,

2. (UuV)t=U0tnVv+,

3. Reg(V) =V,

4. UNV)H =uttnvit

5. Uttt = U+,

Proof. The first point is left as an exercise. For the remaining points:

2.
FEzercise 2.3.14. For any topological space (X,7) and A, B C X Cl(AUB) =
CI(A) U CI(B). (HINT: Clearly CI(AU B) D CI(A) U CI(B). For the converse
inclusion observe that AU B C CI(A) U CI(B) and AU B is a dense subset of
CI(AU B). Hence CI(AU B) = CI(CI(A) UCI(B)) = CI(A) UCI(B), and we are
done.)
Hence
(UUV)*F = X\CI(UUV) = X\(CU)UCI(V)) = (X\CU)N(X\CI(V)) = UnV+,
3.

x € Reg(V') < there is an open neighborhood N of x fully contained in CI(V)
& there is an open neighborhood N of z disjoint from X \ CI(V)
s x g Cl(X\ Cl(V))
srec Vi

4. By 3, we have that
Ut NV =Reg(U) NReg(V) C CI(U)NCI(V) = C(U NV).
Moreover 3 also gives that U+t N V++ is open. Thus
U NV CReg(UNV) = (UNV)H

For the converse inclusion let € (U N V). Then, by Lemma 2.3.11, there
is N open neighborhood of x such that U NV N N is dense in N, thus U N N
and V N N are both dense subset of N which gives that x € U+t N V14 as
was to be shown.
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5. Assume U is open, then we have U C Reg(U). So, as Reg(U) = U*+ holds, we
have
Ucu*+t (2.3)
Now, if U is open, applying the first point to (2.3) we get Uttt C UL
Conversely, applying (2.3) to U+ we get U+ C U+, which concludes the
proof.

]

We prove first that RO(X) is a boolean algebra using Definition 2.2.1, and then
we prove that it is complete.

Proposition 2.3.15. The family RO(X), with the operations defined above, is a
boolean algebra.

Proof. We take U,V;IW € RO(X) and we go through the equations of Defini-
tion 2.2.1.

e Associativity of V. By Fact 2.3.12 it is enough to check that U UV U W is
a dense open subset of Reg(U U Reg(V U W)) and of Reg(W U Reg(V UU)).
This is immediate from the definitions. Alternatively we can use the following
algebraic identities:

UvVVvW)=UuVuw)rH+t
— (Ut n (VU W)LLL)L
= (UrNn(Vuw)hH)*+
=UrNnVtnw))*

(UtnvHnwht
(UuV):nwhH*+
(UuUV)yHEnwh)t
(UuV)HHuw)tt
=(UVV)VvW.

(
(
(
(
(
(
(
(
(

e The associativity of A is just the associativity of N.
e Distributivity. We only show that
(UANVIVUANW)=UANV VW)
holds, the other equation is similar. To this aim observe that

V UW is dense in Reg(V U W)
= UN((VUW) is dense in U NReg(V UW)
= Reg(UN (VUW)) =Reg(U NReg(VUW))=UnNReg(VUW),

where the last equality holds because the intersection of open regular sets is
open regular. Now UN(VUW) =(UNV)U(UNW) is a dense open subset
of UNReg(VUW) =UA(V VW) as well as of Reg((UNV)U (UNW)) =
(UAV)V(UANW), by Fact 2.3.12 we conclude.
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e Commutativity. UAV =UNV =VNU = VAU and UVV = Reg((UUV)) =
Reg(VUU)) =V VU.

e Identity. UVO=UUD=UandUAN1=UNX=U.

e Complements. UV —U = Reg(U U (X \ CI(U))) = X (since U U (X \ CI(V))
is a dense subset of X: for A open, ANU is empty iff AN CI(U) is empty, so
either ANU is non-empty or A C U+) and UA-U =UN(X\CI(U)) =0. O

It now remains to prove that RO(X) is complete.
Proposition 2.3.16. The algebra RO(X) is complete.

Proof. Given a family K = {U; : i € I'} in RO(X) define V' = (U,; U;)**. For any
1 € I we have U; C Ujel U,, so that

U=Utc(upyt=v

jel

holds. This shows that V is an upper bound for the elements of K. If W is another
such upper bound, then U; € W, so that J,.; U; € W, whence
V = (U Ui)J_J_ g WJ_J_ = W.

i€l

The proof for A is similar. O]

We have shown that for a given topology 7 on X there are two natural boolean
algebras we can attach to it: CLOP(X, 7) and RO(X, 7). Observe that CLOP(X,7)"
is always contained in RO(X, 7)" and that if 7 is O-dimensional, any open set contains
a clopen set, thus CLOP(X, 7)* is a dense subset of RO(X, 7)*.

The next lemma gives a necessary and sufficient condition so that CLOP(X, 7)
and RO(X, 7) coincide.

Proposition 2.3.17. Assume B is a boolean algebra. B is complete if and only if
the regular open sets of St(B) overlap with the clopen subsets of St(B).

Proof. Assume B is complete. Let A be an arbitrary open set, then:
A=,
for a given family {b; : ¢ € I} C b. Since B is complete, let:
b=\/b:.
iel

Then Ny is clopen, and thus regular open. We show that IV, = CI(A).
First we observe that
A=JN, C N,

el



40 CHAPTER 2. BOOLEAN ALGEBRAS

In particular since N is closed CI(A) C N,.
To prove the converse inclusion we proceed a follows: first we observe that for
all ce B
cANb=01iff cAb; =0 for all 1 € I.

This gives that
N.NNy=0iff NnNA=0iff N.nCI(A) = 0.

Thus
X\ Cl(A) = J{N.: NonA =0}

is disjoint from N,. We can conclude that
N, C CI(A).
The converse follows immediately, since B = CLOP(St(B)) = RO(St(B)), which

is complete. O

We say that a topological space (X, 1) is extremely disconnected (or extremally
disconnected) if CLOP(X,7) = RO(X, 7).

2.3.2 Boolean completions

In this section we prove that every pre-order can be completed to a complete boolean
algebra.

Theorem 2.3.18. Let (Q,<g) a pre-order. There exists an unique (up to isomor-
phism) cba B and a map j : Q — B such that:

1. j preserves order and incompatibility (i.e. both a <o b = j(a) <g j(b) and
alb<s jla)Ajb)=0g hold).
2. jlQ] is a dense subset of the partial order (BT, <).

Notice that while B is unique, there can be many j : () — B which satisfy the
above requirements.

Proof. For X C @ let

X ={peQ:3a€X(p<qga)}

denote the downard closure of X, | p stands for | {p}. The order topology 7p on P
has as open sets its downward closed subsets. Define:

j:Q — RO(Q)
p+— Reg({ p).

We show that that the map j defines a complete embedding of @ into RO(Q)™
with a dense image, and moreover that j preserves order and incompatibility.
First of all, by Lemma 2.3.11, we have that for all open sets A € 7

Reg(A) = {p € Q :] pN A is a dense subset of | p} (2.4)

since | p is the smallest open neighborhood of p.
We will repeatedly use the above characterization of regular open sets.
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j is order preserving: if p <g ¢, then | p =] ¢ N | p and clearly | p is dense in
Reg({ p), so j(p) < j(q) by Fact 2.3.12.

j is incompatibility preserving: one direction follows immediately, if p||q, then
dr <q p,q and, by the previous bullet, j(r) C j(p),j(q). So, j(p)[|j(g). Now
we prove the converse. If j(p)|[j(q), then

Jj(p) Nj(q) ={r € Q L rNReg(] p) N"Reg(] ¢) is a dense subset of | r}

is open non-empty. We show that | pNj(p) Nj(q) is open dense in j(p) Nj(q):
Assume r € j(p) N j(g). Then

L rNReg(] p) NReg({ ¢) is a dense open subset of | r.

On the other hand | p is a dense open subset of j(p) = Reg({ p) and

LrCilp)nijle) Cjlp)

is a non-empty open subset of j(p). Hence | pN | r is also a dense open subset
of | r, yielding the desired conclusion.

Similarly we prove that | ¢ N j(p) N j(q) is open dense in j(p) N j(q). In
particular | p N} ¢ is non empty. Any r in this latter set witnesses that pl|q.

j has a dense image: let X C () be non-empty. Let p € X; clearly | X DJ p,
hence j(p) < Reg(l X).

We finally show the uniqueness of this boolean completion. It suffices to prove the
following:

Lemma 2.3.19. Assume B is a cba and k : Q — B preserves order and incompati-
bility and is such that k[Q] is dense in BY. Then the map:

m:RO(Q) — B
Ar— \/{k(p) : p € A}
1S an tsomorphism.

Assume the Lemma holds and j; : Q — B; for i < 2 preserve order and incom-
patibility and are such that j;[Q] is dense in B (with both B; cbas), we can compose
the isomorphisms given by the Lemma to get an isomorphism of B; onto Bs.

We prove the Lemma.

Proof. We prove it in several steps as follows:
7 is order preserving: by definition.

moj=k: Let ¢ € Q). Then

woj(g) = \/{k(r) : r € Reg(l ¢)} > k(q)
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since ¢ € Reg({ ¢). Assume the inequality is strict. Then
moj(q) N —k(q) > Og.

Now k[Q®)] is dense in BT, thus we can find r € @ such that k(r) A k(q) = Og
and k(r) < moj(q).

Since k(r) A k(q) = Og, r and ¢ are orthogonal in Q.

On the other hand we also have that k(r) A k(s) > Og for some s € Reg({ ¢),
since

k(r) <moj(q) =\/ {k(s):s € Reg(l q)}.

This occurs only if | 7 N} s # (). Since s € Reg({ ¢) we have that | s N ¢ is
a dense subset of | s. In particular | sN | ¢N | 7 is non-empty. Thus there is
t <r,q. This contradicts the orthogonality of ¢, in Q.

7 is surjective: let b € By, by the density of k[Q)] we have that (see Fact 77?)

b=\/{k(p) € Q: k(p) <b}.

It is enough to show that A = {p € @ : k(p) < b} is regular open to get
that m(A) = b. Clearly A is downward closed and thus open. Now assume
r € Reg(A) \ A. Then k(r) £ b. This gives that k(r) A =b > 0 and thus that
some s is such that k(s) < k(r) A =b. Since k(s) and k(r) are compatible
in BT we have that some ¢ €  refines r and s. In particular ¢ < r and
Og < k(t) < Ek(r) A—b. Since r € Reg(A) \ A, An | r is dense in | r,
since t < r, we can find t* € A such that t* < ¢. In conclusion t* € A is
incompatible with all elements of A since k(t*) < k(t) is incompatible with b,
a contradiction!

7 is injective: if A # B are regular open, we may assume w.l.o.g. that there is
q € @ such that j;(¢) € A and ji(q) is orthogonal to B, i.e. | ¢N B =0,
which gives that ¢ is orthogonal to all elements in B. Then 7(A) > 7(j1(q))
and 7(j1(q)) = k(q) is orthogonal to \/ k[B] = w(B), since k is order and
incompatibility preserving. We get that m(A) # 7(B).

(AN B) =7(A) An(B): Clearly m(AN B) < 7(A) A n(B) since 7 is order pre-
serving. Now assume the above inequality is strict. Find r € @) such that
k(r) < m(A) Am(B) A—m(AN B). Then k(r) is compatible with at least one
among k(s) A k(t), s € A,t € B by definition of m and the distributivity of \/
over A. Thus r,s,t have a common refinement p in @ (by the density of k[Q)]
in BT).
Then p € AN B (since p < s € Aand p <te€ B), and k(p) is orthogonal to
m(AN B) since p < r < =-w(AN B), a contradiction.

m(At) = = (A): Notice that

=\/{k(q) L gn A =0}
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while
= \/{k(@) L g C A}.
Now observe that for all A € RO(Q)
Di={q:lqgnA=0}uU{qg:lqC A}

is an open dense subset of @) (For any p € Q, p is already in D4 if [, pnA =10,
otherwise there exists r €/ pN A, and r € D4 refines p). We get that k[D 4]
is a dense subset of BT when BT is considered as a partial order, and thus
\ k[D4] = 1g by Fact ?7.

On the other hand
{glgnA=0tn{g:lqgC A} =10

This gives that

r(AT)va(A) = \/{k(q) :L qn A=0}v\/{k(g) :L ¢ C A} = \/ k[D4] = 1g,

while
r(AY) Am(A) = \/ {k(g) ¢qu=®}A\/{k<q> LqC A=
\ {k(q) YilgCALlrnA=0}=
\/{OB :tiA,irﬂA:@}:OB.
The proof of the Lemma is completed. O]
The proof of Theorem 2.3.18 is completed. O

Corollary 2.3.20. (Q, <) is a separative pre-order if and only if the map j : Q —
RO(Q) of Theorem 2.5.18 is an injection.

Proof. 1t is enough to show that () is separative iff | p = Reg(| p) for all p € Q.

(=): Assume (@ is separative, and towards a contradiction let € Reg({ p)\ { p.
Then we can refine r to an s L p still in Reg({ p) since @ is separative and
r £ p. This is the desired contradiction.

(«<): Assume | p = Reg(] p). And let p £ ¢q. Assume towards a contradiction that
for all » < p, r and ¢ are compatible in @, i.e. | ¢ N} 7 is non-empty. Then
1 qn} pisdensein | p. Which (by Fact ??7) gives that

}p=Reg(lp) CReg(lq) =|gq,
i.e. p €] ¢, contradicting our assumption that p £ q.

]

Corollary 2.3.21. Using the terminology of 2.53.18, (Q, <) is an atomless pre-order
iff B is atomless.
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Proof. 1t follows since the map j of the theorem preserves the order and incompat-
ibility relation and has a dense image. [

Notation 2.3.22. Given a partial order P we denote by RO(P) the algebra of
regular open sets of the order topology on P. Given a topological space (X, 7) we
denote by RO(X) (or RO(X, 7) in case confusion can arise) the algebra of regular
open sets of 7.

We conclude this section with the following observation:

Remark 2.3.23. There is a nice theorem (see [1, Theorem 22.14] for a proof) asserting
that up to isomorphism there is a unique atomless complete boolean algebra B such
that B* contains a countable dense subset. Here is a list of partial orders (P, <)
and topological spaces (X, 7) such that B is isomorphic to the regular open sets in
the relevant topology:

1. The atomless partial order (7 \ {0}, C), where 7 is the standard euclidean
topology on R.

2. The partial order (D, C) given by open intervals with rational endpoints: D
is countable and is a dense subset of 7\ {0} under inclusion. This gives that
RO(D) and RO(7 \ {0}) are isomorphic atomless complete boolean algebras
admitting a countable dense subset.

3. The boolean completion RO(2<¥) of the partial order (2<¢,D) (the latter is
a separative countable atomless partial order and is contained in its boolean
completion as a dense subset).

4. The regular open subsets of R in the euclidean topology 7 (the map A —
Reg(A) surjects the partial order (7\ {0}, C) onto RO(R, 7)" preserving order
and incompatibility).

5. The regular open sets of the product topology 7* on 2¥ (the map s — N; =
{f€2¥:sC f} is order and incompatibility preserving and maps 2<“ in a
dense subset of RO(2¥,7%)T).

Notice that in each case the regular open sets considered refer to different topological
spaces: the first three algebra of regular open sets are induced by the order topology
respectively on (D, C), on (7\ {0}, <), on (2<¢, D); while in the fourth and the fifth
case these algebras are given by the regular open sets of the topological space (R, 7)
or of the space (2¢,7*). Remark also that the map j : 7\ {0} — RO(r \ {0})
given by Theorem 2.3.18 identifies two open sets iff they have dense intersections.
In particular in this case the relevant j is not injective but it is still order and
incompatibility preserving.

In conclusion we get that the same atomless complete boolean algebra can be
obtained as the algebra of regular open sets of five distinct topologies on five distinct
topological spaces whose topologies are not always isomorphic when seen as partial
orders, but whose algebras of regular open sets on the other hand are all isomorphic.

This reflects a common state of affairs for all complete atomless boolean algebras.
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2.4 Some remarks on partial orders and their boolean
completions

Summing up, in these first sections, we have proved among other things, the follow-
ing results:

Let (Q,<q) a pre-order. There exists an unique (up to isomorphism) cba B
such that exists a map j : QQ — B such that:

1. 7 preserves order and incompatibility.

j[Q] is dense in BT.

Q is a separative partial order iff j is an injection.
Q is atomless iff B is atomless.

B is the cba given by the reqular open sets of many topological spaces.

S &

St(B) = {G C B : G is an ultrafilter} with the topology 7 ={N, : b € B} is
such that RO(St(B)) = {N, : b € RO(Q)} = {clopen of T} and St(B) is a

0-dimensional compact and Hausdorff topological space.

7. B= C(St(B),2) = {f : St(B) — {0,1}, f continous}.

2.5 Stone-Cech compactifications

Recall that the compactification of a space (X, ) is a compact space (K, o) together
with a topological embedding i : X — K (i.e. a continuous injective map such that
(X, 7) is homeomorphic to (i[X], oyx7))-

The aim of this section is to characterize the Hausdorff spaces which admits at
least one compactification. These are the Tychonoff spaces. We will show that for
these spaces it is always possible to build the largest possible compactification.

Definition 2.5.1. Let (X, 7) be a topological space.
C C X is a 0-set if there exists f : X — [0; 1] continuous such that f~1[0] = C.

Notation 2.5.2. Let (X, 7) be a topological space. 7 denotes the family of 0-sets
of (X, 7).

Remark that clopen sets are 0-sets (as witnessed by the characteristic function
of their complement) and 0-sets are closed. The basic geometric picture captured
by these definitions is that 0-sets are those closed sets which can be approximated
from above continuously and with great precision by open supersets. On the other
hand in general closed sets may not be O-sets.

Definition 2.5.3. A space (X, 7) is Tychonoff if singletons of points are closed sets
and for all z € X and C closed with ¢ C, we can find f : X — [0; 1] continuous
and such that f(z) =0, f | C = 1.
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The following is fundamental in the arguments to follow:

Proposition 2.5.4. Let (X, 7) be a topological space and Cy, Cy be closed subsets
of X.

1. Assume Cy, Cy are 0-sets. Then Coy N Cy and Cy U Cy are also 0-set.

2. Assume Cy, Cy are disjoint 0-sets. Then there are open sets V; O C; fori = 0,1
with disjoint closures, and which are the complement of 0-sets.

Proof. Let f; witness that C; is a 0-set for ¢ = 0, 1. Then:

1. h = % and k = f; - fo are continuous and witness that Cy N C and Cy UCy
are 0-sets.

2.9 = foﬁjﬁ is continous and such that ¢g7'[{i}] = C;. Vu = ¢ '[[0;1/3)]
Vi = ¢ '(2/3;1]] are the complements of 0-sets (as witnessed by go(z) =
1 —min{1,3¢g(x)} for Vj and g;(z) = max {0, 3¢g(x) — 2} for V; which are both

continuous) such that C; C V; and Cl(Vy) N CI(V}) is empty.

]

The notion of 0-set has been introduced to get the separation property given by
the second item above: in general for an Hausdorff topological space it is not true
that disjoint closed sets can be separated by disjoint open sets, on the other hand
for disjoint O-sets this is always possible. This separation property of 0-sets will be
used to define SX and to prove that it is Hausdorff.

Definition 2.5.5. (X, 7) is normal if for every pair of closed disjoint sets Cjy, C}
there is f : X — [0, 1] continuous such that f~'[i] = C; for i = 0, 1.

Lemma 2.5.6 (Urysohn Lemma). (X, 7) is normal if and only if any two closed
disjoint sets can be separated by disjoint open sets.

Proof. See [7, Thm. 1.5.6] O

Ezercise 2.5.7. Assume (X, 7) is normal (i.e. any two closed disjoint sets can be
separated by open disjoint sets). Then any closed set in X is a 0-set.

The outcome is that for spaces which are not normal, the O-sets define a large
collection of closed sets I' which is closed under finite unions and intersections,
contains the clopen sets, and satysfies the property that any two disjoint sets in I'
can be separated by disjoint open sets whose complement are in I'. As we will see
below, these are the key properties one needs to prove that the space of maximal
filters on I' is Hausdorff and compact.

Fact 2.5.8. Locally compact Hausdorff spaces are normal and Hausdorff.
Proof. Left to the reader. m

Definition 2.5.9. Given a topological space (X, 7), X is the family of maximal
filters of 0-sets in the partial order (7°\ {0}, D).
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The following is a fundamental easy outcome of Proposition 2.5.4.
Proposition 2.5.10. Let (X, 7) be a topological space.

e C,D e 7° are compatible in the partial order (t°\ {0}, D) if and only if C N D
18 non-empty.

o If F is a filter in the partial order (T°\{0},2) and C4,...,C, € F, N, C; €
F, hence is non-empty.

o If F is a mazimal filter in the partial order (7°\ {0},D), C € F, and C =
CiU---UC, with each C; a 0-set, at least one C; is in F.

o Assume X is normal. Then BX coincides with the family of maximal filters
of closed sets.

o Assume X is Tychonoff. Then for all x € X the set
Fo.=A{F: F C X is a0-set with z € F}
is a non-empty maximal filter in (7 \ {0}, D).

Proof. We prove just the last assertion: Assume CND # () forall D € F, but x ¢ C.
Then there exists f : X — [0;1] continuous such that f(z) = 0 and f [ C = 1.
Hence C'N f~1[{0}] =0, but f~'[{0}] € F, since z € f~1[{0}], a contradiction. [J

Definition 2.5.11. Given a topological space (X,7) and Y C X
Y ={FepX:3C e F(CCY)}.
BY = {FeBX:¥C e F(CNY #£0)}.

Proposition 2.5.12. Assume (X, 7) is a Topological space. Then for allYy,...,Y, C
X the following holds:

1. For any 0-set E B°E = 0 if and only if E = 0,

2. pY; C B°Yh,
3. BY1 = X\ (X \ Y1),
4. BV = X\ (X \ 1),
5. BYiN---NBY, =p(YiN---NY,),
6. BV, U---U BV, = BV, U---UY,),
7. If E is a 0-set, f°E = B°E. Hence F ¢ B°E if and only if some D € F is
disjoint from E, and °(X \ F) = B4(X \ E).
Proof.

1. Given E € 7° and non-empty, extend {E} to a maximal filter.
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. Trivial by definition.

. Unravelling the definitions

BXANF(XAY) = fXN{F:3C e FOC (X \N)} =
={F:VCeFCZ (X\Y)} ={F:VC e FCNY; #0} =5 (}1).

. Again unravelling the definitions

BX\BI(X\Y) = BX\{F:VC e FCN(X\ Y1) #0
(

} =
={F:3CeFCN(X\Y1) =0} ={F:3C e FC TV} =p5MN).

. FepYin---Npey, if and only if there are C; € F such that C; C U; for all

i=1,...,n, which gives that C =_, C; CY1N---NY, is a O0-set in F. We
conclude that gY; N---N G, C (Y1 N---NY,). The converse inclusion is
trivial.

. By the previous items:

BXN(BY1IU---UBY,) = (BX\BY1)N---N(BX N\ BY,) =
=pXA\Y) N NEXNY,) =
=X\ Y)N---N(X\Yy)) =
=X \NuU---uYy)) =
=X\ N1 U---UY,).

Hence the thesis.

. Assume F € °C. Observe that

G={Eer":3De FE2DNC}

is a filter on (7°\ {0}, D) containing F U {C}. By maximality of F, C € F,
hence F € p°C.

]

Definition 2.5.13. Given a topological space (X, 7) We let 3, be the topology on
BX generated by the family

{°U: X\ U €7}

(i.e. 3, is the weakest topology containing all 3°U with U € 79).

By the previous propositions () = 5°0, X = 3°X, 3°U = U for all X \U € 7°
and

pgoUN---NU,) =pU N---NU,) =pUN---NPU, =p°U N---NB°U,.

Therefore:



2.5. STONE-CECH COMPACTIFICATIONS 49

Fact 2.5.14. Let (X, 7) be a topological space. Then {B°U : X \ U € 7%} is a base
for B, and any closed set for B, is the intersection of a family of basic closed sets of
the form B°E with B € 7°.

We are ready to prove the main properties of the Stone-Cech compactification
of a topological space.

Theorem 2.5.15. Assume (X, 7) is a topological space. Then (58X, B;) is a compact
Hausdorff space. Moreover assume (X, T) is a Tychonoff space, then:

e The map
iX:Xfo:{CGTO:xEC}

18 a topological embedding.

o Any continuous f : X — K with K compact Hausdorff admits a unique con-
tinuous extension to a Bf : BX — K such that f = 0f oix.

e (BX, ;) is unique up to homeomorphisms with these properties. In particular
any compactification of (X, T) is the continuous image of (58X, [3,).

o (X, 7) is locally compact and normal if and only if ix[X] is a dense open subset

of BX.

Proof. We divide the proof of the theorem in several distinct steps:

pX is Hausdorff. Pick F; # Fy € X, let C € F; \ Fo. By Proposition 2.5.12
applied to F; and C, there is D € F; such that C'N D is empty. By Propo-
sition 2.5.4 find U and V' complement of 0-sets and disjoint such that C' C U
and D C V. Then Fy € p°U, F; € p°V and p°U N B°V = pU N BV =
BAUNV)=0.

BX is compact. Fix a family H of closed sets of 5X with the finite intersection
property. We can assume H consists of basic closed sets of the form S°E with
E a 0-set (by the same argument we used in the proof of the compactness of
St(B) in 2.2.32, since any closed set is the intersection of a family of sets of
type B°E with E € 7°).

Consider the family H, given by the O-sets E such that §°FE € H. Then H,
is non empty (since X € Hy) and has the finite intersection property: fix
Ey, ..., E, € Hp. Then

BCin---NGy) = B9(Cr)N---NBAC,) # 0,

hence C;N---NC, # 0.
Find F maximal filter of O-sets extending H,. Then F € (H: pick f°FE € H,
then £ € F, hence F € (°F.

ix is a topological embedding if (X, 7) is Tychonoff. ix is well defined since
F. is a maximal filter of O-sets for all x € X by Proposition 2.5.10.

1x is continous, open, with a dense image: for all U complement of a 0-set,
Fr € pU if and only if x € U, hence
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e ix[X] is a dense subset of X, since it has non-empty intersection with
all basic open sets;

e iy is open and continuous, since ix[X| N U = ix[U] for all basic open

sets 5°U.

ix is injective: if z # y, find f : X — [0;1] continuous with f(x) = 0 and
f(y) = 1, then we can separate JF,,, F, with the basic open sets 5°(f~[[0; 1/3)]),
Be(f~H(2/3: 1),

Unique extension property. We show that any continuous f : X — K with K

compact Hausdorff extends uniquely to a continuous Sf : X — K such that
Bfoix = f. Let F € BX. Choose a net (z¢)cer with ¢ € C for all C € F.
By [7, Theorem 1.3.8] there is a universal subnet (z))rea of (z¢)cer. Since
(ix(z¢))cer is eventually in any open neighborhood of F of the form U, we
have that (ix(xy))xen converges to F. Now the image of any universal net
under any function is again a universal net. Since K is compact Hausdorff,
we have that the image net (f(x)))xea converges to some unique point 5 f(F)
(see [7, Prop 1.5.2, Thm 1.6.2]). Now if f is continuous (5 f(F) does not depend
on the choice of the net with values in X converging to F (we leave to the reader
to check this property). In particular S f is well defined. The uniqueness and
continuity of 5 f follows from the fact that continuous functions on Hausdorff
spaces are determined by their restriction to a dense subset; ix[X] is a dense
subset of 5X on which Sf is continuous; on fX \ ix[X]| Bf is defined exactly
in the unique way to make it continuous (see [7, Prop. 1.4.3]).

Uniqueness up to homeomorphism of fX. We now show that any compact

space (Y, o) satisfying the above extension property for (X, 7) is homeomor-
phic to (6X,5,). So assume that (Y, o) is a Hausdorff compactification of
X via a topological embedding 7 : X — Y such that any continuous map
f: X — K with K compact Hausdorff admits a unique extension continuous
extension f*:Y — K such that f*oj = f.

Now consider 7 : fX — Y. This map is surjective since any point y in Y is
the limit of a net (j(xx))ren, hence y = 55(F) where F is the limit in X of
the net (/I:X(xA))AeA.

By the universal property of Y find % : Y — SX extending ix. Then i%, of3j |
ix[X] is the identity map on ix[X] (since i% o Gj(ix(x)) = i%(j(z)) = ix(x)).
The identity map on SX is a continuous extension of i% o 5j [ ix[X], hence
by the uniqueness property of X, we get that ¢% o 37 is the identity map on
BX. By a symmetric argument we get that 5j o % is the identity map on Y.
Hence 5 and i% are homeomorphisms which invert one another.

ix [X] is open in X if and ony if X is locally compact and normal: In case

X is normal, we have that X is the family of maximal filters of closed sets
(all closed sets are 0-sets since X is normal). If some C' € F is a compact
subset of X, F has a non-empty intersection in X. Since X is Hausdorff and
F maximal, this intersection must be a singleton {z}. Hence F = F, for some
xr € X if and only if some C € F is compact in X. We get that ix[X] is the
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union of 5°U such that CI(U) is compact in X, hence ix[X] is open in SX.
Conversely any open subset of SX is locally compact.

O

Remark 2.5.16. Notice that normality is not preserved for subspaces: given K com-
pact, X C K, and C},C; closed subsets of K with C; N X # () for both ¢ = 0,1,
it is well possible that €} N Cy N X is empty while C; N Cy is not (consider for
example S; = (0;1) U {oo} as the one point compactification of (0,1) and the sets
Co = {00} U(0;1/2], C; = {0} U[1/2;1)). Hence in K these two closed sets cannot
be separated by disjoint open sets, therefore this is the case also in X. On the other
hand this cannot be the case if '; is the singleton of a point in X. This is one of the
reason why one introduces the weaker Tychonoff property which uses the characteri-
zation of normality given by Urysohn Lemma. Remark that the separation property
for disjoint closed sets Cy, C; given by the existence of a continuous f : X — [0; 1]
such that f | C; = i, when predicated for disjoint closed sets of which one is the
singleton of a point, is strictly stronger than the assertion that these two closed sets
can be separated by disjoint open sets.

Remark 2.5.17. We had to resort to the introduction of the notion of 0-sets to grant
that S X is Hausdorff. If we defined 5*X as the set of maximal filters of closed sets
with the topology given by the corresponding definition of 5°U for U open in X, we
would run into trouble in proving the Hausdorff property for X. It actually fails
if X is not Tychonoff. The compactness part of the proof survives with these new
definitions. The problem in the proof of the Hausdorff property is the separation of
arbitrary disjoint closed sets C, D by means of disjoint open sets (to establish the
Hausdorff property of X we used that two disjoint O-sets can be separated by open
disjoint sets which are the complements of 0-sets). If C' and D are closed but not
0-sets, this cannot always be done.

It is somewhat peculiar that one has to introduce the space [0; 1] to describe a
family of closed sets which are then used with almost no reference to the properties of
real numbers. One explanation is given by the following post on math.stackexchange
where it is argued that [0; 1] can be described in purely topological terms in a variety
of ways. These topological characterizations of [0; 1] are essential in the arguments
we sketched above.


https://math.stackexchange.com/questions/322411/topological-characterization-of-the-closed-interval-0-1
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Chapter 3

Some combinatorial properties of
partial orders

In this second chapter we analyze the combinatorial properties of some partial orders,
in particular we study the natural partial order one can use to obtain the consistency
of the failure of the continuum hypothesis by means of the forcing method. The
material of this chapter overlaps with some parts of [6, Chapter III] or [5, Chapter
I1].

3.1 Filters, antichains, and predense sets on par-
tial orders

Definition 3.1.1. Let P be a partial order and X C P.
e X is an antichain if Va,b € X(a L D).

e X is dense if it is dense in the order topology on P, i.e. if and only if for all
p € P there exists g € X ¢ < p.

X is open if it is open in the order topology on P, i.e. if it is downward closed.

X is pre-dense if | X is a dense open set of P in the order topology.

e X is a maximal antichain if it is a pre-dense antichain.

e X is dense belowp € Pif | X N P | pis a dense subset of the partial order
P Ip.

X is predense below p € P if for all ¢ < p there is r € X compatible with g,
i.e. if | X is dense below p.

X is a filter if!

1. for all p,q € X, thereis r € X(r < p,q).

!This notion generalizes to pre-orders the notion of a filter on a boolean algebra we saw before.

33
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2. forallpe X and g > p, g € X.

FEzxercise 3.1.2. Assume B is a complete boolean algebra. Then:

e X C BT is predense iff \/ X = 1g. (HINT: If not a = =\/ X > 0g and
bAa=0g forallbel X, ie | X is not dense in BT).

e If D C BT is dense, there exists A C D maximal antichain of B*. (HINT:
Apply Zorn’s Lemma to the antichains contained in D ordered by inclusion, a
maximal element of this partial order is a maximal antichain A C D).

Ezercise 3.1.3. If G is an ultrafilter on RO(2¥), then {s : Ny € G} is a filter on
2<“. Conversely if f € 2¥ Gy = {N; : s C f} is a prefilter on the boolean algebra
CLOP(2¢) whose upward closure in CLOP(2¥) is a ultrafilter in St(CLOP(2¥)), but
its upward closure in RO(2%) is just a filter on the boolean algebra RO(2¥) (HINT:
to show that Gy does not generate a ultrafilter on RO(2¥) look at Fact 3.2.3 to
argue that Fven and Odd are regular open set not in 1t G, where ¢ is the constant
sequence of 0).

Proposition 3.1.4. Let P be a poset. Let G be a filter on P and X C P. Then
GNX#D&GNLX A0,

Proof. if r € GN | X, then dg > r such that ¢ € X. So, since G is a filter,
geGNX. n

Definition 3.1.5. Let P be a partial order. Let F = {D; : i € I} be a family of
predense sets. Let G be a filter. G is F-generic if GN D; # (), for all ¢ € I.

The following is a useful equivalent of Baire’s category theorem:

Lemma 3.1.6 (Generic filter Lemma). Let P be a partial order and F ={D; :i €
w} be a family of predense sets on P. Then for every p € P there exists a filter G
on P F-generic with p € G.

Proof. Using AC and recursion on w, choose p, € P for n € w so that p, = p,
Pnt1 < pn and pp41 €L D,,. Let

G =1 {pn:n € w}.

G is upward closed by definition. We check now it is a filter. Let ro,m € G and let
m; such that r; > p,,,, for2 = 0,1. Then r; > p, for all n > my,my; and 7 =0,1. O

Corollary 3.1.7 (Baire’s category Theorem). Assume (X, 7) is a compact Hausdorff space. Then
the intersection of any countable family of dense open subsets is dense.

Proof. Let {D,, : n € N} be a countable family of dense open subsets of X. Let A be an open
non-empty subset of X, we must find a point x € AN, .y Dn. We use the following property
of compact Hausdorff spaces: any non empty open set O admits an open subset B such that
CI(B) € O. So fix B open such that CI(B) C O. Let o be the restriction of 7 to Cl(B) so that
(CI(B),0) is also a compact Hausdorff space. Notice that E,, = D,, N B is a dense open subset of
Cl(B) for all n € N. Consider now the partial order (¢ \ {0} ,C) and the sets
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Claim 3.1.7.1. F,, is open dense in (o \ {0}, C).

Proof. Clearly F, is open. Let C' € ¢ be open non-empty. Hence F,, N C is an open subset of C.
Since CI(B) is compact HausdorfT there is U € o \ {0} such that Cl(U) C E, N C. Then U € F,
refines C. Hence F,, is dense since C' was chosen arbitrarily in o \ {0}. O

Now let G be a filter on (¢ \ {0} ,C) such that GN F,, # 0 for all n € N, which exists by
Lemma 3.1.6. Notice that each B,, € GN F, is such that CI(B,) C CI(B) N E,, € AN D,,. Notice
also that the family {CI(B,,) : n € N} has the finite intersection property, since any finite subset of
this family CI(B;,)...CI(B;,) is such that

C|(Bi1)ﬂ-~'ﬂC|(Bik)QBilﬂ'-'ﬁBikQU#Q

for some U € G, since G is a filter and B;,, ... B;, € G. Since Cl(B) is compact () {Cl(B,,) : n € N}
is non-empty. Any point in this intersection belongs to AN, oy Dn- O

Notice that atoms of preorders give rise to trivial generic filters:

FEzercise 3.1.8. Let P be a preorder and a an atom of P. Then G, =7 {a} is a
D-generic filter, where D is the collection of dense subsets of P. (HINT: An atom
of P belongs to all dense subsets of P).

The generic filter Lemma has some content only if we are considering atomless
partial orders. We will see in Chapter 5 that the forcing method invented by Cohen
stems from a careful analysis of the notion of generic filter. This notion, while
making sense for all partial orders, will gain traction just for atomless partial order,
also in view of the following:

Exercise 3.1.9. Assume C is a boolean algebra. Then St(C) \ {G} is open dense for
any G € St(C) which is a non-principal ultrafilter (i.e. a ¢ G for any a atom of
St(C)). (HINT: recall (or prove) that G is a non-principal ultrafilter if and only if
G is not an isolated point of St(C), moreover any non-isolated point of a Hausdorff
topological space has a complement which is open dense in St(C)).

Hence:

1. Assume C is atomless, then the intersection of all dense open subsets of St(C)
is empty, since already the intersection of

{St(O)\ {G} : G € St(C)}
is empty.

2. If a € Cis an atom, then G, = {b € B : a < b} is a ultrafilter in St(C) meeting
all the dense open subsets of St(C).

Ezercise 3.1.10. Show that the following sets are dense open in 2<%,
e For fe2Y Dy={se2<%:s L f},

o F,={s€2%%:nedom(s)}.
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The generic filter lemma cannot hold for 2<¢ if we aim to find filters on 2<%
meeting certain families of 2“-many dense sets.

To see this, assume towards a contradiction that there exists a filter G such that
GN Dy # 0 for every f € 22 and GNE, # 0 for every n € w. Let J{s : s €
G} =g € 2“. Then GN D, # () and so there should be ¢t € G such that t L g, i.e.
In(t(n) # g(n)). But

Gatcg=JG,

a contradiction.
We can even show that certain partial orders have a family of N;-many dense
sets which cannot be met in a filter:

Fact 3.1.11. On (wy)<¥ there exists a family {D, : o < w1} of dense sets such that
for every filter G C wy¥ there exists o such that G N Dy = ().

Proof. Set

B, ={s € (w1)=* : In s(n) = a}
E, ={s € (w1)~“ : |s| > n}.

For all o and n, B, and FE,, are open by definition, let us see that they are dense.
Take s € (wy)<“. If there exists n < |s| such that s(n) = « then s € B,, otherwise
s~a = sU{(|s],a)} € B,. Hence B, is dense. Use the same argument to prove that
E,, is dense for every n.

Assume now that there exists a filter G such that G N B, # 0 for every a € wy
and GNE,, # () for every n € w, then | JG : w — wy is a surjection, a contradiction.
So the family {B, : @ < w1} U{E, : n € w} is the one we were looking for. O

At this point we can already bring forward something that we will formalize in
the last chapter of these notes. Let M be a transitive countable model of ZFC and
assume that P € M is atomless and separative. It can be seen that the family of
dense sets of P is uncountable. On the other hand there are only countably many
dense sets of P which can belong to M. The generic filter Lemma guarantees that
there exists a filter GG that intersects all the dense sets of P which are in M.

Now observe the following:

Fact 3.1.12. Assume M is a countable transitive model of ZFC, P € M is atomless
and separative and G is an M -generic filter, i.e. G meets all the dense subsets of P

which belong to M. Then G ¢ M.

Proof. Tt is always the case that P\ G is an open dense subset of P whenever G is
a filter on P and P is atomless and separative (Given any p € P find r,¢ < p and
incompatible, then at least one between r and ¢ is not in GG). Thus G € M implies
P\ G € M. However GN (P \ G) =0, thus G cannot be M-generic. O

Hence whenever M is a countable transitive model of ZFC, P € M is atomless
and separative, and G is an M-generic filter, we can define

M[G] = {N 2 M : N is transitive A N FZFC A G € N}.
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Our arguments show already that M[G] strictly contains M (since G € M[G]\ M),
provided that there is some transitive set N O M U {G} which is a model of ZFC.
We will further show that M[G] is itself a model of ZFC and that (depending on
the choice of the P € M for which G is M-generic) we can define M[G] so that it
satisfies CH or its negation controlling the properties of the dense subsets of P.

3.2 The posets Fn(X,Y)

Definition 3.2.1. Given sets X,Y and a cardinal &, let F'n(X,Y, k) be the poset
of functions with domain a subset of X of size less than x and ranging in Y. The
order on F'n(X,Y, k) is given by the reverse inclusion.
We write simply F'n(X,Y) instead of F'n(X,Y,w) and for any p € Fn(X,Y), we
put
N,={feY*:pcCf}

So 2<¥ is the set of functions in F'n(w,2) whose domain is a natural number.
Remark 3.2.2.

1. The order (2<%, C) is a dense suborder of (Fn(w,2),C), in particular they
have the same boolean completion, which can be represented as RO(2*) the
family of regular open sets in 2 with the product topology. The map s
Ny = {f €2¥:sC f} implements an order and incompatibility preserving
embedding of Fn(w,2) into RO(2) with a dense image, since the family

{Ng:s €2}

forms a basis of clopen sets (and thus regular open) for the product topology on
2“. We leave to the reader to check that this map is order and incompatibility
preserving.

2. If Y is finite, the space Y* endowed with the product topology is a compact
0-dimensional Hausdorff space with no isolated points, in particular any clopen
set in 2% is a finite union of sets of the the form N, for some p € Fn(X,?2).
For any p € Fn(X,2), we can write N, as a closed set:

N, = J{2¥\ V. | t # p, dom(t) = dom(p)},

since there are only finitely many ¢ ranging in 2 with the same domain as p.

The compact Hausdorff space 2 endowed with the product topology is also
known in the literature as the Cantor space.

3. The family of clopen sets in the product topology on 2% is a boolean algebra
with the standard set-theoretic operations and the sets NN, as p ranges in
Fn(X,2) form a dense subset of the positive elements of this boolean algebra.
Its boolean completion is the space of regular open sets of 2% with the product
topology.

Fact 3.2.3. Some regular open sets of 2“ are not closed.
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Proof. A counterexample is given by Odd and Even, where Odd (resp.Even) is the
set of sequences in 2 that differ from 0¥ and start with an odd (resp. even) number
of zeros.

These two sets are open, disjoint and their closures intersect only in 0“.

In particular, 0“ is the unique point in the closure of Odd and Fven such that
no open set containing it has a dense intersection with Odd or a dense intersection
with Fven. While any element of Odd (resp. Fwven) has a clopen neighboorhood
fully contained in Odd (resp. Fwven). This means that Odd and Fven are regular
and open, but they are not closed. O

Ezercise 3.2.4.

e The map
2% — 2%
s> s7170%
is continuous, injective and has a dense image in the Cantor space.

e The map

i* : RO(2<¥) — RO(2%)
Ar— [ (N, | s € A}

is an isomorphism of complete boolean algebras.

In particular, RO(2¥) is another possible representation of the boolean com-
pletion of the posets 2<“, Fn(w,2) and as a boolean algebra RO(2“) is a proper
superalgebra of the boolean algebra given by the clopen subsets of 2. The positive

elements of the latter however form a dense suborder of RO(2¢)*.

The latter observation outlines a distinction between 2“ and the Stone space of the Boolean
completion of the poset 2<%, a distinction which is common to the Stone spaces of a Boolean
algebra and the Stone space of its boolean completion. We spell out the details in the following
observation:

Remark 3.2.5. Let B = RO(2¥) be the boolean completion of 2<% and St(B) its associated Stone
space. Then St(B) is a 0-dimensional compact Haussdorff space, and there is a natural projection

m: St(B) = 2¢
G fo=|J{s€2v: N, e G}

This projection is:
e Continuous closed and open, since N, € G iff s C fg for all s € 2<%,

e Surjective: given f € 2“ consider an ultrafilter G that contains Ny for every s C f; then
m(G)=[.

e However 7 is not injective: for example there are G and H ultrafilters in S¢(B) such that
m(G) =7(H) = 0%, but Odd € G, Even € H.

This occurs since B can be identified with the family of regular open sets of 2 and St(B) is a
Stone space whose clopen sets overlap with its regular open sets, while we already remarked that
the clopen subsets of 2% form a strictly proper subalgebra of the regular open subsets of 2¢.
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3.2.1 The poset Fn(ws X w,?2)
Fn(ws X w,2) ={s:s:wy xw—2 A dom(s) is finite}.

We can naturally identify

(29)2 = {f : dom(f) = w2 A Vi € dom(f)(f(z) € 2¥)}

with the space 2“2*“. With this identification its product topology is generated
by the family {Ny : s € Fn(wy X w,2)}, where in this case we use this natural
identification to let

N, ={f € (2*)*? : ¥Y(o,n) € dom(s) f(a)(n) = s(a,n)}.
Moreover the following holds:

Lemma 3.2.6. The map s — N, defines a dense embedding of the partial order
Fn(ws X w,2) into RO(2“2*¥). In particular RO(Fn(ws X w,2)) and RO(2¥2*%) are
1somorphic complete boolean algeberas.

Proof. Notice that the family {N;:s € Fn(wy X w,2)} is a base for the product
topology on 22*“ consisting of clopen (and thus also regular open) sets.

In particular this gives that the target of the map is dense. It is an easy exercise
to check that the map is also order and incompatibility preserving. O

We define the following subsets of RO(22*¥):
© Dyo={N;:5€ Fn(ws Xxw,2) (a,n) € dom(s)};
e E,pg={N;:s€ Fn(wy xw,2) In s(a,n) # s(5,n)}.
Let D be the family
{Dpo:newacwtU{Eyz:a#[Ewa}.

Assume that we could find a filter G which is D-generic, then, letting g, = (J{(n, s(a, n)) :
s € G,n € w}, we would have that {g, : @ < wy} are different elements of 2, this
would entail the failure of CH.

FEzercise 3.2.7. Show that {Ns: s € Fn(ws X w,2)} is a dense subset of RO(2+2*%)
and that the map s — Ny is injective and order and incompatibility preserving.

Show also that E, 3 and D, , are dense in RO(2*?*¢) for all o # 8 < wy and
n <w.

3.3 Pre-orders with the countable chain condition

Definition 3.3.1. Let (P, <) be a pre-order. P has the countable chain condi-
tion (CCQ) if every antichain of P is countable.

Remark 3.3.2. Every countable pre-order has the CCC.
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So, for example, 2<“ has the CCC, while (w;)<“ does not have it, indeed, the set

H{O0,0)}:a <w}

is an uncountable antichain.

We have only defined the CCC for pre-orders; actually, this definition can be
generalized to topological spaces.

Definition 3.3.3. A topological space has the CCC if the pre-order (7\ {0}, C) has
the CCC.

Moreover the following holds:

Lemma 3.3.4. Assume P is a partial order with the CCC. Then RO(P)* has the
CCC as well.

Proof. Assume A C RO(P)* is an antichain. For each a € A find p, € P such that
i(pa) < a where i : P — RO(P) is the canonical immersion of P in its boolean com-
pletion. Since i is order and incompatibility preserving {p, : a € A} is an antichain
in P, and thus is countable. Moreover the map a — p, is injective since a # b entails
a A b = 0 which gives that p, and p, are incompatible in P. We conclude that A is
countable as well. O

Definition 3.3.5. If S is a set of finite sets then it is a A-system if there is some
(possibly empty) r such that for any a,b € S, if a # b, then a Mb = r. r is the root
of the system.

Lemma 3.3.6. (A-system lemma) Let k be an uncountable reqular cardinal, and
let A be a family of finite sets with |A| = k. Then there is a B € [A]" such that B
forms a A-system.

Proof. Since cf(k) = k > w and there are only ¥, possible | X| for X € A, we may
fix n € w and D € [A]" such that |s| = n for all s € D. Now, we prove it by
induction on n.

1. n=1: Then D is already a A-system with empty root.
2. n>1: Foreach p € X, let D, = {X € D:p € X}. There are two cases.

e Case I: |D,| = k for some p. Fix p, and let £ = {X \ {p} : X € D,},
which is a family of k sets of size n — 1. Applying the lemma inductively,
fix C' € [E]® that forms a A-System with some root r. Then {Z U {p} :
Z € C} € [D]* forms a A-system with root r U {p}.

e Case II: |D,| < & for all p. Then, for any set S with |S| < k, {X € D :
XNS#£0}= UpES D, has size less than &, since  is regular; thus, there
is an X € D such that X NS = (. Then, by recursion on 3, we may
choose X € D for 8 < k so that for each 3, Xz N Ua<6 X, = 0. But
then {Xjs: f < k} is a A-system with empty root.

The proof is completed. O
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Corollary 3.3.7. If X C [w]<% has cardinality Xy, then there exists Y C X, with
|Y| = wy, such that there exists r € [wi|<¥ such that Va,b € Y(aNb=r).

We can now prove the following:
Proposition 3.3.8. For every set X, F'n(X,2) has the CCC.
First of all remark the following

Fact 3.3.9. Assume f: X — Y is a bijection. Then [ Fn(X,2) — Fn(Y,2) is
an isomorphism of partial orders, where f(s) is the sequence with domain f[dom(s)]
such that f(s)(y) = so f~X(y) for all y in its domain.

Proof. A useful exercise for the reader. m

Proof. In view of the above fact it is enough to show that F'n(k,2) has the CCC
for all cardinals k. If kK < Wy we are done, since F'n(k,2) is countable in this case,
so we suppose £ > w. Take {s, : @ < w1} C Fn(k,2) with s, # sp if a # 5. We
claim that there are at least two compatible elements in {s, : @ < w;}. First, we
find a set X C & such that | X| < N; and dom(s,) C X for any o < wy. Let, for any
a < wy:

dom(sa) = {(637 s vﬁ&)h
with k, less than w. Let

X={8fra<w AN j<Fka}.

Notice that | X| < N; and dom(s,) C X for any o < w;. We have to distinguish two
cases:

1. |X] < Rg. We will prove that this case leads to a contradiction. For all r €
[X]<“, let Z, = {54 : dom(s,) = r}. Obviously Z, C 2" and |2"| = 2I"l < w,
Thus Vr € [X]<(|Z,| < w). We have that

{$a:a<w}= U Dy
re[X|<w

But |U,¢(xj<w Zr| < Ro, since the Z,’s are finite and [X]|= is countable. How-
ever an uncountable set cannot be equal to a countable one, so we reached a
contradiction.

2. | X| =N;. Let n be such that the set
Z ={a:|dom(s,)| = n}

has cardinality N;. Such an n must exist due to the regularity of w;. Now, for
all « € Z, consider

Sa = {(Bgai8)> cee 7( S—lﬂig—l)}'

Define
D = {dom(s,) : a € Z}.



62 CHAPTER 3. COMBINATORIAL PROPERTIES OF PARTIAL ORDERS

We claim that |D| = RX;. To this aim, consider the function ¢ : Z — D,
a — dom(s,). ¢ is a finite to one function, since if dom(s,) = dom(s,) then

Sa = {(507 ig)? R (ﬁnflvigfl)}
and
Sy ={(Bo,i0)s- -, (Bn-1,7-1)}-

But (i : j < n) and (Zf : j < n) are both sequences in 2", so there can be at
most 2"-many of them. Now if (i : j <n) = (i] : j <n), then s, = s,, thus
a=n.

Thus we can apply the A-system lemma to D and we obtain a set B C D of
size N; and a root r € [X]<" such that (defining W = ¢ '[B])

Va,vy e W (a # v = dom(s,) Ndom(s,) = 7).

Now let t, = s, | 7 for all « € W. The map a — t, has uncountable domain
and finite range since t, € 2", so there must exists an uncountable W/ C W
and some t € 2" such that t, = t for all € W’. In order to complete the
proof, it is sufficient to show that for all o,y € W' s, U s, is a condition in
Fn(k,2), i.e. that it is a function. Now observe that dom(s,) N dom(s,) =7
and that

SaUSy = (sqUsy [1)U(sqUsy [ (k\T)).

Notice that for all 3 & r at most one among s, and s, is defined on /3, thus
(saUsy) | (k\ 1) is a function. Notice also that (s, Us,) [ r =t is a function.
Thus s, U s, is also a function since (s, Us,) [ 7 and (sq Us,) [ (k\ 1) are
functions with a disjoint domain, and thus their union is also a function.

[
Corollary 3.3.10. The boolean algebra RO(2¥2*“) has the CCC.

Proof. By Lemma 3.3.4, P = Fn(ws Xw,2) embeds as a dense suborder of RO(2+2*%)
via the map s — Nj. In particular RO(P) and RO(2¥2*“) are isomorphic boolean al-
gebras, by Theorem 2.3.18. We conclude that RO(2¥2*¢) is CCC using Lemma 3.3.4
for RO(P). O

3.3.1 The algebra of Lebesgue measurable sets modulo null
sets.

Recall that a subset of [0, 1] is Borel if it can be obtained in countably many steps
starting from the basic open intervals applying the operations of countable unions
and taking the complement. We say that a A C [0, 1] is null (or measure-zero)
if for every € > 0 there exists a family {I; : i < w} of open intervals such that
ACU{lii<w}land ), I; <e Forevery AC [0,1], we say A is Lebesgue
measurable if and only if A A X is null, for some Borel set X C [0,1]. For every
Lebesgue measurable A C [0, 1], we denote the Lebesgue measure of A with u(A)
and we define it as the infimum of > _ I, where {I; : i < w} is a covering of A
consisting of basic open intervals.

neN
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FEzercise 3.3.11. Let M([0,1]) be the boolean algebra of Lebesgue measurable sub-
sets of [0,1] with usual boolean operations of union, intersection and taking the
complement. The set Null of all null subsets of [0, 1], is an ideal of M(]0, 1]).

We can consider M([0, 1])/Null, the boolean algebra of the Lebesgue measurable
subsets of [0, 1] modulo the ideal of null sets. The elements of M([0,1])/Null are
equivalence classes of Lebesgue measurable subsets of the unit interval

[X]nan ={Y € [0,1] : X AY is null}.
This is also known as the measure algebra and sometimes it is denoted with MALG.

Proposition 3.3.12. The measure algebra MALG s ccc, i.e., MALG has no un-
countable antichains.

Proof. Let A be an antichain of MALG. This means that [A]xu N [B]xun € Null i.e.
that u(AN B) =0 for all [A]xun, [Blnan € A. For every n € w, let

Ap = {[X]nan € Az p(X) > 1/n}.

We claim that | A, | < n. For, if | A, | > n and [Xi]Nun, - - - [Xnt1]nan € Ay, then

n+1

M(U X;) > 1,

though |J,_, X; C [0,1] which has measure 1, a contradiction. So, A =
U<, An is a countable union of finite sets which implies that A is countable. [

<

Proposition 3.3.13. The measure algebra MALG is countably complete, i.e.
{4, :n €ew} CMALG, \/ _ A, ezists in MALG.

new

Proof. Let for each n, A, = [By,]nu for some measurable set B, C [0,1]. Check
that [|J .. Bplnan is in MALG and is an exact upper bound of {A,, : n € w}. O

new

Proposition 3.3.14. The measure algebra MALG s atomless.

Proof. Tt suffices to show that if u(A) > 0, then A can be split in two pieces
of positive measure. Assume not and build by induction sets A, and intervals

I, = [in/2", i, + 1/2"] such that u(A,) = p(A) and A, = AN [i,/2", 4, + 1/2"] as
follows:

e Ay = A, ig =0, hence Iy = [0, 1].
e Given A, and I, = [i,/2", 1, + 1/2"], let j = 2i,, + 1. Then A, = (AN
i, /27, 7/27™]) U (AN [j/2" 4, + 1/2"]) with
p(AN /2, 5/2 N (AN 572" 0, +1/27) = p({5/2"}) = 0.

Hence by assumption on A either u(A) = p(A N [i,/27,5/2")]) or u(A) =
w(AN[5/27 i, +1/27)). We let 4,41 = i, and I, 41 = [i,/27, j/27T1)] if the
first case occurs, and i,,1 = j and I, = [j/2" 4, + 1/2")] if the second
case occurs. We let A, .1 = A, N1, 1.
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We obtain that (A,) = u(A) for all n, and that (), . An € {2} for a unique point
x given by the intersection of all intervals I,,. By the countable completeness of u
we get that
0=p({x}) > p([) An) = inf (u(An)) = u(4) >0,
neN
a contradiction. Hence A can be split in two pieces of positive measure, concluding
the proof. O

Lemma 3.3.15. Let B a boolean algebra. If B i1s <k-cc and B is <k-complete then
B is complete.

Proof. Let A be the the least cardinal for which there exists {b, : @ < A} a sequence
of elements of B such that \/__, b, does not exists aiming for a contradiction. For
each B < A, let ¢g = \/a<ﬁ ba, it exists since B is <A-complete. Without loss of
generality, by refining the sequence if necessary, we can assume that the sequence
{ca 1 @ < A} is not eventually constant and therefore that c,,1 \ co # Og, for every
a < A. Now, define another sequence {a, : @ < A} as follows:

ag = Co,

(o = Cai1 \ Cq if > 0.

The set {a, : @ < A} turns out to be an antichain in B, which is a contradiction
because A > k and B has the <k-cc.
[l

Corollary 3.3.16. The measure algebra is complete, atomless, and CCC.



Chapter 4

Boolean Valued Models

This chapter consists of three sections:

1. In the first section we give the formal definition of boolean semantic for any first
order language, and we present the soundness theorem for the semantic for the
language of set theory. The boolean valued semantic selects a given complete
boolean algebra B and assigns to every statement ¢ a boolean value in B. The
boolean operations will reflect the behavior of the propositional connectives;
it will require more of attention to give a meaning to atomic formulae and to
quantifiers, and we need that B has an high degree of completeness in order to
be able to interpret quantifiers in our boolean semantic. The standard Tarski
semantics will be recovered when we choose the boolean algebra {0,1} as B.

2. The second section carves a bit more into the theory of B-valued models M and
their Tarski quotient M/G induced by an ultrafilter G € St(B). We supply
some guiding examples of such models, among which we analyze the space
of analytic functions over the real numbers C*(R). We show that this is a
boolean valued model which is not properly behaving, this will lead us to the
key property of fullness.

3. In the third section we state a necessary and sufficient condition (that of being
a full model) on a B-valued model M which gives a complete control on how
truth in M/G is determined by the topological properties of G as a point of
St(B) via a Los$ theorem for full boolean valued models. We also prove a version
of the Forcing theorem relating the boolean value of a formula ¢ in a B-valued
model M to the topological density of the family of G such that M/G = ¢. We
then provide three interesting distinct examples of full boolean valued models
and obtain that Lo$ theorem for ultraproducts [], .y M,/G of Tarski models
M, by an ultrafilter G on P(X) is a special application of the Lo$ theorem
for full P(X)-valued models. Finally we give an exact characterization of the
degree of completeness B must have with respect to a given B-model M in
order to grant that M is a full B-model to which Lo$ theorem applies. We also
introduce Cohen’s forcing relation on a B-valued model M and compare it to
the B-valued semantic for M.

65
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4.1 Boolean valued models and boolean valued se-
mantics

In this section we give the formal definition of a boolean valued model for any
first order relational language (i.e. a language containing non function symbols),
and we introduce a sound semantic for these languages. We limit ourselves to
analyze relational languages to avoid some technicalities arising in the semantical
interpretation of function symbols in boolean valued models.

Definition 4.1.1. Let L ={R,; :i € I,¢; : j € J} be a language with no function
symbol (a relational language in the sequel) and B a Boolean algebra. A B-valued
model 9 for L consists of:

1. A non-empty set M. The elements of M are called names.

2. The Boolean value of the equality symbol. That is, a function
M? — B
(r,0) — [r=olg
3. The interpretation of symbols in L. That is:

e for each n-ary relation symbol R € L, a function

M" — B
(71 ) s (R ) [
e for each constant symbol ¢ € L, a name ¢™ € M.
We require that the following conditions hold:
1. For all 7,0,m € M,
[r=7]5 =1, (4.1

[r=olg =lo =g,

[r=olg Ao =7l < [r=rlg -

2. If R € L is an n-ary relation symbol, for all (r1,...,7,), {(01,...,0,) € M™,
(/\ [r; = ai]]fg‘> AR(Te, - )] < [R(oys - on)]s (4.4)
i=1

We define now the semantic of a boolean valued model: assume we have fixed
an L-structure M, its Tarski semantic can be seen as a function that takes a L-
statement ¢ and assigns 1 or 0 to ¢ according to the fact that M F ¢ or M ¥ ¢. We
want to generalize this framework letting this evaluation function get its values inside
any given boolean algebra B. To simplify slightly our treatment, in the beginning we
will assume that B is complete though this is not strictly necessary (in subsection 4.4
we characterize exactly the amount of completeness for B and M which is needed
to give a satisfactory B-valued semantics for M). We adopt the following strategy
to define the semantic of a boolean valued structure for L:
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Given (M, =M RM . i € I) B-valued model for a relational language £ = {R; :
i€ I}, weexpand L to Ly = LU {c, : a € M} adding constant symbols for
all elements of M so that ¢, is always assigned to a. In such a way we can
interpret in M formulae with constant symbols in the place of free variables.

FRV(L) denotes the set of free variables for the formulae of the language L,
and any map v : FRV(L) — M is an assignment.

Given an assignment v, a free variable z, and b € M, v,;, denotes the as-
signment v’ such that v/(y) = v(y) for all y # x in FRV(L) and such that
V'(z) =b.

If y = (yo,---,Yn_1) is an n-tuple of free variables v(y) is a short-hand for
(V(y0)> R V(ynfl))'

If a = (ag,...,a,—1) is an n-tuple of elements of M c¢; is a short-hand for the
n-tuple of constant symbols of Ly (¢q,- -, Cap ;)-

Definition 4.1.2. Let M = (M,=y,RM : i € I) be a B-valued model for the
relational language £ = {RM : i € I}.

We evaluate all formulae of £, without free variables (but possibly with constant
symbols) as follows:

[R(Cars - ca)]p = BM (a1, an).
[e A vls =lels Ae [W]s -

[¢lg = —elels -

[e — ¢¥ls = e lels Ve [¥lg -
[Bre(r, ca)lg = Vier [p(cs ca)lg -

[Voo(z, Ca)]]g = /\beM [ (e, Ca)]]éw'

If ¢(z1,...,2,) is a formula of L), with free variables z1, ..., z, and v is an assign-
M
ment, we let v(p(xy,...,2,)) = [[qﬁ(c,,(m), . ,cy(wn))]] .

To simplify notation we shall confuse from now on the constant symbol ¢, € Ly,

with

its intended interpretation a € M.

Remark 4.1.3. Some comments:

In the definition of [Fzp(z,a)]s and [Vae(z,a)]y we are using that B is
complete.

Clearly the definitions of [¢ V ¢]5 and [¢ — ¢]5 is redundant once we have
defined [~¢]y and [o A ]y . Also [Vogo(z,a)]y is redundant once we have
defined @] and [3ze(z, 7)]5 .

If no confusion can arise, we avoid to put the superscript M and the subscript
B.
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- If B = {0, 1}, the semantic we have just defined is the usual Tarski semantic
for first order logic.

We conclude this section showing that the semantic we just defined is a natural
generalization of Tarski semantic which is sound with respect to first order calculus.

Definition 4.1.4. A statement ¢ in the language L is valid in a boolean valued
model M for £ and the boolean algebra B if [¢] = 1g. A theory T is valid in M if
every axiom ¢ € T is valid.

Theorem 4.1.5. (Soundness Theorem) Let L be a relational first order language.
If a L-formula ¢ is provable syntatically by a L-theory T, and T is valid in a boolean
valued model M with the cba B, then v(yp) = 1g for all assignments v : FRV(L) —
M.

To prove the theorem we first need two basic results on boolean algebras:

Fxercise 4.1.6. In a boolean algebra B, for any a,b € B:
a<b<s —a> b

FEzxercise 4.1.7. Let B be a boolean algebra and define the operation u — v = ~uVwv
for u,v € B. Then
u—v>2wsulNw <.

We now prove the soundness theorem:

Proof. First of all we have to fix a deductive system for first order calculus. We
choose the following which is taken (with slight modifications) from [8, Section 2.6].
Axioms

1. z=ux.
2. ¢(a) — Jrp(x).
3.z =y = [p(z) = »(y)].
Rules
4. pF @V
5. oVt
(V@ VX)E(leVY)Vx).
7. oV, eV X F V.
8. Vx(p(x) = ) F (Fzp(x)) — 1.

We first prove that for all assignments v : FRV — M, and all axioms ¢ in the above
list v(¢) = 1g. Regarding the rules, we prove for any rule that

o= [e] <[¥].

The proof is rather straightforward, we sketch some of its parts:

=)
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1. x = x. It follows by the definition of boolean valued model that

for all a € M. We thus get that v(z = z) = 1g for all valuations v and free
variables x.

2. ¢p(a) = Jxp(x). We have by definition [Frp(z)] = V ey [(0)] > [p(a)], so
we conclude using exercise 4.1.7.

3. =y — [p(z) = ¢(y)]. By 4.1.7 it is sufficient to show that

[a = b] < [w(a) = ¢(b)]

or equivalently
[a = ] A le(a)] < [(0)]

for all a,b € M. This is proved by induction on the complexity of ¢, noticing
that for atomic formulae this follows by the definition of boolean valued model.
Let in what follows

V= (a1, Qi1 Gy i - (), V= (ay, .. G, A1, an) € M
Negation: If ¢ = =), by induction we have
[a =] A ()] < [¥(V)]
fa =0l A[v(] < [¥@)],
which means
[a =0 AT A W) = [a=b] A [¥()]

and
[a =] A A )] = [a=0] ATw()].
Hence
[a =] A[Y ()] = [a=b] A (V)]
It follows that:

[o =0l A=[v@)] = la =] A=T[0@)] A [TV =~ [L]) =

([a =] ATROIA =@V (la = 0] A =[0I A = [ @)])
(la =] AP A =T V (la = b] A= [0 A= #)]) =
[a = bl A=) A= (W)]

which means

[a =0l A =T ()] < = [v(].
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Conjunction: If ¢ = ) A 6 we have:
[a=b] A fo(W)] = ([a =] A[p@)]) A (la =] A[O(V)]) <
[ A 0] = [8()]
Existential: If ¢(z1, ..., 2,) = Jyib(y, 21, . .., T,) we have that:
[a =b]A[o(v)] = éé([[ib(y/c, v)[Ala=10]) < 244 [W(y/c, V)] = [6(+)]

4. o F V. Immediate since u Vv > u for all u,v € B.

5. ¢V F ¢ Immediate since vV u = u for all u € B.
6. (pV(PVX)) F ((¢VY)Vx). Immediate since [(¢ V (¢ V x))] = [((¢ V) V X)].
7. oV, eV X F VY.
[e Vol Al-e V] = ([e] vV I¥]) A ([-e] VIX]D) =
(el A T=el) v ([l A TIXD) v ([] A Tl v ([D A IXD)-

Notice that
[e] A [=e] = O,
[l A XD < [N,
[] A [-e] <[],
and

[l A XD < 2]V Ix-

So we can conclude:

(Tl A T=sel) Vv (el A TXD) V ([2] A T=eD) v ([l A TXD < [91 Vv IXD -
8. Vx(p(x) = ) F (Fzp(x)) — 1.

[Va(p(x) = )] = Va(=p(@) V)] = A ([ O]V [V]) =

beM

(A o@D VT = (= [pOD) v ] = [Gre(z) = ¢].

beM beM

The proof is complete. O

Regarding the Completeness theorem for the boolean valued semantics, we have
it automatically since (as we already observed) the Tarski models are a subfamily
of the boolean valued models. All in all we have:

Theorem 4.1.8. (Soundess and Completeness) Let L be a relational first order
language. A L-formula o is provable syntatically by a L-theory T if and only if for
all cba B v(p) = 1g for every assignment v : FRV(L) — M on a boolean valued
model M for L in which T is valid.
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4.2 Examples of boolean valued models: boolean
valued extensions of R

We start to introduce the main ideas behind the forcing method making an excursion
in other areas of mathematics and borrowing our language and terminology from
analysis and sheaf theory.

First of all we need to introduce the definition of morphism between B-valued
models:

Definition 4.2.1. Fix a language £ = {R}, with one binary relation symbol, let
i : B — C be a complete homomorphism of complete boolean algebras. Let (M, RM)

be a B-valued model for £, and (N, RY) be a C-valued model for £. k: M — N is
an injective i-morphism if

[k(a) R k()] =i([a R g,

[k(a) = k()] = i([a = t]g),
for all a,b € M.
¢ is an isomorphism if for all b € N there is a € M such that

li(a) = 413 = 1.

Notice that an injective Id-morphism model for Id : 2 — 2 the identity map is
an injective morphism of Tarski models in the classical sense.

Fxercise 4.2.2. Work out the definition of injective morphism of i-valued structures
for arbitrary first order relational languages.

Consider the dense linear order (R, <). Recall that the theory of dense linear
orders without maximum and minimum admits quantifier elimination, so if we want
to study the first order properties of the models of this theory we need just to look
at the quantifier free formulae. In any case even ignoring this property of the theory
of dense linear orders, focusing on the analysis of the quantifier free formulae which
holds in (R, <) gives an idea of how we can employ boolean valued models to enlarge
the domain of certain given first order structures.

Recall that a function f : R — R is analytic in R if and only if for every xo € R

% £ (2,
f) =3 T 0y

k

Let C¥(R) be the set of all analytic functions over R. Let B = RO(R) the boolean
algebra of regular open sets of the real line. We aim to see C*(R) as a RO(R)-boolean
valued extension of R which naturally contains R as a substructure. First of all we
need to say what is the boolean value that C*(R) gives to the formula = < y when
x +— f and y +— ¢g. A natural answer is the following:

b € B forces that f < g if the set of x € b such that f(x) < g(z) is an
open dense subset of b (recall that b is a regular open subset of R).
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For example let f(x) = sin(z) and g(z) = —1 for all x, then R forces that g < f
since the set of points = € R on which f(z) < g(z) is closed and nowhere dense. On
the other hand if f(z) = sin(z) and g(z) = cos(x) we have that f(z) < g(x) if and
only if z € (w/4 + 2k - m,5 - w/4 4 2k7) as k ranges in Z. Notice that the above set
is open regular and thus

a=|J(n/4+ 2kn,5/4m + 2kn)
kEZ

is the largest regular open subset of R which forces sin(x) < cos(x). Notice that the
complement —ga in B of this set is exactly the set of points on which cos(z) < sin(z)
and that what is left out by a U —ga is the closed nowhere dense set of points in
which f(x) = g(x) which are the extremes of the intervals defining a.

Guided by this example we can now give an interpretation of the forcing relation
and a precise meaning to formulae with parameters in C¥(R) as follows:

e [f R g] is the largest regular open set a such that the set of € a on which
f(z) R g(x) is an open dense subset of a for R any relation among <, =.

o [ond] =[o] N[¥]
o [-¢] = - [9].

Now we are left to see that R can be copied inside C*(R). The natural idea is that
R is “represented inside C*(R)” by the constant functions ¢,(z) = a for all a € R.
Indeed we can check that aRb holds in R iff [¢, R ¢,] = R for any binary relation
R among <,=. So we get that essentially any of the above relations holds on two
real numbers iff R forces the corresponding relation to hold of the corresponding
constant functions. In particular the map a — ¢, defines an i-morphism of the
2-valued model (R, <) in the B-valued model (C¥(R), <g) where i : 2 — B is the
unique complete homomorphism and has to map j — jg for j =0, 1.

Finally we want to show that this boolean expansion of R does not overlap with
R: a natural way to say this is to find some function which is forced by 1g to be
different from all costant functions. It is easily seen that the sinus function or any
analytic function which is nowhere locally costant has this property. In particular
our RO(R)-boolean expansion C¥(R) of R appears to have added lot of new elements
with respect to R.

This describes the passage from a first order structure M to an associated boolean
valued model M®B, which in this case is given by the analytic functions on R. However
there is a disturbing issue of this boolean expansion, i.e. that we are not able to
decide many basic facts, for example is sin(z) < cos(xz)? We have already seen
that the boolean value [sin(z) < cos(x)] and [sin(x) > cos(z)] are both positive
while the boolean value that [sin(xz) = cos(x)] = 0g. In particular the boolean
expansion already carries enough information to decide whether sin(z) and cos(z)
represent different objects, but is not yet able to decide whether sin(x) < cos(z)
or the other way round. If we choose to restrict our attention to a small intervall
like (w/4,5/4 - ), this interval will force that sin(z) < cos(x) but will not yet
be able to decide other basic relations among other functions for example whether
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sin(2x) < cos(2x). Making our interval smaller and smaller we end up forcing more
and more properties regarding the mutual relationship between functions in C*(R).
It seems that if we take a decreasing sequence of intervals {1, : n € N} with diameter
converging to 0 and such that Cl(1,, ;1) C I,,, in the limit the unique point = € ﬂn 1,
will be able to decide all basic relations among the analytic functions. This is not yet
the case though, since if x = 7/4 no open neighborhood of x forces sin(x) < cos(x)
and no open neighborhood of z forces sin(x) > cos(x). So actually in order to be
able to decide all basic relations on the elements of C*(R) it is not enough to select
a point and look at the filter of all of its neighborhoods, we really need to select a
ultrafilter on B. In this case, since for all f,g € C¥(R) we have that

[f <glVIf>glVIf=4d]=1s,

we will have that any G' € St(B) will always be able to decide whether f < g, f =g¢
or f > g for all f,g € C*(R). Moreover any such G € St(B) will always choose a
unique point G, € RU {#o00} which will be the unique point in

({Cl(4): Ae G}

Definition 4.2.3. Let B be a cba and let £ = {R; : i € I} be a relational language
where R; is a m;-ary relation symbol for every i € I. Suppose that (M, R; : i € I)
is a B-model for £. Let G € St(B). The Tarski quotient (M/G,R;/G : i € I) is
defined as follows:

- M/G ={[hlg : h € M} where [h]g ={f € M:[f=h] G}
- M/GER/G([fila,-- - [fmi]a) iff [Ri(f1,--., fa)] € G, for every i € I;

Exercise 4.2.4. Check that the Tarski quotient of a B-valued model is a 2-valued
model.

The process we described above is rather flexible and can accomodate many first
order structure defined on the domain R (or even on may other domains as we shall
see below). For example we could repeat verbatim the same construction for the
structure:

(R,Z,0,1,+,-,<)

to obtain the RO(R)-boolean expansion:
(Cw<R)7 ZRO(R)? Co, C1, +BJ ‘B <)

where + and - are interepreted by the ternary relations of their respective graphs
and +g is the ternary boolean relation

(f,9,h) = Reg({z € R: f(z) +g(x) = h(x)}),

and similarly for -. On the other hand Zg is the predicate assigning to each f the
boolean value

[Zrow)(f)] =Reg({z € R: f | ais locally constant with value in Z for some open a 3 z}).
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The latter predicate has either value R or &, in any case an open regular subset
of R. Here we use a specific property of analytic functions: an analyitc function is
constant if and only if it is locally constant in some open set of its domain.

We can also check that for all G € St(RO(R))

(C*(R)/G,Zs/a, [0, [ei]a, +8/G) B/a, <e /@)

is also an ordered ring with a distinguished predicate Zg/¢-.

We let the map ig : R — C¥(R)/G be defined by a > [¢,]¢. Then it is not hard
to check that ig is an injective homomorphism of rings which preseves the order
relation and is also such that i¢|Z] C Zg/G.

Exercise 4.2.5. Prove in detail all the above facts about the structures
(Cw(R)v Z57 07 17 +B, "B, <B)~
and
(C*(R)/G, Zg/G, [0, N]e, +8/c: 8/c: <B [a)-
More precisely let RO(R) be the complete boolean algebra of regular open subset of
R and show that the map i : R — C*(R) sending a — ¢, is a morphism of B-valued
models. Show also that ig(a) = [a]¢ defines an injective morphism of ordered rings

such that i¢[Z] = Zg/G (HINT: notice that an analytic function is locally constant
with value in Z iff it is everywhere constant with the same value).

We have no reasons to believe that if a formula which is not quantifier free is
true in a B-valued model M, then it is also true in M /G, for some G € St(B). In
general this is false, as the following example shows:

Example 4.2.6. Fix the language £ = {<,C} consisting of two relation symbol,
where < is binary and C'is unary. Let B = RO(R) and consider the B-valued model
for the language L given by (C*(R), =, <g,Cg) with the following interpretation of
the atomic formulae:

[f = g] =Reg({z € R: f(x) = g(x)}),
[f <g g] =Reg({z e R: f(z) < g(z)}),

[Ce(f)] = JReg({U : f v is constant}).

We leave to the reader to check that (C¥(R), =, <g,Cg) is a B-valued model. Now,
fix any f € C*(R) and look at the formula ¢ := 3y (f <y A C(y)).

By(f <synCe)]= \/ [f<sgACelg)]>

geC*(R)

= \/ [[f <B Ca]] A [[CB(CG)]] Z

a€R
where ¢, is the constant function ¢,(z) = a

Z\/[[f<BCa]]Z

a€R

Z\/[[f<can]]2 where a, =sup(f [ (n—1,n)) + 1

nez

zReg(U(n —1,n)) =R

nel
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Therefore, we have that (C*(R),=, <g,Cg) = ¢ and in particular
(C¥(R),=,<g,CB) |y (idr <y A C(y)),

where idg is the identity function = +— x.

Now, consider F' = {(n,+o00) : n € Z} C RO(R). Since F' satisfies the finite
intersection property (that is, F' is closed under intersection of finite subsets), we
can extend F to some G € St(RO(R)). Consider the model given by the quotient
C¥(R))B/G. The identity function idg has the property that for any a € R

[—([idr]e <B [cdla)] = (a,+0) € G.

It follows that M /G = =3y (idg < y A C(y)).

4.3 Full boolean valued models and Los theorem

Example 4.2.6 shows that quotients of boolean valued models may not preserve
validity of formulae with quantifiers. To overcome this issue we are led to the
definition of full boolean valued models as those boolean valued models for which the
above problem does not occur. We show that fullness characterizes the preservation
of satisfiability in any quotient and we give several examples of full boolean valued
models.

4.3.1 Los$ theorem for full boolean valued models

Definition 4.3.1. Fix a language £ and a complete boolean algebra B, a B-valued
model M for L is full if for every formula ¢(z,7) and a € MW [[Elx¢(x,a)]]é4 _
[o(b, d)]]é/f for some b € M.

Theorem 4.3.2 (Lo$ theorem). Let B be a (complete)' boolean algebra. Assume M
is a full B-valued model. For any G € St(B), fi,...,f. € M, and for all formulae

O(fir- s f)
M/G E ¢([flar - [fale) if [6(h, - f)ls €G.
Proof. By induction on the complexity of ¢(fi, ..., fn).
o If ¢(f1,..., fn) = R(f1,..., f) for some relational symbol R, then
M/G = R((file,-- - [fae) i [R(fr,-. . fu)ls € G

by definition.

Tn subsection 4.4 we will replace this assumption on the completeness of B with a weker
condition requiring the existence of suprema just for certain famillies of subsets of B determined
by the B-valued semantics of M.
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o If ¢(f1a7fn) :¢(f17afn) /\X(fla'-->fn)a then

MG ¢([file - [fle) it M/GE(fle - [fale) X([fles - [fle)
it [o(fi-. o fa)lg € Gand [x(fi,.... fa)]g €G
it [ fa) AX(fae s f)]y €G

o If o(f1,..., fn) = U(f1,---, fn), then

M/G &= o([fila, - [fale) HE M/GE-(file -, [fa)a)
it M/G (- [fa])
iff [, )y ¢ G
it [~0(fi,... f)ly €G

o If ¢(f177fn) = Elxw(a:aflw"afn)? then

M/G = 3xp(x, [file, -, [fule)  Hf quadM/G = ¥([h], [fila, - [falc)
for some h € M

it [oh, frye )Y €G
for some h e M

which implies ~ [Fz¢(x, f1 ..., f.)]y € G

Moreover, since M is full, the viceversa also holds. In fact, if we pick h € M
such that

[Bai(@, fro f)lg = [0 i f)]e

we have that [¢(h, f1 ..., fo)]& belongs to G'if and only if [3z4(x, fi . .., fu)] &
does.

]

The following Lemma outlines a fundamental link between full B-valued models
and the topological properties of St(B).

Lemma 4.3.3 (Forcing lemma I). Let B be a (complete)? boolean algebra. Let M
be a full B-model and G € St(B). Then, for any formula ¢ the following statements
are equivalent

1. [¢] = b.
2. Dy ={G € St(B) : M/G = ¢} is dense in Ny.

3. Dy 2 Ny

2See the previous footnote regarding the degree of completeness of B needed for this Lemma.
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Proof. 1 < 3 This is a straightforward consequence of Los’ theorem.

1 < 2 Fix some formula ¢. Let b € B such that [¢] > b, and assume that D, is
not dense in NNy, aiming for a contradiction. Then, by our assumption, there
exists some ¢ € BT such that N. N N, # & and N, is disjoint from D,. Now
d = cAb> 0g, hence for every G € N; M/G [~ ¢. By Lo§’ theorem it follows
that for all G € Ny, [-¢] € G and thus [-¢] Ad € G. Therefore, we have that

0 < [~¢] Ad < [¢] Ab < [~6] A [¢] = Os,

which is a contradiction.

On the other hand, assume that [¢] # b, that is [-¢] Ab > 0. So, let
d = [-¢] A b and look at N4, which is contained in N,. Now, observe that if
d € G then also [-¢] € G which implies that M/G |= —¢. It follows that for
every G € Ny, M/G = —¢ and therefore D, N Ny = @. This proves that D,
is not dense in Np.

[

According to Lemma 4.3.3, if M is full, we can check that a formula ¢ is valid
in M by showing it is valid in M /G for densely-many G € St(B).

Lemma 4.3.4 (Forcing lemma I1). Let B be a (complete)® boolean algebra. Given a
B-valued model M for L, ¢(zo, ..., x,) a formula of the language L, ay, ..., a, € M,
define:

bk ¢(ag,...,a,) (to be read as b forces ¢(ag,. .., an,))

Zﬁb S Ikb(a()? s Jan)]]'
Then the following holds:

~

. bl ¢ iff the set of G € St(B) such that M/G |= ¢ is dense in Ny,
2.blFoNY iff bIF ¢ and b 1F 1,

3. bl =¢ iff clf ¢ for any ¢ <0,

4. blE oV iff the set of ¢ < b such that c - ¢ or ¢l is dense below b in BT.

5. b - 3xg(z) iff the set of ¢ < b such that ¢ IF ¢(o) for some o € MPB is dense
below b.

6. For all G € St(B) and all ¢ formulae with parameters in M and no free
variable, M /G = ¢ if and only if b1+ ¢ for some b € G.

7. For all ¢ formulae with parameters in M [¢] = \/ {b: b IF ¢}.

Proof. Left to the reader. m

3See the previous footnote regarding the degree of completeness of B needed for this Lemma.
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4.3.2 Examples of full boolean valued models I: spaces of
measurable functions

Let
L>([0,1]) = {f : [0,1] — RU{oo} : f is Lebesgue measurable and pu(f*[{co0}]) = 0}.

Recall that MALG = Bor([0,1])/NULL is a complete boolean algebra (cfr Corol-
lary 3.3.16). L°*([0,1]) is a natural enlargement of L>°([0,1]), the space of essen-
tially bounded measurable functions (i.e those mesurable f : [0,1] — R such that
p({z | f(x)] > C}) =0 for some C > 0).

Theorem 4.3.5. (L**([0,1]),<g,Cg) is a full B-valued model for L = {<,C},
where B = MALG.

Proof. Fix any existential formula Jz¢(z,a) with [Fz¢(z,a)] > Og.
Consider

D = {be€ B : thereis some f, € L>([0, 1]) such that b < [¢(fp,a)]}.

We have that D is open and dense below [dx¢(z,a)], so it contains a maximal
antichain {[X;]xurL : ¢ < w} below [x¢(z,a)]. For ease of exposition, let f; be the
function such that [X;|nurLr < [¢(f;, a)]. We have that

Beo(@,a)] = \/ [o(f,a)] >

feL>=([o,1])

>\/ [¢(f:.a)]

> \/ [o(fi; )] A [Xi]nure =
=\/ [¢(g: )] A [Xi]xure
where g : [0,1] — R is defined so that
g X;=fi 1 X, for every 1 <w
=[e(g.a)] A \/{[Xilwvrr i < w}
= [o(g, )] A [Bro(x,a)],

giving that [¢(g,a)] > [Fzp(x,a)] as was to be shown. O

FExercise 4.3.6. Spell out the argument showing that such a g can be defined and
belongs to L>*([0,1]), and explain what goes wrong if you try to prove the same
for L>°([0,1]) (HINT: In this case we can only guarantee that g [ X; € L*>(X;) but
g I U;e, Xi may not be essentially bounded in | J,.,, X, use the counterexample to
the fullness of C¥(R) replacing /d with the function z — 1/x).

Proposition 4.3.7. (1", +g,g,0,1) is a MALG-model for the theory of fields.
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Proof. We just prove that (L°T,+, - 0,1) satisfies the existence of the inverse for
every nonzero element. Let B = MALG for ease of notation. We must show that
[Vz(x #0 — Jy(z -y =1))] = 1. Since

Va(x #0 = 3ye-y=1)]= N [(g#0) = 3ylg-y=1)I,

geL>*([0,1])

it suffices to prove that [(¢ # 0) — Jy(g-y = 1))] = 1 for all g € L>*([0, 1]). Fix
g € L>T([0,1]) and define

Ay :={z: g(x) =0}
Al = [0, 1] N A().

Consider the following function

_ O ifZEGA(],
g 1(17):{ 1

— otherwise.
g(x)

Now, observe that [g = 0] = [Ag]nuLL and therefore

[g9=0V3y(g-y=1)]=[Ao)xvurL V [Fy(g-y=1)] =
=[Aolvuir vV \/ [g-h=1)]>

heLo+
>[Aolnurn Vgt g =1] =
=[Ao]nuLe V [A1]nuLL = 1.

]

Ezxercise 4.3.8. (L>([0,1]), +maLc, ‘maLG, 0, 1) is also a MALG-model for the theory
of fields. (HINT: show that locally any function is invertible, i.e. given f show
that one can split {z : f(x) # 0} in countably many pairwise disjoint sets A,, for
n € w such that f | A, has an inverse g, which is in L>°(A,,). The problem is that
9 = U,ew 9n s measurable but possibly not in L*=({J,, A,). On the other hand g
will always be in L= (|, A,)....).

FEzxercise 4.3.9. Prove that the model of exercise 4.3.8 is not full (HINT: show that
the quotients L>([0,1])/G by any ultrafilter G are not fields, since the germ in G
of some f has an inverse in L>7([0,1])/G \ L>=([0,1])/G).

4.3.3 Examples of full boolean valued models II: standard
ultraproducts

We can now sketch an argument to show that the familiar notion of ultraproduct of
Tarski models is a special case of a quotient of a full boolean valued model.

Let X be a set. Then P(X) is an atomic complete boolean algebra. Notice that
all theorems proved so far applies equally well to atomic complete boolean algebras
even if in the examples we focused on atomless, complete boolean algebras. A key
observation is that {{z} : + € X} is a maximal antichain and a dense open set in
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P(X)*. Now observe that St(P(X)) is the space of ultafilters on X and X can
be identified inside St(P(X)) as the open dense set {G, : © € X} where G, is the
principal utrafilter on P(X) given by all supersets of {z}. Another key observation
is the following:

Fact 4.3.10. Let (M, : x € X) be a family of Tarski-models in the first order rela-
tional language L. Then N =[], .y M, is a full P(X)-model letting for each n-ary

relation symbol R € L, [R(fy,..., fu)lpoxy = {7z € X : My = R(fi(z),. ... fu())}.
Proof. We leave the proof as an instructive exercise for the reader. m

Let G be any non-principal ultrafilter on X. Then, using the notation of the
previous fact, N/G is the familiar ultraproduct of the family (M, : z € X) by G and
the usual Los Theorem for ultraproducts of Tarski models is the specialization to the
case of the full P(X)-valued model N of Theorem 4.3.2. Notice that in this special
case, if the ultraproduct is an ultrapower of a model M, the embedding a — [¢,]¢
(where ¢,(z) = a for all z € X and a € M) is elementary. This is not always the
case for all the other examples of full B-valued models we are giving in these notes.

4.3.4 Examples of full boolean valued models III: C'(St(B), 2)

We finally introduce a last example of full boolean valued model, which is more in
the spirit of what we are aiming for since it can give an approach towards the forcing
method which we will show to be completely equivalent to the one we will pursue
in the next chapter.

FEzercise 4.3.11. Let B be an arbitrary (complete) boolean algebra. Let M =
C(St(B),2¥) be the family of continuous functions from St(B) into 2¢. Fix R a
binary clopen relation on 2“. The continuity of f, g grants that the set

RY(f.9) ={G: J(G) Rg(G)} = (f x 9)"'[R]

is clopen in St(B, where f x ¢g(G) = (f(GQ), g(G)). So we can define RM(f, g) =
[f R g]. Also since the diagonal is closed in (2¢)?,

=M (f,9) = Reg({G : f(G) = g(G)})

is well defined.

Check that (C(St(B),2v),=M RM) is a full B-valued extension of the struc-
ture (2¥,=, R) (where 2“ is copied inside C'(St(B),2“) as the set of constant func-
tions). Check also that whenever G is an ultrafilter on St(B), the map i¢ : 2 —
C(St(B),2¥)/G given by = — [c;]¢ (the constant function with value x) defines an
injective morphism of the 2-valued structure (2, =, R) into the 2-valued structure

(C(St(B),2¢), =M RM).
The above exercise outlines a general strategy to expand many first order struc-
ture on 2¢ to extensions C(St(B),2¥)/G indexed by G € St(B) in such a way that

the first properties of the structure C'(St(B),2¥)/G are finely controlled by the topo-
logical properties of St(B) and the algebraic properties of B via the embeddings i¢.



4.4. FULL B-MODELS FOR A NON COMPLETE BOOLEAN ALGEBRA B 81

The general idea of forcing is to develop this technique in order to be able to
replace first order structures with domain 2“ by any first order model M of ZFC.
M is expanded to a boolean extension M®B defined by means of a cba B in such
a way to define a forcing relation which ties the logical property of the boolean
structure M®B to the topological properties of the space St(B) or, equivalently (via
the Stone duality), to the algebraic properties of B. We can then pass to a natural
quotient structure M®B/G, which is now a Tarski model for the language of M and
which naturally contains an isomorphic copy of M. However in order to overcome
several difficulties arising in the definition of what will be the boolean expansion
of M by B, the standard pattern to develop the forcing method requires first of
all to assume that M models that B is a complete boolean algebra. The definition
of M® will be done reversing the arrows and exploiting the Stone duality between
0-dimensional compact Haussdorff spaces and boolean algebras. We will develop
the theory of boolean valued models for set theory defining M® as an appropriate
bunch of functions from M to B, rather than as a set of continuous functions from
St(B) to (what should be) some compactification of M.

4.4 Full B-models for a non complete boolean al-
gebra B

We have essentially used that B is a complete boolean algebra to assign a truth
value to existential formulae. Nonetheless in many cases, and notably in the model
M?® we are going to introduce and analyze in Chapter 5, we do not need that B is
complete in order to show that a certain B-valued model is full. It suffices that the
model satisfies the following definition:

Definition 4.4.1. Let B be a boolean algebra and M be a B-valued model for a
relational language L.

M is a full B-valued model if for all formulae ¢(zo, ..., z,) and all ay, ..., a, € M,
there exists a b € M such that

[o(b,ay, ... a,)] =8 [¢(c,ai,...,a,)]

for any c € M, i.e.:

[6(b,ar,...,an)] = \/ [8(c. a1, ... an)].
ceM
In order to check that this definition holds for a B-valued model M, one must
proceed by induction on the complexity of the formula ¢(xy,...,x,) to check that

[o(ag, as, ... a,)]

is well defined for all ag, ..., a, € M. This is always the case for atomic formulae ¢,
since M is a B-valued model, and it holds for quantifier free formula by the rules of
boolean connectives. Assuming that

[¢(ao,ai,...,a,)] € B
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for all aq,...,a, has been defined, one has to check whether
[Bxo(z,aq,...,a,)] € B

can be defined as

[o(b,aq, ... a,)] = \/ lo(c,an, ... a,)]

ceM

for some b € M such that

[o(b,ay,... a,)] =8 [¢(c,ai,. .., a,)]

for any c € M.

On the other hand once one has been able to check that M is a full B-valued
model, we automatically get that Los theorem 4.3.2 and the Forcing lemmas 4.3.3, 4.3.4
hold for M even if B is not complete, since the proof of these two results used just
the assumption that M is a full B-valued model, not the one that B is a complete
boolean algebra.



Chapter 5

Forcing

In this chapter we will present Forcing. Forcing has a crucial role in the development
of modern set theory and it has had and has an immense number of applications
in this field of research. For example, forcing is the standard tool to prove the
consistency with the standard axioms of ZFC of any mathematical problem which
can be formulated as a first order statement ¢ in the language of set theory. Many
mathematical theories can get a natural interpretation as subtheories of ZFC. In this
way forcing provides an extremely powerful tool to investigate the undecidability of a
given mathematical problem, since this problem can in most cases be formulated as a
first order statement in the theory ZFC. The first and most celebrated example of an
unexpected undecidability result is the proof of the independence of the continuum
hypothesis CH from ZFC, and the aim of these notes is to develop forcing far enough
in order to be able to give a complete proof of this result. The general idea of
forcing is the following: we want to get a model of some first order statement ¢ in
the language of set theory which we aim to show to be consistent with ZFC. To do
so we enlarge the universe V' which is the “standard” model of set theory to another
universe N O V which is still a model of ZFC so that we are able to force N to be
a model of ¢. If we adopt a platonistic stance towards set theory, the statement
“N D V7 is nonsense since all possible sets are already elements of V', and so there
cannot be a proper superuniverse N of V. To overcome this difficulty we assume
that in V' there is a countable transitive model M € V of ZFC and we extend M
to a generic extension N O M which is also in V' and which is a model of ¢. This
approach requires us to work in a theory which is slightly stronger than ZFC, since by
Godel” incompleteness theorem, ZFC cannot (unless ZFC is not consistent) derive the
statement there is a countable transitive model of ZFC, while we will assume that V/
models T, where T stands for ZFC plus the latter statement. Nonetheless requiring
V to be a model of T" in our eyes allows for a simpler exposition of the semantic of
the forcing method and does not weaken substantially the undecidability results we
are able to obtain with respect to T' (the statement there is a countable transitive
model of ZFC follows from the theory ZFC+-there exists an inaccessible cardinal, see
Section 6.2.3). The interested reader can find in the first pages of [5, Chapter 7]
several arguments which translate the undecidability results obtained by means of
forcing over the theory T', to undecidability results obtained over ZFC.

The general strategy to prove the undecidability of ¢ by means of forcing is to

83
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start from given known countable transitive models of ZFC Mg, M; and to produce
by means of forcing generic extensions N; O M; such that Ny models ZFC+¢ and N;
models ZFC 4+ —¢. In this chapter we just assume that there is one given countable
transitive model of ZFC M and we will build all our generic extensions over this M.

We also need to give some intuition on the reasons why enlarging V' to a larger N
we can hope to be able to show that NV is a model of ¢. The strategy we will follow is
that leading from a two valued logic where all statements are either true or false to a
boolean valued logic where statements ¢ get evaluated as elements [¢] € B for some
boolean algebra B, we consider ¢ true if [¢] = 1g, false if [¢] = Og, undetermined
otherwise.

Now observe that B corresponds to the clopen sets of St(B) its space of ultrafilters
and that selecting a point G € St(B) allows us to decide which as yet undecided
statements ¢ are true or false according to G: they will be considered true by G if
and only if [¢] € G.

So we are led to the consideration that boolean algebras B allow to define a
B-valued logic in which we haven’t yet compromised ourselves on the truth values
of certain first order statements ¢ (those for which 0g < [¢] < 1g), and that the
points G € St(B) will force us to accept ¢ as true iff [¢] € G.

Now the idea of the forcing method is to employ these boolean valued logics
as follows. We start from a transitive model M of ZFC (where we are not able to
compute ¢), we choose in M a boolean algebra B for which we are able to calculate
its combinatorial properties. We extend M to a boolean valued model M® which
is a definable class in M and contains an isomorphic copy of M as a B-valued
substructure. M® is such that for all formulae ¢ we are able to define an evalution
map [¢] which links (in a manner which is possible to compute inside M) the B-
valued semantics of M8 to the combinatorial properties of B in M. We can pick any
G € St(B), and we get that G decides that ¢ holds iff [¢] € G. Things can be done
so properly that our heuristic assertion “G decides that ¢ holds” can be expanded
in the precise statement: “The Tarski structure MB/G D M is a first order model
of ZFC in which ¢ holds and which properly contains M”.

There are different approaches to the technique of forcing. We will follow the
one through boolean algebras and boolean valued models, as in [4]. To this aim
it is fundamental to exploit the theory of boolean valued model we developed in
Chapter 4.

The remainder of this chapter consists of four sections:

1. In the first section we define a procedure which given any (transitive) first
order structure M which is a model of ZFC and a boolean algebra B € M
(which M models to be complete) produces a full boolean valued model of set
theory MB, i.e. aboolean valued model of the language of set theory according
to the semantic we defined in the previous chapter. We also try to give an
heuristic for forcing following Cohen’s original argument to introduce a new
element of 2 to M by describing it inside M using the poset of finite strings
of 0,1. Moreover we explain how the semantics of M® is governed by means
of the notion of M-genericity introduced by Cohen.
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2. In the second section we develop in full details the key ideas in Cohen’s de-
velopment of the forcing method, which allows one to start from a countable
transitive model M of ZFC, and to pass to the quotient M® /G obtained by se-
lecting some G' € St(B). Under the key assumption that G is an M-generic fil-
ter for B, we can prove that M®/G is well founded and show that its transitive
collapse, the generic extension M[G], is countable and is the least transitive
model of ZFC containing M and G. Cohen’s forcing theorem shows that there
is a fine tuning between the first order properties of the structure (M|[G], €)
and the combinatorial properties of B.

3. In the third section we define a boolean algebra B € M in such a way that
M® models =CH and another boolean algebra C € M in such a way that M©
models CH.

4. In the fourth section we show that no matter how we select M countable
transitive model of ZFC and B € M, the axioms of ZFC all gets boolean value
1g in the boolean valued model M® and thus, by means of the forcing theorem,
also hold in M[G] for any M-generic filter G for B.

5.1 Boolean valued models for set theory

We have seen the definition of a boolean valued model for the language £ = {€, C}.
Now we want something more adherent to the intended meaning we have in mind
for the symbols €, C. To achieve this, we need to add some requests to Def. 4.1.1.

Definition 5.1.1. A boolean valued model for set theory is a boolean valued
model M (with its associated cba B) for £ = {€,C, =}, where, for any o, 7,7 € M:

L. [rCo]AoCT]=][r=0]
2. [rea]N]oCn] <[ren]

We exhibit the boolean valued models for set theory we’ll be working with in the
sequel of this chapter.

Definition 5.1.2. Let M be any transitive! first order model of ZFC and B € M
be such that M models B to be a complete boolean algebra. We let:

ME = 0.
ME = {f: M}~ B: fis partial}.
MﬂB = U MP, where $ is limit.

a<p
Finally:
MP= ) ME

ae0rdM

! As we shall see below the requirement that M is transitive is redundant and we put it here
just to give a clearer intuition of how the class MB is generated inside M.
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Remark 5.1.3.

- It is an instructive exercise to show that the class M® is definable in M using
the transfinite recursion theorem (applied in M) to obtain it as the extension
in M of a formula in the parameter B. Formally this argument can be carried
in any first order model of ZFC, thus the requirement that M is transitive in
the above definition is redundant (even though if M is ill-founded it is not at
all transparent what is the correct interpretation of the objects of M defined
by means of the transfinite recursion theorem). However in these notes we are
interested just in transitive well founded models of ZFC.

For the sake of completeness, here is how the class VB can be defined as the
extension of a formula in the parameter B inside V: let F': V' — V be defined
as follows:

F(g)={f:X — B: f is a partial function}
if for some ordinal , g : @« +1 — V is a function and X = g(a),
F(g) = Jran(g) otherwise.

Then G : Ord — V defined by G(a) = F(g | a) enumerates the VB and
VB = Uanrd G(Oé)

- If V is the standard model of set theory, the definition of VB | gives the
“boolean powerset” of VB for the boolean algebra B much in the same way as
Vat1 = P(V,) is the power set of V,, for the boolean algebra {0,1}: indeed,
given a set X, P(X) can be identified as the set of the characteristic functions
of its elements. We generalize the notion of power set using the identification of
a “boolean” subset of X with its “characteristic” (partial) function f : X — B,
with the further hidden complication that for any partial function f : X — B,
the evaluation of how much an element of X on which f is undefined belongs
to f is postponed to a later stage (i.e. Definition 5.1.25). We need to consider
the family of partial functions from X to B to define the boolean power set of
X for technical reasons which will become transparent in the sequel.

Every element X € V can be identified by a partial characteristic function which
takes as domain X and has value constantly 1; we use these type of functions to
define canonical B-names for elements of V inside V.

Definition 5.1.4. For every element u of V we define by induction on its rank:
i ={(0,1g) : v € u}.
For example, if a = {0, {0} }, then
0=0,
v {0} = {(0,18)} = {(0, 18)},
a={(0,1g), ({0}, 1e)} = {(0. 1g), ({(D, L&)}, 1g)}-

Definition 5.1.5. V ={z:z € V}.
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There is also another way to define VB which is more convenient since it will give a A;-definition
in the parameter B of the class VB inside V.

Definition 5.1.6. Given a set X of partial functions in V', we define:

UJx = J{dom(2) : z € X}.

and for f a partial function

*

trel*(f) :fUU{(U)nf:new, n > 0}.

Ezercise 5.1.7. Show that the operation f + trcl*(f) is Aj-definable in no parameters in any model
of ZFC, and thus is absolute between transitive structures which model the relevant fragment of
ZFC

We leave as an instructive exercise to check the following:
Fact 5.1.8. 7 € VB if and only if
T is a function A ran(t) C B AVo € trcl*(7)[o is a function Aran(o) C BJ.
The latter property is A1-definable in the parameter B in any model of ZFC.
Remark 5.1.9. 7 € V if and only if 7 € VB and
Voo, o1 € trel*(7)(o¢ € dom(o1) = o1(0g) = 1g).
Hence
VvV CVvE

The elements of VB are called the family of B-names. Remark that in order to
define the class of B-names we do not need B to be complete.

5.1.1 External definition of forcing

This section is of a rather peculiar nature: we try to give some more intuition on
forcing. This forces us to mix some precise mathematical definitions with rather
general considerations. Moreover at some points along our presentation we suggest
some themes whose elaboration is not strictly necessary. In order to keep a straight
division between the different levels of our discourse, we adopt the following typo-
graphical convention:

e The parts which introduce definitions and prove facts which will be needed
also in the remainder of this chapter will maintain the same font as it occurs
for the remainder of these notes.

e The parts which are in our eyes of central interest to understand the basic
ideas of forcing, but are not introducing mathematical definitions and re-
sults which will be needed in the remainder of this chapter will be put in
font UTOPIA.

® The parts which are not of central importance will be put in a smaller font, we leave to the

reader to evaluate how much effort to devote to their comprehension.
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Assume we want to construct a new element r of 2 not in V. This is clearly
not possible since all sets are in VV and r is a set. Let us sidestep this problem,
assuming that there is M € V countable and transitive such that M |= ZFC (this
is the case if there is an inaccessible cardinal in V, by the results of Section 6.2.3).
So we can assume r € V' \ M is a “new” element r of 2 with respect to the ZFC-
model M.

The fact that M is a transitive model of ZFC simplifies enormously the com-
parison of M with V: All the standard absoluteness properties established in [5,
Chapter IV] and in Chapter 6 of these notes holds between M and V, giving that
most computations yields the same results when carried inside M orin V.

FExercise 5.1.10. Assume M is a transitive model of ZFC. The following notion are
absolute for M and V:

e (B,A,—,0g,1g) € M is a boolean algebra. (HINT: the property of being a
boolean algebra can be formalized as a ¥ property of the tuple (B, A, =, 0g, 1g)
which requires just to quantify over B" for a large enough n and over A,V C B3
and — C B2, each of these sets is an element of M)

e (P,<) € M is a partial order. (HINT: same as above)

e i: P — () with¢ € M is an order and incompatibility preserving map with a
dense image between the partial orders (P, <p) and (@, <g). (HINT: same as
above)

e a € P is an atom of the partial order P € M. (HINT: same as above)
e (P,<p) € M is an atomless partial order. (HINT: same as above)
e (P,<p) € M is a separative partial order. (HINT: same as above)

e G € M is a filter on a partial order (P, <p) € M (or a ultrafilter on a boolean
algebra B). (HINT: same as above)

e b=\/Afor Ac P(B)n M. (HINT: same as above)

e X C P (with X, P € M) is predense in the partial order P. (HINT: same as
above)

e X C P (with X, P € M) is predense in the partial order P below the condition
p. (HINT: same as above)

e AC P (with A, P € M) is an antichain in the partial order P. (HINT: same
as above)

O C P (with O, P € M) is open in the partial order P. (HINT: same as
above)

Hence for B € M a boolean algebra St(B)™ = St(B) N M, since:

St(B)YM = {G € P(B)M : M |= G is a ultrafilter on B} =
={G € P(B)NM :V |= G is a ultrafilter on B} = St(B) N M,
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where in the second equality, we used that P(X)™ = P(X) N M for all X € M [5,
Lemma IV.2.9].

Take the poset (2<“, D). By the first [tem in Remark 3.2.2, its boolean comple-
tion is isomorphic to the regular open sets of 2¢ in the product topology. Notice
that, by absoluteness arguments, since M C V are both transitive models of
ZFC, 2<w — (2<w)M — (2<w)V‘

Consider in M the sets

Di={se2¥:s¢Z fteM
for each f € (2¢)M, and the sets
E,={s€2:nedom(s)} € M.

These are easily seen to be dense subsets of 2<“ (see exercise 3.1.10) which be-
long to M applying the comprehension axiom in M to the formula defining
them.

On the other hand in V, given r € 2¥ \ M define

G={se2¥:sCr}.

Then G € V and r = UG, thus G € M, else r = UG € M as well. G is a filter on
2<% and G meets all the dense sets D, for all f € (2*)M: pick f € (2*)M, since
r = UG # f, we can find n such that r(n) # f(n),thusr [n+1€ GNDy. G
meets also the dense sets F,, forn € w,sincer [n+ 1€ GNE, foralln € w.

Now assume H € M is a filter on 2<“ meeting all the dense set £, foralln € w
(H exists by Lemma 3.1.6 applied in M which is a model of ZFC). Then h = UH €
2¥ and H N Dy, is empty, else for some s € H and n € dom(s), s(n) # h(n) with
h 2 s, which is a contradiction.

Hence G € V '\ M is a filter on 2<“ which meets a family of dense subsets of
2<“ which cannot be simultaneously met by any filter H € M on 2<“ meeting all
the dense sets F,,.

So let us make a step further, and let us assume that » € 2¢ \ M is such that
G = {s:s Cr} is a filter on 2<“ meeting all the dense subsets of 2<“ which
belong to M (this is possible since M is countable in V). Notice that r = UG.

Before proceeding in our analysis of this specific example we need to introduce
some general concepts.

M-generic ultrafilters, and the induced valuation map

Let us recall Definition 3.1.5 and specify it to the context we are interested.

Definition 5.1.11. Let M be a transitive model of ZFC and P € M be a partial
order. A filter G C P is M-generic for P if GN D # () for all D € M predense
subset of P.

For a boolean algebra C € M, G € St(C) is M-generic for C if it is M-generic
for CT.
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FExercise 5.1.12. Let M be a countable transitive model of ZFC and B € M a boolean
algebra. Given D € M family of subsets of B show that

({GeStB): VX eDGNX #PNM ={G € St(B): VX € DGNX #0} N M.
Hence letting
D={X e MnP(B): M X is a predense subset of B},
we have that G € St(B) is M-generic if GN X # () for all X € D and
{G € St(B) : G is M-generic for B}nM = {G € St(B): M EVX e DGNX #0}.

Using exercise 3.1.9, show that this latter set is empty if B is atomless, and consists
just of the principal ultrafilters on B of the form G, (each of which belongs to M)
for a atom of B, if B is atomic. Show also that in any case the set of G € St(B)
which are M-generic is a dense subset of St(B) in V', with the property that none
of the M-generic filters is in M if B is atomless.

A basic intuition on M-genericity is that dense open subsets of St(B) are the
large sets and M-generic filters denote the points of St(B) which are in all large
subsets of St(B) which M knows of.

Recall that any complete boolean algebra splits in the disjoint sum of an atomless
cba and of an atomic cba (Lemma 2.3.4). We will see that the forcing method gains
traction (i.e. it can be used to produce new interesting model of ZFC) just when it
is applied to atomless cbas.

Remark 5.1.13. In the remainder of this chapter we focus on the notion of M-
genericity for atomless cbas in M. In this case the notion of M-genericity can be
used to describe inside M (by means of M®) enlargements of M obtained by adding
to M some G € St(B) which is M-generic.
The following exercise briefly explains what happens if B is atomic:
Exercise 5.1.14. Assume C € M is such that M models C is an atomic cba. Then
[ )
A:{aeC:aisanatom}:m{D§C+: D is dense}
is open dense in CT.
e For any atom a € C
Go=1{beC:a<bleSt(CO)NM
is M-generic for C.

e Any G € St(C) which belongs to V' and which is M-generic for C is of the form G, for some
a € C atom of C.

The following exercise shows that the notion of being a complete cba is not absolute between
M and V.

Exercise 5.1.15. Assume B € M is an infinite boolean algebra. Then B is not complete in V.
(HINT: Assume the set A € M of atoms of B is infinite. Pick Y C A with Y ¢ M. Then Y
cannot have a suprema b€ BC M, else Y = {a € A:a <b} € M. Assume B has a finite set A of
atoms. Then ¢ =\ A € M and B | -c € M is atomless. Hence we can assume that B is atomless.
Enumerate in M an infinite antichain A = {a,, : n € w} € M of B (which exists since B is atomless
and infinite in M). Find X C w such that X ¢ M. Then \/ {a, : n € X} does not exists: assume
a={ap:ne€ X} ThenaeBC M and {a,:ne€ X} ={ce A:c<a} €M, giving that X € M
as well).
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Definition 5.1.16. Let M be a countable transitive model of ZFC and C be a
complete boolean algebra in M.
For 0,7 € M, define o E€ 7 iff 0 € dom(7) and

rke(7) = sup {rkc(o) +1: 0 E 7}.

Fact 5.1.17. Let M be a countable transitive model of ZFC and C be a complete
boolean algebra in M. Then E€ C (M©)? is definable in M, and well founded in M

and V' as witnessed by the rank function
k¢ : M© — Ord N M,
which is as well a definable class function in M.

Proof. Clearly EC is definable by the Yg-property ¢(z,y) = = € dom(y). The
map rk® is defined by transfinite recursion inside M using the absolute function
FM : M© x M — M given by

FM(o,h) = U{h(z) +1: 2 € dom(o)}
and setting
k(o) = F(0,1k" | predgc(o)) =
FM(g,1k© | dom(o)) = U {rkc(z) +1:z€dom(o)}.
[

Definition 5.1.18. Let M be a countable transitive model of ZFC and C be a
complete boolean algebra in M. Let G € St(C).

valg :M© =V

o valg(o) = og
is defined in V' by recursion on E¢ for 7 € M by the rule
¢ = {0og : 7(0) € G}

for any given 7 € M.
For any G € St(C)
M[G) = {rq: 7€ M},

Remark 5.1.19. The definition of M[G] is by recursion with parameters M, C, G,
and can be carried in any model of ZFC to which all the relevant parameters belong:
valg is defined by recursion on E€ using the function F' : M® x V — V given by

(f,g9) = {9(2) : z € dom(f) and f(z) € G}
by the rule
valg(7) = F(7,valg | predg(7)) = F(7,valg [ dom(7)).

In particular M[G] can be defined in V' (but a priori not in M whenever G ¢ M).
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Moreover:

Fact 5.1.20. Following the above assumptions M[G] is transitive for any M -generic
ultrafilter G € St(C) and

M = {valg(a) :a € M}.
Proof. a € M[G] entails
a = og C valg[dom(c)] C M[G].
For the second fact see below (equation 5.1). O

A basic exercise which shows that M[G] has nice closure properties is the fol-
lowing;:

Exercise 5.1.21. Let M be a transitive model of ZFC and G be M-generic for some
B € M which M models to be a complete boolean algebra. Define up : (MB)? — M®
and op : (M®)?2 — M® by the rules

up(a, T) = {<U7 1B> ) <T’ 13)} )

Op(O} T) = {(up(a, 7—)7 1B> ) (up(a, U)? 1B>} .

Show that up, op are definable class functions in M and that up(o, 7)¢ = {og, 76},
op(o,7)g = (oG, 1g) for all o, 7 € MB.

Describing an M-generic filter G for 2<“ inside M.

Is it conceivable to describe the properties of an r ¢ M defining an M -generic
filter G = {s:s Cr} for 2<¥ reasoning just about what M can say using first
order logic about itself?

The (may be surprising) answer is yes. This is what Cohen has shown with
the invention of the forcing method. How can we hope to describe inside M this
re& M?

First of all we can develop the notion of boolean valued model relative to M
for B = RO(2¥) (which is a complete atomless boolean algebra in ). To this
aim let

O, ={fe@):sCf}=N,nM

(i.e. O, is what M thinks is the basic open set of (22)" = 2 N M induced by
functions extending the finite string s of 0, 1).

Then £ = {O;:s € 2<%} € M (since M = ZFC and £ is defined inside M
as a subset of RO(2¥)™ = B obtained by applying the comprehension axiom
inside M). Moreover M models that F is a dense subset of BT, since M (being a
transitive model of ZFC) models also that:

{O;,={fe@)M:sC f}:se2}
is a basis consisting of clopen sets for the complete boolean algebra
RO(2)M = B.
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Also (once again because M is a transitive model of ZFC) the map
k:2<¥ =B s O,

belongs to M, since it is obtained as a subset of 2<* x RO(2*)™ (a set in M) ap-
plying an instance of the comprehension axiom in M to a formula with param-
eters in M. Moreover M models that the map k£ implements an isomorphism of
(2<v, D) with (£, C) since this is a ¥y-property of this map which is true in V and
thus also in M.

We can also check the following:

Fact 5.1.22. Assume G is M-generic for (2<“,D). Then G =1 {0, : s € G} is a
ultrafilter on B which is M -generic for BT.

Proof. By assumption G meets all dense subsets of 2<% in M. Assume we are given
D C B" dense open subset of BT and in M, we get that DN E € M is also a dense
subset of (£, <g), and thus

{se€e2¥:0,e DNE}e M

is a dense subset of 2<* in M. Thus G meets this dense set, so there is some s € G
such that O, € DN ENG. O

In V, let us fix some G M -generic for B, and let us consider the map

valg :M® =V

o valg(o) = oa

given by the rule 7 — {05 : 7(0) € G}. Let us check what this map does on the
elements of V: By definition:

valg () = {a .o € dom(}) and (o) € G} ,
but § = 0 is the empty function, in particular it has empty domain. We get that
valg(0) = {0@ . 0 € dom(()) and f(0) € G’} = 0.

Next: 5 § 3 -
valg ({0}) = {0 .o € dom({0}) and {0} (o) € G} ,

but {§} = {<@ 1B>} and 1g € G, thus

valg({0} = {06 : o € dom({0}) and D} () € G} = {bs } = {0}
Now by induction on the ranks, assuming g~ = y for all y € z, we get that
ig={og:0€dom(z)and i(s) € G} =

= {Q(; 1y € dom(Z) and Z(y) GG} ={ya:y€x}=ur (5.1)
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Thus M = (V)™ C MB is giving B-names for the objects of M.
Now let us take the following B-name:

G=1{(30,):5€2%} € MB,

G € M? since it is obtained applying the replacement axiom to the function
2<¥ — M given by s — (3, 0,). Such a function is a definable class in M and
thus its image belongs to M. It is immediate to check that ¢ satisfies the clause
for the definition of B-names in M.

We obtain:

G@:{é@:G(é):OSEG}z{s:OSEG}zG.

We have the surprising fact that the object G € V'\ M is described by an element
of M®! Similarly '
H={(bb)y:beB"} € M®

is such that ‘ ‘
H@:{BG:H(E):bEG}:{b:beG}:G.

To get another example, let r = UG, then G = {s € 2<¥ : s C r}, we will ex-
hibit a B-name for r in M®. Consider the operations on M B-names defined by

up(a, 7_) = {<07 1B> ) <T’ 13>}

and
Op(07 T) = {<up(07 T)v 1B> ) <up(07 0'), 1B>}

introduced in exercise 5.1.21. Now let
i = {{op(1,1),0pmz) :n <w,i<2} €M
where O, ;y = {f € (2°)™ : f(n) = i}. Then (by exercise 5.1.21)

ra = {Op(ﬁ,%)@ 1 Oy € G,n<w,i< 2} =

={(n,i) : Oy € G, n <w,i <2} =

= {(n,i) : Onsy 2 O, forsomes € G, n <w,i <2} =
={(n,i) : s(n) =iforsomes e G,n<w,i<2}=r.

In particular, if we let M|[G] C V be the family of objects of the form 7 for
some 7 € M®, we have that r, G, G € M|[G], and also that whenever a,b € M[G],
then also {a, b}, (a,b) € M[G].

Our future investigations will show that A/® gives a family of B-names for all
elements of M[G], and that all the familiar operations on sets we can conceive
are reflected in corresponding operations on M/ ®. This will render 1/® a boolean
valued model for ZFC, and M|[(G] a transitive model of ZFC. How will we be able
to control the semantic of M/® and that of M[G]? The guiding idea will be the

following:
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e B-names defines in M a family of “names” for the objects of M [G] which

labels elements of M[G] via the map valg.

e The first order properties which M [G] assigns to valg (o) fora o € M® are
conditional on the choice of G.

e These properties vary continuously with respect to St(B) as (G ranges among
the M -generic ultrafilters.

e These properties can be described inside M by means of a natural boolean
valued semantics on the class M® of B-names, a semantics which is first
order definable in M.

~ Forexample let A € St(B) be an M-generic filter on B such that O 1) €
H (H exists since there are densely many M -generic filters for B in V), H =
{s € 2¥: zgs) € H},t: UH.
Since H is M-generic for B, we can also define
valg (1) =17 = {Ug :7(0) € H} ,

and we can check that valz(a) = a for all « € M, but also that

rg =1,
Gp=H,
H;=H

This shows that certain properties of the object valy (7) which is named by the
B-name 7 depend crucially on the decision an M -generic filter K-makes. In our
case, if O € K, we get that 7x(0) = 0, while if O,y € K, 7x(0) = 1. On the
other hand certain properties of 7 cannot be changed by varying the M -generic
filters for B. For example whichever K we choose, we will always get that 7 is a
function in (2«)V \ M.

One can introduce in V' the following forcing relation for b € B, ¢(xy, ..., z,)
a first order formulaand ,..., 7, € VB:
blFo(m,...,Ta)
if and only if

MIK] &= ¢(m,...,m,) for all M-generic filters K for B such thatb € K.

The intuition is that b decides (or “forces”) certain facts (those described by ¢)

about the B-names 74, ..., 7, to be true in M[K] of the objects (11)x, ..., (Tn) x>

no matter how an M -generic filter K 5 b evaluates 7y, . . ., 7,. Formally
blFo(m,...,Ta)

stands for:

V = VK € St(B) (K is M-genericforBAb € K) — Sat(M[K],é, (7)) k.-, (Ta)k)),

where Sat(z,y, z) is the satisfaction predicate for structures of the form (N, €)
introduced in Section 6.2.
So far the above observations show among other things:
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[a—

. 1g IF 7 : & — 2is a function,

2. forall f € (2), 15 -GN D; # 0,
3. foralli < 2,n € w, O IF7(1) = i.
4. bIF G AGIfEDIF ¢and b I b,

5. ...

This forcing relation tells us that when b is chosen by some G, all the properties
which b assigns to a certain B-name will hold for the interpretation of that B-
name by G. This is very useful and allows to compute in VV what properties of
a B-name 7 are decided by a condition in B and in which ways. Moreover this
forcing relation has the same flavor of the boolean valued semantics we met so
far, and one of our main objective (i.e. Cohen’s forcing theorem) amounts to
show that:

The forcing relation on B* x Form x (M8)<“ defined in V obeys to the
laws given by Lemma 4.3.4, if (following the notation of the Lemma)
we replace all over M/G by M[G], and G € St(B) by G € St(B) is
M -generic for B.

However we have a great problem to match for the above forcing relation:

The semantic for M B we defined above has not been defined inside
M.

To define the forcing relation b I+ ¢(7,...,7,), we need to be able to quantify
over all G which are M -generic for B. This can be done meaningfullyin V' (where
the above set is a dense subset of St(B)), however in M the set of such G defines
the empty-set (since B is atomless), and M [G] cannot be defined.

This problem cause serious difficulties if our aim is to endow M of the struc-
ture of a boolean valued model.

Can we expand the above forcing relation so to be able to give to
M the structure of a B-valued model? Concretely, by means of the
above forcing relation can we assign a boolean value to a formula
o(z1, ..., x,) with assignment x; — 7,2

In V we can define the set
Ay(T)={be BT : VEblk¢(7)}.

A,(T) € P(B) is a subset of M, since B € M and M is transitive. However we
have no special argument to expect that A,(7) € M, since this set is defined
using in V' an instance of the comprehension axiom for a formula defining I+
which requires to quantify over sets not in M. In particular if this set is in M/, we
must find some argument to be able to assert it.

Nonetheless it appears that the reasonable definition of a B-valued semantic
for M® is given by letting [¢(7)] = V A4(7) (as in the last item of the Forcing
Lemma 4.3.4), for example this holds for:
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1. [[T(ﬁ) :i]] :\/B {b:b“‘ T’(ﬁ) :E} :\/B {b:b§0<n7i>} :O<n,i>;
2. [Frwo—=2]=Vg{b:blFr:o—3}=\g{b:b<1g} = 1g,
3. ...

In the above equalities we ended up having A,(7) € M for

o(i, 1, 1) =7 (n) =1

and also for
P(r,0,2) =7 : w — 2 is a function.

Is this a peculiarity of these formulae?
Let us work now under the assumption that A,¢, (7, o), A,—, (7, o) are in M for
all o, 7 € MB.

Fact 5.1.23. Assume M is a transitive countable model of ZFC, and B € M is a
complete boolean algebra such that M models B is complete. Assume further that

Ar(o,7)={beB:blFo R7} e M

for R among €,= and 0,7 € M®. Then we can set [o R 7] =\/ Ag(o,7), and we
get that

1. For all T,0,m € M®B,
[r=r7] =18,
[r=0]=[c=1],
[r=c]Afo=n] <[r=n].
2. For R among €,=, and for all (T, ), (01, 09) € (MB)?,
[[7'1 == 0'1]] VAN [[7'2 - 0'2]] A [[7'1 R 7'2)]] S [[0'1 R 0'2)]] .

In particular, letting RB(1,0) = [t R o] for R among €,=, (M®,=B,€B) isinV a
B-valued model.

FEzercise 5.1.24. Prove the above inequalities (HINT: First show that it suffices to
prove that b Ik ¢ entails b IF 1) for all the above inequalities and for all b € BT (where
¢ stands for the lefthand term of the inequality and v for the righthand term). Then
apply the definition of the forcing relation).

We are led to the following driving questions:

1. Can we define in M class functions Ag : (M®)? — P(B)M such that
Ag(r,o)={beB*:bl-o R7}

for R among €, =?
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2. Can we prove in general, that A,(7) € M for all formulae ¢(7) with param-
eters in M/5?

3. Assume both questions have a positive answer. Can we also prove that the
boolean valued semantic for ¢(7) given by (M®, €8, =B) (where [0 R® 7] =
V Ayry(o,7) for R among =, €) assigns to each formula ¢(7) the boolean
value \/ A4(7)?

4. Assume that the first question has a positive answer. Can we also prove
that (M8, €B =B) is a full B-valued model in V?

We show in the next sections that all these questions have a positive answer,
proving the following result:

M can define a structure of full B-valued model on M® which assign
to any formula ¢(z4, ..., z,) of the language of set theory a satisfac-
tion class definable in M

{71, 7 b) € P B M [, 7)] = b)

with the feature that

M = [o(m,...,m)] > b

if and only if
ViEbLIFG(r,. .. ,m).

In particular the forcing relation b I+ ¢(m,...,7,) and the relations
RB(0,7) = [o R 7] for R € {=, €} can also be defined inside M mak-
ing (M® =B &B) a full B-valued model in V given by a triple of defin-
able classes in M.

This will be done as follows: after having defined in M a boolean valued seman-
tics on M®, making M® a full B-valued model for the first order language {c, =},
we show that whenever G is M-generic for B, M® /G is isomorphic to M[G] via
the map [7]¢ — 7 (Where [o]¢ = {7 € M® : [t = 0] € G}). ByLo§ Theorem 4.3.2
and by the Forcing Lemmas 4.3.3 and 4.3.4, all the desired properties of M8 can
be easily inferred, since the set of M -generic filters for S¢(B) is dense.

5.1.2 Internal definition of forcing: the boolean valued se-
mantic of V8

To simplify matters and notations we will assume all over this section to be working
in V', the standard model of ZFC which contains all sets, however all of our definitions
and results can be declined and rephrased for any arbitrary first order model of ZFC
since they will be based just on the assumption that V' is a model of ZFC. We will
need in the next sections the relativization of many of these definitions and results
to a countable transitive set M € V' which is itself a model of ZFC.



5.1. BOOLEAN VALUED MODELS FOR SET THEORY 99

The aim of this section is to define a boolean semantic on the class VB making
it a full boolean valued model for the language in the signature {€, C}. In the next
section we will show that this semantic, when defined in a countable transitive model
M of ZFC, induces the forcing relation on M® defined in the previous section.

Definition 5.1.25. Let 7,0 € VB. We define simultaneously, by induction on the
pairs (rk(7), k(o)) well ordered in type Ord by the square order® on Ord?:

1.
[Feol= \/ (Ir=nlAo(n)).
To€dom(o)
2.
[r Co] = /\ (1(00) = oo € 0]) = /\ (=7(00) V [oo € a]).
op€dom(T) op€dom(T)
3.

[r=0c]=[r Cao] Ao C7].

Remark 5.1.26. The definition of all three relations is by a simultaneous induction.
More precisely Let F;: V x VB x VB — B for j = 0,1 be defined by

Fo(9,7.0) =V, caome (m) Ag(n,7) if Ja g (VB)? — B and dom(c) x {7} C dom(g),
Fy(g,7,0) = O otherwise;

Fi(9,7,0) = Aycdomn (T(0) = g(n,0)) if Ja g : (V?)* = B and dom(7) x {0} C dom(g),
Fi(g,7,0) = 0g otherwise.

Now let G : (VB)2 — B? be defined by transfinite recursion by the following
clauses:

G(r,0) =(Go(T,0),G1(T,0),Gao(T,0))
where

Go(T,0) = Fo(Gy [ dom(o) x {1}, 7,0),
Gi(r,0) = Fi(Gy | dom(1) x {o},T,0),
Go(T,0) = F1(Gp [ dom(o) x {7} ,7,0) A F1(Gy | dom(7) x {c},0,7).
We leave to the reader to check that such a G is a definable class in V in the

parameter (B,A,V,—,0g,1g), and that Go(r,0) = [ € o], Gi(r,0) = [t C o],
Go(T,0) = [T = 0].

2The square order <? is given by (a, 8) <? (7,9) iff max {«, 8} < max{y,d} or max {a, 3} =
max {7,0} and (¢, 8) is lexicographically below (v, d).
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It can also be observed that the relations [r € o] and [7 C o] are A;-definable in the parameter
B and thus are absolute between M and V if M is a transitive model of ZFC to which B belongs.
However this is slightly more subtle since B could be a complete boolean algebra in M while it
is not such in V, thus it is less transparent why the definition of [7 € o] and [r C o] which are
using in an essential way the completeness of B can even be formulated in V' where B might not
be a complete boolean algebra. We may come back to this point later on when we will need to
clarify it. The key observation to solve this issue being that M =b=\/g Aiff V =b=\/5 A for
all A e M nNP(B).

Theorem 5.1.27. VB is a boolean valued model for set theory.

Proof. We have to check that VB satisfies the four clauses of Definition 4.1.1, and
the two additional items of Definition 5.1.1, i.e. we have to show that, for all
T,0,n € VE:

1. [r=71]=1

2. [r=o0] =[o=r1].

3. [r=0] A Jo=n] <[r=n].
4. [r=0] AN o Rn] <[r R n], where R € {€,C}.
5. [r=0] AN [n R7] <[nR o], where R € {€,C}.

6. [t Co]Afo C7]=][r=o0].
7. [rea] Ao Cn] <[ren].

The proof of item 1 is by induction on rk(7) and we do it rightaway. We have:

[Fcl= A\ (ro)vcer]) =

oedom(T)
A v\ lo=unrr@)= A (rl0)V(lo=olAT(a):
oedom(T) uedom(7) oedom(T)
But [o =o¢] = 1, because rk(o) is below rk(7) and we can apply the inductive

assumptions. Thus:

N Gr@)vlo=oArr0)= N (-r(e) V(o) =1,
o€dom(r) o€dom(r)

i.e. [t =7] =1 as was to be shown.

Items 2 and 6 follow immediately from the definitions.
Next observe that if we can prove

[rColAfoCn] <[rCn] (5.2)

for all triples (7,0,n) we also get items 3, as well as 4, 5 for the case of R being C,

| [r=clAlo Cnl <[r Col Ao Sl < [r
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applying 5.2 to the triple (7,0,7) in the last inequality, which yields 4 for the case
R being C. Similarly

[r=clAnCo]<[rColAnCo] <[nCT],

applying 5.2 to the triple (n,0,7) in the last inequality to infer 5 for the case R
being C. 3 follows from 5.2 by a similar argument, left to the reader.

Next if we can prove 7 for all triples (7,0, 7), we get 5 for the case of R being €,
since

[r=clrlner]<[rColrlner]<[neod]

applying 7 to triple (n, 7, 0) in the last of the above inequalities.

Hence it suffices to prove 7, 5.2, 4 for the case of R being €, i.e. the following
three items:

(@) [reolnloCn] <[re]
(b) [r=ol Alren] <o el
(©) [rcalrlocnl <[r<nl

We will prove (a), (b), (¢) by means of a nested induction on the triples (rk(7), rk(o), rk(n))
ordered by the cube well-order® on Ord?; we will do the induction for (a), (b), (c)
simultaneously; to prove each of these items for some triple of B-names, we will
assume that all three properties (a), (b), (c) hold for all triples of B-names of lower
rank in the cube ordering.

We will also use the following observation:

If (a), (b), (c) hold for all triples up to a given rank in the cube order, we get that
3, 4, 5, 6, 7 hold for all these triples.

This is the case since the arguments we gave above leading from any of (a),
(b), (c) to some of 3, 4, 5, 6, 7 can be repeated verbatim for the triples at hand
since no inductive assumption is needed to carry these arguments.

(a): [t € o] Ao C 7] is equal to
\/ ([7 = oo] A a(o0)) A /\ (mo(o1) V o1 € 7).
op€dom(o) o1€dom(o)
The latter is equal to
\/ /\ ([T = ool Ao(o0) A=o(a1)) V ([T = oo Ao(ao) Aor € n])].
oo€dom(o) o1 €dom(o)

Now o(0g) A =0 (0g)) = 0 for any oy € dom(o) and oy, 07 both range among
dom(co). Hence for all og € dom(o)

A U([r = oo] Aaoo) A=a(0n) V (Ir = a0l Aa(oo) Allor € ])] <

o1€dom(o)
< [r=o0a0] Ao(og) A oo € 1] <
< [r = ao] Ao € 1].

3The cube order <? is given by (a,3,7) <2 (n,d,v) iff max{a, 3,7} < max{n,d,v} or
max {«, 8,7} = max{n,d,v} and («, 3,7) is lexicographically below (n,d, v).
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This gives that:
[rea]A]oCn] <
<\ F=alAloen]<

opedom(o)

<V [renl=

op€dom(o)
=[r € n].

For the last inequality we have used the inductive hypotesis (b) on the triple
(7, 00,7n) which is below the triple (7,0, 7) in the cube order on Ord®.

(b): Let t € dom(n), we have:
[o=7] A Ir=t] A n@) < o=t An)

applying the inductive assumption on item 3 to the triple (o, 7,t) which is
below the triple (o, 7,7) in the cube order. Thus:

[r=0c]Aloen] =
=[c=71]AJoen] =

=fo=7IA( \ [r=1 A nt) =

tedom(n)
= \/ (lo=7IAlr=1t] A n(t) <
tedom(n)
<\ (o=t rn) -
tedom(n)
:[[0' (= 77]]

(c): Let t € dom(7). We can apply the inductive assumption (a) on the triple
(t,o,n) which is below the triple (7,,7) in the cube order on Ord® to get

[t €l Ao Sl <[t €1l
This gives that
[r Snl = ted/\( )T(t) —[ten] > ted/\( )T(t) — ([t € o] Ao S ).
The latter is equal to
(tEd/\( )T(t) —[tea)A (tEd/\( )T(t) — o Cnl).

Now observe that

( N\ @ =lca)=lcalv( A\ -@)>[o <l

tedom(T) tedom(r)
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while

N\ )= [teo]=[rCol

tedom(r)

We conclude that
[T Cnl = [r Co]l Ao Cnl,

as was to be shown.
The proof is complete. O

Remark 5.1.28. The above proof can be formalized in the following manner: letting
G : (VB)% — B3 the class function defining the relations [7 = o] = Go(7,0), [ C o] =
Gi(7,0), [T = 0] = Gy(7,0), one shows by recursion on the appropriate (pair or
triple of) rank(s) that

1. Gy
2. Go

N o W
D)
[\

Once we have shown that in V the class VB with the classes Gy, G, Gy for
€B, CB, =B satisfies the clauses for a boolean valued model given in Def. 4.1.1, we can
give an interpretation to all formulae of the first order language {€, C, =} assigning
by recursion to each formula ¢ its boolean satisfaction class G as follows:

Definition 5.1.29. For each formula ¢(xo, . . ., x,) in the first order language {€, C, =},
we let

Gy (VB - B (70,5 7a) = [@(70, -, )5

be the class defined by the requirements:
[(70, ... )]lg A [0(70, - - - Tw)]g = [¥(70, - . T0) AO(T0, ..., ™) -
[(70,- .- )]s Ve [0(0, - - - Tw)]g = [¥ (70, - - . T0) VO(70, ..., Tin) |5 -
—g [ (70, .. T)]lg = ["¢(70, ... T0)]g -

Hzll'jw(ﬂ),...,Tj,l,l',Tj,...,Tn)]]B: \/ H¢(To,...,Tj,l,U,Tj,...,Tnﬂ]B

ocVB
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Remark 5.1.30. More formally for each each formula ¢(z, ..., x,) in the first order
language {€,C, =}, we let:

p=x Ry for R among €,C, =:

Gy = {(10,7,b) : V |=[10 R 1]y = b} .

¢ =Y(xo,...,x0) NO(z0,...,2m): We let [ = max {m,n} and set

G¢:{(7’0,...,7’l,b)IV):HC,(ZG B(b:C/\Bd)/\Gw(Tg,...,Tn,C)/\Gg(TQ,...,Tm,d)}.

b=[¢(r0,...7)]lg Ne [0(70, -, Tm)]g -
& =(xo,...,xn) VO(xo,...,2,): Welet | = max{m,n} and set

Gy ={(10,...,m,0) : VIETe,deB(b=cVgd) ANGy(10,...,Tn,¢) NGo(T0, ..., Tm,d)}.

b=[v(r0,-..)]g Ve [0(70, ..., Tm)]g -
¢ = Y(xg,...,T):
Gy ={(10,...,7,0) : VEIeceB((b=—-c) NGy(T0,...,Tn,C)}.

Te.
b=-[v(m,...m)]g-

¢ = Jx;(x, ..., x,): Letting
O(xo, .- Tjo1, Tjg1s - Ty 2) =V [By(Gy(o, - .. -1, Tj, Tjg1, -, Tny Y)] = 2 >B Y,
set G4 to be the class of (7o, ..., Tj—1,Tjt1...,Ts,c) such that

VEIoGy(To,. .-, Tj=1,0, Tjt1s -+, Tny €)

/\0(7’0, .. -ijl’TjJ’,l, ce ,Tn,C).

Le. (7'0, ey Tj=1, Tj41 - - - ,Tn,C) S G¢ iff

c= \/ [(10, .. Tjm1,0,Tjs1, -, o)l

ocVvB

With these definitions we have that <VB, cB, CB, :B> is a B-valued model. Though
we have a clear meaning about what we are asserting, it is a delicate matter to for-
malize this, since each class Gy is a definable class in V, but (it can be shown that)
the collection of classes {Gy : ¢ a formula of L} cannot be represented as a definable
class in V. We now show that <VB, €B CB, :B> is full, which formally amounts to
show that
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For all formula ¢ = 3z;4(xo, ..., x,) and all (7o, ..., Tj—1, Tj+1,- .- Tn, b) €
G, there exists o € VB such that

(7'07 vy Tj—1,0,Tj41, - - .Tn,b) S G’/”

and
b>d

for all d such that for some 7 € VB
(7’0, ey Ti—1, Ty T4l - .Tn,d) S Gq/)
and informally to assert that

\/ H¢(To, e ,Tj,l,T,TjJrl, .. Tn)]] = [[w(To, e ,Tj,l,O',’TjJrl, .. Tn)]]

T€VB

for some o € VB,
Towards this aim, we need the following basic properties of boolean algebras:

FEzxercise 5.1.31. In a boolean algebra B, for any a, b, c € B we have:
cha<cAbsce<ag—b.

Lemma 5.1.32 (Mixing Lemma). Let B be a boolean algebra. Let A be an antichain
of B and for any a € A let 7, be an element of VB. Then there exists some T € VB
such that a < [T = 7,] for all a € A.

Proof. Let D = |J,c, dom(7,) and, for every ¢t € D, let
T(t) = \/{a ANT.(t) :a € ANt € dom(7,)}
Since A is an antichain and by the definition of 7(¢), we have that
aNT(t) =a A T,(t)

for any a € A and any ¢ € dom(7,). So, by exercise 5.1.31, for any a € A,

For all t € dom(7,) (a < 7,(t) <> 7(1)). (5.3)

On the other hand
For all t € D\ dom(7,) (a A T(t) =0) (5.4)

holds since for such elements ¢

7(t) = \/{m(t) Ab:b#a, be A tedom(n)} < (\/A)\a

Now we use 5.3 and 5.4 to obtain that:
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Claim 5.1.32.1.
a<[r, C7]
a < [rC7].
Proof. We use equation 5.3 to infer that a < [r, C 7] as follows: First of all
[t er]>7(t)
for all t € D = dom(7), so we have:
a<7,(t) = 7(t) <T(t) = [t €7]

for any a € A and any ¢t € dom(7,) C D. So we have:

a< N n®)—=r)< N\ m) s [ter]=[ncT]

tedom(7q) tedom(7q)

This proves the first inequality of the claim.
To prove the second inequality of the claim it is enough to show that

a<7(t) =t €]
for all t € D. We prove it using 5.4 as follows:
o If t € D\ dom(7,), then 5.4 gives that
aAT(t)=0.
If we combine it with exercise 5.1.31 we get that
a<7(t)—b
for any b € B and t € D \ dom(7,). In particular

For all t € D\ dom(7,) a < 7(t) — [t € 7.]. (5.5)

e If t € dom(7,) we can follow the pattern we have seen in the proof of the first
inequality to get using 5.3:

For all t € dom(7,) (a < 7(t) — [t € 74])- (5.6)
Thus by 5.5,5.6 we get

a< N tW)=[ten]=[r <l
tedom(r)

The second inequality of the Claim is proved.

The proof of the Mixing lemma is completed. O
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We need the following definition to prove the fullness of V.

Definition 5.1.33. Let B be a boolean algebra and b € BY. D C B* is predense
below b if
{gNb:qe D}U{-b}

is predense in B*.

Theorem 5.1.34 (Maximum Principle). For any boolean algebra B, VB is full, i.e.
for all formulae o(x,y) and 7 € (VB)<¥

[[31‘90(%7 77_)]] = [[90(0-7 77_)]]
for some o € VB.

Proof.
[Bzo(z, 7)] = [w(o,7)]

holds always. So we want to show that

[o(o, 7)) = [Bae(z, 7)]

for some o € VB. Let
up = [Fxp(z,7)] > Os.

Let
D ={u € B*: there is some o, € V such that u < [p(0,, 7)]}.

D is dense and open below g in BT. Let A be a maximal antichain of D (A exists
applying exercise 3.1.2 to the boolean algebra B [ ug); clearly

\/{u:ueA}:uo.

Now we can appeal to the Mixing lemma to find o € VB such that [o = 0,] > u for
any u € A. Thus for each u € A we have

u< o =ou] Ap(ow 7)] < [p(o,7)].
Therefore

[Brp(e, )] =uo = \/ A < [p(o, )]
The proof is complete. 0

The remainder of this section is not of key importance for the development of our core results.
Fact 5.1.35. VB satisfies the Aziom of extensionality.
Proof. Let 7,0 € VB. We want to prove that:
[Vu(ue T uco)wT=0]=1.

By lemma 4.1.7, it is enough to show that:

NVu(ue T ueo)] <[r=o].
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We observe that if a < a’ then (¢’ — b) < (a — b). Thus for any v € dom(7) we have
([uer] = [uedad]) <(r(u) = [uea]),

and therefore

N (uerl—ueod)< A (uer]—Jueo]) <

ueVe u€dom(T)

< AN (= ueol)

u€dom(T)

The left-hand side of the above equation is equal to [Vu(u € 7 — u € 0)], while the right-hand
side is the definition of [7 C ¢]]. Consequently:

Vu(ue T ueo)] <[r=o].
The proof is completed. O

Summing up, so far we have proved that VB is a full boolean valued model for set theory which
satisfies the Axiom of Extensionality. We will later see that it satisfies all the axioms of ZFC.

We now connect the B-names for elements of 2¢ with the boolean valued model C(St(B),2¢)
we examined in Section 4.3.4.

Definition 5.1.36. Assume [7 : A — QHB = 1g. We define f, : St(B) — 2* as
[+(G)a)=i < [r(a)=1i] €G.
Now assume f : St(B) — 2* is a continuous function, then we define
71 = {{(a,i), {G: f(G)(@) =i}) : v < \,i < 2} € MB,
Note that we consider 2* as a topological space with the product topology. Observe also that
{G: f(G)(@) =i} = [~ [Naul,

where N, ; = {g € 2* : g(a) = i}. Since f is continuous then f~![N, ] is clopen and so it is an
element of the Boolean algebra.

Proposition 5.1.37. Assume [r : A= QHB = 1g and f: St(B) — 2* is continuous. Then
1. 1y € VB;
2. fr:St(B) — 2 is continuous;
3. [ry, =7]g = 1g;
4. frp =11
Proof. 1. By definition.
2. We need just to check that the preimage of a basic open set is a basic open set. Fix «, 1,
f Nail ={G « [r(a) = i] € G} € CU(()St(B)),
since by definition

[ri() =i € G <= Ge{H: f(H)(a)=1i} <= f(G)(a)="1.
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3. By definition for any G
[, () =] € G <= [:(G)(a) =i <= [r(a)=1] € G.
Then for any «, 1 § §
[rs. (&) =i] = [r(a) =1] .
Therefore [7; = 7]g = 1g.

4. As in the proof of point 2 we can observe that
Iri(a) =il € G <= G e {H: f(H)(a) =i} <> F(G)(a)=".
Moreover we have that
[ (G)a) =i <= [r(a) =] € G,

hence we are done.

5.2 Cohen’s forcing theorem

The goal of this section is to give a positive answer to the questions of section 5.1.1
regarding the definability inside M of the forcing relation. We show that for a
countable transitive model M of ZFC and a B € M which is in M a cba, the forcing
relation defined externally in Section 5.1.1 is induced by the boolean valued semantic
defined internally on M® (by relativizing to M all the results of Section 5.1.2 for V8)
and allows to control the theory of the models M |G| we introduced in Section 5.1.1.
We will also give examples of how this identification can greatly simplify several
computations.

Lemma 5.2.1. Assume M €V is a transitive set such that M E ZFC and B € M
15 such that M models B is a complete boolean algebra. Then V' models that

<MB — (‘/B)M7 (GB)M, (:B)M’ (CB)M>

is a full B-valued model.

Notice that this occurs regardless of the fact that B is a complete boolean algebra
in V, which is never the case if B is infinite and M is countable (see exercise 5.1.15).

Proof. Since M is a model of ZFC, Theorem 5.1.27 applied in M shows that M
models that €8, =B CPB are binary relations on the class M® satisfying the clauses
of 4.1.1. In particular V' models that

<MB, (GB)M, (:B)M7 (CB)M>

is a B-valued model. Moreover by the Mixing Lemma 5.1.32 and the Maximum
Principle 5.1.34 applied in M (which is a model of ZFC), we get that for all formula
&(xg,...,xy,) and all 71,...,7, € M, there exists a 79 € M such that

M E [¢(ro, 71, m)lg =V [é(o,7,.. ., 7)]s

occMB
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- Vi [0, )l =\ (600 m)TE

oeMB

In particular V' models that
(M, (€3), (=8)™, (c®))

is a full B-valued model. O]

Let M E ZFC be transitive and B € M be such that M models B is a complete
boolean algebra. Let G C B be any ultrafilter in V. For any 7 € M® we define:

[7]e = {0 € M®: [r = o]} € G},
and for every 7,0 € MB8:
[7le €c lole & [r € o]y € G

[7le Co [0l < [ = o]y € G.

Finally we define the model:
MB/G = {[r]g: T € MB}.

These relations are well defined, since M® is a boolean valued model, and by Lo$
Theorem 4.3.2 (since M® is full), we get that (M®/G, €q, Cg) is a Tarski model for
the language £ = {€, C} such that

(MB/G7 G, gG) ): ¢

if and only if [¢]L € G.
A pair of comments:

- In the definition of M®B/G, it is possible that G ¢ M. However, also in this
case the definition makes sense.

- There is no reason why the classes [z]g should be definable in M if G & M,
thus MB/G in general is not a definable class in M. We shall see that this is
exactly what occurs if G is M-generic for an atomless boolean algebra.

- If G € M, then the classes [z]¢ are definable in M and in M one can define
classes which define an isomorphic copy of the structure (MB/G, €q, Cq) as
the extension of a formula in the parameter B.

- We have a clear meaning of what is the boolean valued model

<MB, (EB)M, (:B)M7 (gB)M>
in V', since all the relevant objects are now sets in V. On the other hand
inside M, we can speak of (i.e. formalize) the satisfaction predicate for each
single formula of the language (as a class definable in M), but we cannot speak
simultaneously inside M of the family of classes of M given by the satisfaction
predicates for formulae of the language.
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- From now on for the sake of simplicity, we denote by [¢] the boolean value
[[¢]]é4 as M ranges over countable transitive models of ZFC and B € M among
the (complete in M) boolean algebras of M.

We now start to plug in some of the material developed in Chapter 3. First of
all, by Lemma 3.1.6, if M is a countable transitive model of ZFC and B € M is a
boolean algebra, there exists an ultrafilter G M-generic for B.

We want to study which is the relationship between M[G] and M®/G. These
observations were made in Section 5.1.1:

Assume M is a countable transitive model of ZFC and B € M is an
atomless boolean algebra which M models to be complete. Then:

e The family of M-generic filters in St(B) forms a dense subset of
St(B), i.e. for any b € BT, there exists an ultrafilter G M-generic,
with b € G (i.e. G € N,), and each such G ¢ M.

e For any G M-generic of B we can define in V' by recursion on M?8:
17¢ = {og : 7(0) € G}.
for any given 7 € MB.
We also define:
MI[G) = {rq : T € M®}.
M|G] is transitive, M C M[G|, G € M[G].

We will now proceed to identify the models (M[G], €) and (M®/g, €® /&) under
the assumption that G is M-generic for some complete boolean algebra B € M.
This is the content of Theorem 5.2.3 below. In case G € St(B) is not M-generic,
MIG] is still a transitive set and (M® /¢, €g) is a well defined Tarski model, but it
can be shown that the two structures cannot be isomorphic.

Lemma 5.2.2. Let M E ZFC, M €V and transitive. Let B be a cba in M. Assume
G €V is an M-generic filter for B. The following holds:

(a) Assume b e G, X € M, and X C B is predense below b. Then G N X # ().

(b) Assume A€ M and A C G. Then NA € G.
Proof. We proceed as follows:
(a): Let
E={ceB:MEc<-bV(c<bAcel X)}.
We leave to the reader to check that £ € M, M models that E is dense and
that ce GNFEifc<band cel X.

(b) Suppose A € M, A C G and M F \ A = c. Since M satisfies the Axiom of
choice, we can write A = {ag : § <7} € M for somey € M. Let be = )\,_¢ da-
The sequence (b : £ < ) € M is decreasing, and ¢ = b,. Let { < ~ be the
least ordinal such that b ¢ G. Then —b; € G. Set ¢, = =bg Ab,. Thenc, € G
forall a <&, {ca <&} € M and A\, ca = 0g. Thus /. —c, = 1g and
{=¢ca : @ < &} € M as well. Since G is M-generic, —c, € G for some a < &.
Then ¢, A =¢, = 0g € G a contradiction which proves the lemma.
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[]

Theorem 5.2.3. Let M be a transitive model of ZFC, B be a complete boolean
algebra in M, and G be an M-generic filter for B. Then

ol MB/G — M[G]

[T]G — TG

defines an isomorphism between the structures (M®B/G,€ /g) and (M[G],€). In
particular 7 is the Mostowski collapse of the well-founded extensional relation €¢.

Proof. 1t suffices to prove:
L. [reo]eGegeog.
2. [r=0]eG&rg=0c.

We prove both items by induction on (rk®(7),1k®(o)) with respect to the square
order on Ord?.

1. (=) Suppose [r € o] € G. By definition

[Feol= \/ ownu=r].

uedom(o)

Let b, = o(u) A [T = u]. Notice that {b, : v € dom(c)} € M is pre-dense
under [7 € o] € G. So* we can appeal to (a) of lemma 5.2.2 to find
u € dom(o) such that b, = [t = u] Ao(u) € G. Thus [r = u] € G, so we
can apply the inductive assumption 2 on the pair (7, u) which has lower
rank than (7, ) in the square order on Ord®. We conclude that 7¢ = ug.
Now observe that ug € og = {vg : o(v) € G} since u € dom(c) and
o(u) € G.

(<) Suppose 7¢ € og. Then there is u € dom(o) such that o(u) € G and
T¢ = ug. Therefore, applying again 2 on the pair (7, «) which has lower
rank than the pair (7,0), we get that [t =u] € G. So

[rT=u]ANo(u) e G
as well. Now we can observe that

[F=ulrow) < \/ [r=ulAo()=[reca]

uedom(o)

Therefore |7 € o] € G.

4Everywhere in this proof we appeal to Lemma 5.2.2, we are crucially using the assumption
that G is M-generic.
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2. (=) Suppose [T = o] € G. Observe that [7 C o] € G gives that
—7(u) Vuea] >[r Ca]

is also in G for all v € dom(7). This gives that Ju € o] € G for all
u € dom(7) such that 7(u) € G. Since the pairs (u, o) are of lower rank
than the pair (7,0) for all such u we can apply the first item to these
pairs to get that ug € o¢ for all uw € dom(7) such that 7(u) € G. This
gives that 7o C og. The other inclusion is proved in exactly the same
manner.

(<) Suppose [T # o] € G. W.l.o.g. we can suppose that [r € o] € G. But

[ € o] = \/ 7(u) A =u € o].

uedom(T)

Since G is M-generic we can appeal to (a) of lemma 5.2.2 to find u €
dom(7) such that
7(u) A fu ¢ o] € G.

Applying the first item on the pair (u, o) which has lower rank then (7, o)
we get that ug ¢ og, while ug € 76 since 7(u) € G. Hence 7¢ € o¢,
which also gives that 7¢ # og.

The proof is complete. O
Summing up, we can prove:

Theorem 5.2.4 (Cohen’s forcing theorem). Let M be a countable transitive
model of ZFC and B € M be a boolean algebra which M models to be complete. Then
for all formulae ¢(z1, ..., x,) in the free variables xy, ..., x, and all Ty, ..., 7, € MB:

1. [e(m1,...,m)] = b if and only if for all G M-generic filter for B with b € G
we have

MIGIE ¢e((m)a, - -, (T)a)-

2. MIG| E o((T)a,---,(Ta)a) for some G M-generic filter for B if and only if
[o(re, ... )] €G.

Proof. We sketch just some parts of the proof leaving the others as an instructive
exercise for the reader.

1. (=) Suppose b < [¢]. Let G be M-generic for B with b € G. Then
[o(71,...,7)] € G as well, thus

MB/G Eé([nla - -, [mla)

by Theorem 4.3.2. Since the map [7]g — 7¢ is an isomorphism, we also
get that

MIG] = ¢((T1)gs - - - (Tu)a)-
(«=) is left to the reader.
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2. It is an immediate consequence of the isomorphism of the structures M8/G
and M[G] and of Theorem 4.3.2 applied in V' to the full B-valued model ME.

The proof is complete. n

Definition 5.2.5 (Cohen’s forcing relation). Let M be a countable transitive model
of ZFC and B € M be a complete boolean algebra. For each formula ¢(xo, ..., x,),
To, ..., T, € MB and b € B* the forcing relation is defined in V' by

bk ¢(10,...,7n) (b forces ¢(7o,...,7))
if and only if
MIK] E ¢o((10)k, - - -, (Tn) i) for all M-generic filters K for B such that b € K.

Lemma 5.2.6. Let M be a countable transitive model of ZFC and B € M be a
complete boolean algebra. For each formula ¢(xo,...,T,), To,-..,Tn € M® and
b € BT the following are equivalent:

1. blF ¢(r0, .., T0).
2. The set of K M-generic for B such that b € K and
MIK] E ¢(10,. .., Tn)
18 dense in Ny.
3. M Eb<g[d(r0,---,7a)]-
Proof. A useful exercise for the reader. O

We are almost ready to prove that every axiom of ZFC is valid in M® and that
CH is independent from the ZFC-axioms (more precisely from the theory ZFC+there
exists a countable transitive model of ZFC. To do this we will often appeal to Cohen’s
forcing theorem. So let us explain how we are going to use it.

5.2.1 How to use Cohen’s forcing theorem

Recurring examples of how we will use of the Cohen forcing theorem is the following:

Example 5.2.7. Consider a forcing statement of the following form:
[[f 5 — Bisa function]] > 0Og.
We define for each o < v a set in M
Aa:{bne B:MEb, = [[f:f?%ﬁisafunctionﬂ A [{f(d):i)ﬂ} € M.

We want to argue that M models that A, is an antichain, proving the stronger
assertion stating that n # v entails that b, A b, = Og.
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Towards this aim we proceed as follows: we assume by contradiction that we can
find n # v < § such that ¢ = b, A b, > 0g. We pick G M-generic with ¢ € G’ and

we get that [[f :4 — Bis a function]] : Hf(d) = 77]] , [[f(d) = D]] are all in G. Then
by the forcing theorem
MIG| = fe v — B is a function,

M[G] E fa(a) =n,
M[G] | fala) =v
This gives that
MIG] v =n,

and thus that v = 7, which contradicts our assumpion that v # n. A direct argument
carried entirely in M (without ever appealing to the forcing theorem) yielding that
A, is an antichain can also be found, but is much more convoluted.

Lemma 5.2.8. Assume M |= ZFC and is countable, and B € M is a cba in M.
Then for all 7,0 € M®, there exists n : dom(a) — B in M® such that

[rCol <[r=n].
Proof. Given 7,0 € MB, set
n={{uocw)Au€ouer]):ucdom(o)} € M"

First of all we prove that
[nCo] =1g:

Fix G M-generic for B, pick a € g, then a = ug for some u € dom(n) = dom(o)
with [u € 0 <> u € 7] Ao(u) € G. Hence o(u) € G as well, giving that ug € og.
Since this holds for all a € ng, we conclude that M[G] | ng C og for all G
M-generic for B. We conclude by the forcing theorem.

Now assume G is M-generic for B with [r C ] € G. We show that ng = 7¢.
By the forcing theorem this suffices to prove the Lemma.

ne C 7¢ Assume a € ng. Then a = ug for some v € dom(n) = dom(o) and
nu)=[u€o+uect]Ao(u) €G. Since o(u) € G and

[u€ o] = \/{v edom(o): [u=v]Ac(w)} >[u=u]Ao(u)=0c(u) € G,

we get that Ju € o] € G. Since [u € 0 <> u € 7] € G as well, we conclude
that [u € 7] € G as well, giving that ug € 7¢ by the forcing theorem.

NG 2 T assume a € 7. Then a = vg for some v € dom(7) with 7(v) € G. Since
[T C o] € G, we get that M[G] = 7¢ C o¢, hence we also get that a = ug for
some u € dom(o) with o(u) € G. We get that o(u) AT(v)AJu = v]A[r C o] €
G. Now:

® 7(v) < Vieqomr) [v =] A7(t) = [v € 7]. Hence [v € 7] € G.
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o [u=v] € G. Therefore [u =v] A v € 7] € G as well, and
[uet]>u=v]Afver]ed.
Hence [u € 7] € G.
e 0(u) < Vicqom(o) [u =t] Ao(t) = [u € 0. Hence [u € o] € G.

We conclude that
[uet]Afueoda]ed.
But
[uert]Aueod]<JueT < ueda].

Hence
[uerT+ueca e

as well. Then o(u) A Ju € T <> u € 0] € G, yielding that
a=ug €ng ={tg: t €dom(o) and c(t) At € Tt € 0] € G},

as was to be shown.

5.3 Independence of CH

In this section we prove the independence of the Continuum Hypothesis from the
axioms of ZFC using the forcing method over a countable tansitive model M of ZFC.
We assume throughout this section that M [G] models ZFC whenever G is M-generic
for some B € M which M models to be a complete boolean algebra. This will be
proved in full details in the next section (cfr.: 5.4). In order to appreciate the full
power of the forcing theorem, we believe it is more instructive to understand how
this theorem allows us to compute the truth value of specific statements in forcing
extensions of M (i.e. models of the form M[G] with G M-generic for a cha B € M).
This is what we do in this section using the forcing theorem to compute the truth
values of CH in two distinct forcing extensions of M.

We first show that if G is M-generic for RO(2+2*«)M then CH fails in M[G]. Next
we show that there is B € M such that M® models CH. Combined with the results
of Section 5.4, these two proofs will give the indipendence of CH with respect to
the theory ZFC over the theory ZFC+there is a countable transitive model of ZFC.
It is possible to convert these proofs in a proof of the independence of CH from
ZFC rightaway from ZFC using arguments rooted in the reflection properties of V'
(see [5, Sections IV.7, VIL.1]).

5.3.1 A model of —-CH

Lemma 5.3.1. Assume M is a countable transitive model of ZFC and M models
that B is a CCC complete boolean algebra. Then

MGl Ed(k)=ae M Ecf(k) =a
for all M generic filters G for B and a < xk € Ord™.
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We limit ourselves to prove the following weak form of the Lemma which is
sufficient for our aims:

Lemma 5.3.2. Assume M is a countable transitive model of ZFC and M models
that B is a CCC complete boolean algebra. Then for all M generic filters G for B
and 1 =0,1,2,

M[G] |= (w;)Mis the i-th infinite regular cardinal,

where (w;)M is in M the (countable in V') ordinal which M models to be the i-th
infinite cardinal.

Proof. The case 1 = 0 follows from the absoluteness of the statement w s the least
infinite ordinal for transitive models of ZFC.
For the cases i = 1,2 is enough to show the following:

Fact 5.3.3. Assume G is M-generic for B. Then M|[G] models that every function
o € M[G] from X\ = (wj)™ to k = (wj41)M is bounded (i.e has range contained in
some 3 < (wj41)M) for each j =0, 1.

For if this fact holds (w;)M is the first uncountable ordinal of M[G] and (wq)™
is the first cardinal larger than (w;)* of M[G], whenever G is M-generic for B.

Proof. We prove in detail the case j = 0 and leave to the reader to prove the case

j =1 or more generally the strong version of the Lemma.
Let 0 € M®, and b € G be such that M models

[o is a function from w to ifg = b.
For every n < w consider the set:
A, ={B<k: M [o(n)=pB] > 0s}.

Notice that the sequence {4, : n < w} € M, since it is the extension in M of a
formula with parameters in M: Let

X ={(npB,c): M [o(n)=p] =c>0g}.

Then X € M, since it is a subset of w X k x B defined by an application of the
comprehension axiom in M. Therefore for each n < w, A,, € M as well, since

A, ={B:3c(n,B,c) € X},
and (A, :n <w) € M since
(Ap:n<w)={nu) : M = €u+Ib(n,p,b) € X}.

Thus {4, :n <w} =ran({A, : n <w)) € M as well.

Claim 5.3.3.1. M models that every A,, is at most countable.
Moreover oy (n) € A, for alln < w, and any H M-generic for B with

b=[o:& — F is a function] € H.



118 CHAPTER 5. FORCING

Proof. Let )
W, ={b = [o(n) =] Ab: B € A}
Then:

Subclaim 5.3.3.1. The sequence {W,, :n <w} € M, and M models that each W,
is a countable antichain in M.

Proof. The first part of the subclaim is a useful exercise for the reader. For the
second part it is enough to show that M models that each W, is an antichain. Since
M models B is CCC, we conclude that M models that each W, is a countable
antichain.

Assume W), is not an antichain and find v # 8 € A, with ¢ = bJ A bj > Og. Let
H be M generic for B with ¢ € H. Since

c<b=[o:w — kis a function] ,

M[H] models that oy : w — & is a function by the forcing theorem. On the other
hand since

e < < [o(n) = B .t < [o(n) =]
again by the forcing theorem, we get that og(n) = f and og(n) = . Since M[H]
models that oy is a function we get that 5 = v, a contradiction. O]

To complete the proof of the Claim observe the following;:

e For each n < w the map ¢, : A, — W, given by § — bj is in M, since

¢n = {(8,0) : (n,B,b) € X},

and is injective: assume ¢ = b = by, then pick H M-generic for B with ¢ € M
to get that in M[H], oy : w — K is a function and v = ogx(n) = f. In
particular M | vy = [ as well.

Hence M models that A, is countable, since it is mapped injectively in a
countable set by a map in M.

e For each n < w and H M-generic for B with
b=[o:w — i is a function] € H

we have that og(n) € A,, since og(n) =niff [o(n) = 7] Abe HNW,, giving
that n € A,.

The proof of the Claim is completed. O

To conclude the proof of the Fact, observe that M models that {A, : n < w} €
M is for M a countable family of countable subsets of (w;)™ which is the least
uncountable ordinal for M. Hence M models that the union of the A,, is a countable
subset of (w;)M.

We conclude that for some 3 < (w;)™,

M):U{An:n<w}§6<(w1)M.
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The Fact for the case j = 0 is proved since we get that in M[G]

oglw] CACB < (w)M.

The proof of the Fact for the case j = 1 is obtained repeating verbatim the proof
of the Fact for j = 0, setting k = (w»)™, and replacing all over w with A\ = (w;)M,
(An :n < w) with (A, : @ < A) and (W, : n < w) with (W, : @ < A), to argue
that each W, is a countable antichain for M, and hence also that each A, € M
is a countable subset of k for M. We can therefore conclude that M models that
A={As: a < A} is a subset of (ws)M of size at most (w;)*, since it is the union
indexed by (w;)™ of sets which are countable for M. This gives that M models that
A C f for some 3 < (wp)™ and that M[H] models that oy (\) C 8 < k cannot be a
bijection of (wy)M onto (ws)M, concluding the proof of the Fact for j = 1 as well.

The proof of the Lemma is completed.
For the sake of completeness we add a proof of Lemma 5.3.1.
Proof. The statement cf(k) < « is a Xj-property in the parameters a < k:
If (f € a x k is a function ) A (sup(fla]) = k).

If M models cf(k) < o, then M[G] models that cf(k) < a, since the witness in M of this property
is in M[G] as well. So it is enough to show that if M[G] models that cf(x) < «, then also M
models cf(k) < a. If this is the case we can easily conclude that

cf (k)M = min{a : M = cf(k) < o} = min{a : M[G] = cf(k) < o} = cf(k)ME],

Towards a contradiction assume that x is the least such that cf(k)™ # cf (k)]

First of all we claim that M models that cf(k) is an uncountable regular cardinal. Else if M
models that cf(k) = w, we get that M[G] models that cf (k)] < w. But w is the least possible
value for the cofinality of a limit ordinal, hence

MI[G] k= cf(r)MIE =

as well, contradicting our assumption that x is the least on which cf (k)M # cf (k) MI[C],

Now in M|[G] there is A < cf(k)™® = n and og : A — k with ¢ € MPB such that o[\ is
unbounded in k.

It is enough to show the following;:

Fact 5.3.4. M[G] models that every function o € M[G] from some A < cf(k)™ into k is bounded
(i.e has range contained in some 8 < K).

Proof. Let o € M®B, and b € G be such that M models

[[J is a function from A to R]] B = b.

For every o < A consider the set:
Ao ={B<kr: M [o(a)=B] > 0g}.
As in the proof of Lemma 5.3.2 we can argue that the following holds:
o {A,:a< A} eM.

e M models that every A, is an at most countable subset of .
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e For any H M-generic for B, and oo < A, o () € Aq.

Since A < cf (k)M and cf(k)™ is a regular uncountable cardinal in M we get that
M|:|U{Aa:a<)\}| < cf(k)M

In particular (since M is a model of ZFC and all relevant objects are in M) we can carry the

following reasoning inside M: a subset A of x of size smaller than the cofinality of £ cannot be

unbounded in k, else a bijection of A with its size gives that cf(k)™ < |A| < cf(k)™ a contradiction.
We conclude that for some 8 < k,

M|:U{Aa:a<ﬁ}gﬁ</-@.

We get that in M[G]
oG] CAC B <k

The Fact is proved. O

The proof of the Lemma is completed. O

Now let us choose in M the poset RO(2¢2*“)M (which M models to be CCC by
Proposition 3.3.8 applied in M). We can use the facts proved so far to check the
following:

Theorem 5.3.5. Assume M is a countable transitive model of ZFC and let
B = RO(22*«)M,
Then M|G| = —CH for all M generic filters G for B.

Proof. Set:

T= {<Op(0p(d7 )7i)aN<a,n,i>> a< wéw,n Ew,i < 2} S MB,
where
N = 1 €22 00 & flaum) = i},
Let G be M-generic for B. Then

g=1¢={{{a,n) i) : Niang € G}

For all o < w)’ and n < w, define g,(n) = g(a,n).

Claim 5.3.5.1. M|[G] models that g : w) x w — 2 is a total function. Moreover
Ja # gp are distinct element of 2¢ N M[G] for all a < B < wil,

Assume the Claim is proved. Since M models that RO(242*«“)M has the CCC
(applying Corollary 3.3.10 inside M), by Lemma 5.3.2 we get that M[G] models
that wl! is the second uncountable cardinal. By the Claim

M[G] = |2°] > wy',

thus CH fails in M|[G].
We are left with proof of the Claim.
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Proof. Let for any s € Fn(wy X w,2)™
Ny={fe2“nM:sC f}.
We can apply exercise 3.2.7 in M to get that the sets
® Dyo={Ns:s€ Fn(wy xw,2)M (a,n) € dom(s)}
o Eyp={Ns;:s€ Fn(ws Xxw,2), In s(a,n) # s(f,n)}

are dense in RO(22*“)M for all o # B < wi! and n < w.
Our definitions now give that:

e M[G] E (a,n) € dom(g) for all @ < wd and n < w since D, , NG # () for all
such n, a.

e M[G] E (a,n,i),(a,n,j) € g iff i = j: on the one hand («a,n,i) € g iff
Nan,iy € G, on the other hand N, ;4 and N, jy are compatible conditions
in RO(2*2*“)M iff = j for all @ < wi ' n < w.

o M[G] E g(a,n) # g(B,n) for some n, since E, 5 NG # () for all @ < 8 < wi’.
The Claim follows immediately from the above observations. O

The Theorem is proved. O

5.3.2 A model of CH

In this section we prove that CH+ ZFC is coherent relative to the theory ZFC+there
18 a countable transitive model of ZFC.

Definition 5.3.6. A boolean algebra B is < X distributive if for all collections
{D, : @ <~} of y~many dense open sets in BT with v < A, we have that

D = ﬂ D,, is an open dense subset of BT.

a<y

Definition 5.3.7. Let A be an infinite cardinal. A pre-order (P, <) is < A-closed
if for every v < A, every decreasing sequence (p,)a<, contained in P has a lower
bound in P.

< ws-closed posets are said to be countably closed and < w;-distributive boolean
algebra are said to be countably distributive.

Lemma 5.3.8. Assume (P,<p) is a separative < A-closed poset. Then RO(P) is
< \-distributive.

The assumption that P is separative is redundant, but the proof without this
assumption is slightly more intricate, and we wiil use the Lemma just for separative
posets P, thus we prove the lemma using this assumption.
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Proof. Let i : P — RO(P) = B be the dense embedding of P into its boolean
completion provided by Theorem 2.3.18. Since P is separative, ¢ is injective and
i(p) <g i(q) if and only if p <p ¢, by Corollary 2.3.20.

Assume

{Dy:a<n~}

is a family of dense open subsets of RO(P) for some v < \. It is immediate to check
that

D=(WDa:a<ny}

is open. We need to show that D is dense i.e. given b € BT, we need to find ¢ <g b
in D.
Build {p, : @ <~} C P by recursion as follows:

e Choose pg such that i(py) < b and py € Dy (which is possible since i[P] is a
dense subset of BT),

e Given p, € P, let s € D,1 be such that s <g i(p,) and find p,y; € P such
that i(pat1) <g s (which is possible since i[P] is a dense subset of BT). Then
Pat1 <p Do (since i(pay1) <g i(pa), and P is separative), and i(pay1) € Dast1-

e Given (ps: [ <a) C P with § < v limit, first of all we notice that, by our
construction, (ps: [ < ) is a descending sequence in P. Since P is < -
closed, we have that (ps: 8 < ) has a lower bound r € P refining each pgs.
Now refine i(r) to some s € D,, and find p, € P such that i(p,) <g s (which is
possible since i[P] is a dense subset of B*). Then i(p,) € D, and p, is a lower
bound for the chain {p, : { < a}, since i(p,) <p s <p i(pg) for all § < a, and
P is separative.

e Let u be a lower bound for the descending sequence (ps : f <) C P.

Then
q:i(u)ED:ﬂ{Da:a<'y}

since Og < i(u) <i(p,) € D, for all a < 7.
Since b >g wu is arbitrary, the proof is completed. O

Definition 5.3.9. Given an uncountable cardinal s, let
P.={f:a— k: fisan injection and a < w;}

ordered by f <p . giff f D g.

Fact 5.3.10. (P,,<p.) is < wy-closed and separative.

Proof. First of all notice that f, g are incompatible in P if and only if they disagree
on some j in dom(g) N dom(f), else their union is a common refinement.
We prove both properties of P as follows:
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P, is separative: Assume f £ g, then ¢ € f. In particular, either dom(g) C
dom(f), in which case f and g are already incompatible, or there is i €
dom(g) \ dom(f). In this case we let h : i +1 — &k be defined by the re-
quirements:

* h2f,
e h|(i+1\dom(f))— (k\ (ran(f)Uran(g))) is injective.

Since k is an uncountable cardinal and ran(f)Uran(g) is a countable subset of
Kk, k\ (ran(f)Uran(g)) has size k, thus the at most countable set i+ 1\ dom(f)
can be injected inside it.

We conclude that h O f, and h € P, since it is an injective function with
domain a countable ordinal, moreover h is incompatible with ¢, since h(i) ¢

ran(g), thus h(i) # g(7).

P, is countably closed: Assume we have a decreasing sequence

{fa5a<7}

of elements of P, indexed by some countable ordinal 7. Let f =, . fa, We
show that f € P is a lower bound for all the f,: It is enough to show that f
is also an element of P. and this is the case since its domain is a countable
ordinal (a countable union of countable ordinals is a countable ordinal), and
f is injective, since it is the coherent union of injective functions.

[]

Let M be a countable transitive model of ZFC such that M | 2% = k and
consider the partial order P = (P,)™ in M. Then M models that P is countably
closed and separative.

Let B=RO(P)™ and i : P — Bin M be a canonical injection of P in its boolean
completion. Then M models that B is countably distributive, applying Lemma 5.3.8
inside M to P and B. We will show the following;:

Theorem 5.3.11. M models that [CH] = 1.

The theorem will be an immediate consequence of the following proposition:
Proposition 5.3.12. Assume G is M-generic for P. Then:

1. (W)™ = (wy)MIE,

2. MIG|N2¥ =MnN2v.

3. M[G] models that there is a bijection of (w1)™ with k.

Assume the proposition has been proved. Let h : 2N M — x in M be a bijection
of (2)M = 29N M = (2*)MC with &, then go h : (2°)MIE — (w;)M is a bijection
and (w))M = (W)™ ie. M[G] models h is a bijection of the powerset of w with
the first uncountable cardinal, as was to be shown.

We first prove item 2 of the above proposition:
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Proof. Let 7 € M® be a B-name such that [[r S0 — Q]] = b > 0g. Define:
D,={feB:ME3Ji<2f<[in) =1}

By an application of the forcing theorem, we can prove that each D, € M is an
open dense subset of BT below b as follows: for each ¢ € BT refining b, pick G € M
such that ¢ € G. Then b € G gives that

MG Erg:w— 2,

thus for some 7 < 2

MIG] = 7a(n) =i,

yielding that
s= i) =i] AgeC

and thus Og < s € D,, refines q.
This gives that M models that for all ¢ < b there exists Og < s <g ¢ in D,,.
Thus M models that each D,, is dense. Notice also that the sequence

{D, :new}eM.
Towards this aim observe that

Xz{(n,q,i>EwXBX2:03<q§Bb/\[[f(ﬁ)ziﬂ}EM,

since it is obtained applying comprehension in M to define a subset of w x B x 2.
Now

(Dp:new)=(nc):necw Ve(x €c+ I <2(n,z,i)e X)eM

is obtained as a subset of (w x P(B)), applying comprehension in M once again.
Since M models that B is countably distributive, we get that

D; = {Du:n € w}
is also in M, and is open dense below b. We claim the following:
D, ={q <g b:3s € 2N M such that g IF 7 = s}. (5.7)

To this aim choose r <g b arbitrarily. Find ¢ <g r in D,., which is possible since
D;. is open dense. Then g € D, for all n € w. In M, we can let for each q € D;

fo={{ni)yewx2: Mk [r(n)=1i] >q}.

Then f, € M applying the comprehension axiom in M to isolate f, as a subset of
w X 2, defined by a property in the parameters B, 7, q.
We claim that ¢ <g [[r = fq]]. To this aim let G be M-generic with ¢ € G. Then
b € GG yields that
MGl Er¢:w— 2.
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Let i, = 7(n) for each n € w. Then [[r(ﬁ) = 5n]] € Gforalln € w. Nowq € D,NG
for all n, and for each n, ¢ € D,, entails that ¢ <g [[r(ﬁ) = 'Z']] if and only if f,(n) =1,
by definition of f,. We get that

MG i = fq

Since this occurs for all M-generic filters G for B to which ¢ belongs, we get that
q <g [[7* = fq]]. This concludes the proof that equation 5.7 holds.
In particular we get that:

e D, is open dense below b for all 7 € M® such that [f : w — 2] = b,
e for any condition ¢ in D, q <g [['r = fq]].

This gives that for any r = 7¢ € 2¥ N M[G], we have that [[7* S0 — ?]] =be€ @G,
thus G N D; is non-empty, giving that r = r¢ = f, € 2 N M for some ¢ € G N D;.
Item 2 of the proposition is proved. O]

FEzercise 5.3.13. Prove item 1 of the proposition. (HINT: follow the pattern of the
proof of item 2 of the proposition. Now start from 7 a B-name for a function from
w into wy, and argue once again that 7¢ € M whenever G is M-generic for P).

We now prove item 3 of the proposition:
Proof. Let g € M® be such that
g ={(op(, F(i)).i(f)) : f € P. j € dom(f)}.
We claim that g = g is a bijection of (w;)™ into k. To this aim observe that
feygeilf)ed
for all f € P, since
() €9
if and only if there is some i(f) € G such that
(op(y,a),i(f)) € g
if and only if
f(j) = « for some (any) i(f) € G with j € dom(f).

This gives immediately that ¢ is an injective function since it is the coherent
union of injective functions. Moreover for all & < k and all £ < (w;)™ the following
sets are easily seen to be dense and in M:

Da:{i(f):fEP,(yEran(f)},

Ee ={u(f): f € P, § € dom(f)}.
Observe that whenever G is an M-generic filter for P, G N D, # 0 iff a € ran(gq)
and G N E¢ # 0 iff £ € dom(gg).
This gives that M[G] models that g¢ is a bijection of (wy) with k. The proof
of item 3 of the proposition is completed. O

The relative coherence of CH with respect to T is established.
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5.4 M8 models ZFC

In this section we prove that the axioms of ZFC are valid in any model M8, whenever
M is a countable transitive model of ZFC and B is a boolean algebra that belongs
to M and which M models to be complete.

Theorem 5.4.1. Assume M 1is a transitive countable model of ZFC in'V and B € M
15 such that M models B is a complete boolean algebra. Then

M = [¢lg = 18
for every axiom ¢ of ZFC.

Remark 5.4.2. We can actually prove a stronger result stating that whenever M is
any model of ZFC and B € M is a boolean algebra which M models to be complete,
then

Mlz[[Cb]]B:lB

for every axiom ¢ of ZFC. I.e. we can remove the assuption that M is countable and
transitive in the above theorem. However the proof of this latter result is slightly
more involved since we cannot appeal to the forcing theorem to obtain it. As we
will see below the forcing theorem plays a crucial role in most of the arguments to
follow.

Proof. We show that M[G] satisfies all ZFC-axioms whenever G is M-generic for B.
The proof can be completed appealing to Theorem 5.2.4. From now on we assume
that G is an M-generic filter for B.

Extensionality. M|[G]| is transitive, hence it models the Extensionality Axiom
by [5, Lemma IV.2.4].

Foundation. M|[G] is a transitive set contained in V', so M[G] models the Axiom
of Foundation, by [5, Theorems III.3.6, 111.4.1].

Infinity. w =g € M[G].
Pairing. Let og,7¢ € M[G]. Given 0,7 € M8 let

up(J, T) = {<07 1>v <T’ 1>}

Then up(o,7) = {0¢, 7¢} (since p(o) = p(7) = 1g € G) is a witness for the
pairing axiom (see also exercise 5.1.21).

Union. Given g € M[G], we let
7 ={(p, 1) : Ju € dom(o)(p € dom(u))}.

Then 74 is a witness for the union axiom for og, since:

~—

UO‘G = {a: Jug € og(a € ug

={a:3Ju € dom(o)(c(u) € GA a € ug

C {a: 3Ju € dom(o)(a € ug

= {p¢ : Ju € dom(o)(p € dom(u) A u(p) € G
C{pg : Ju € dom(o)(p € dom(u))} = 74.

S~— ~—r
N
N
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Power set. Let o € M[G]. Set
PE(0) = {(r,[r o]} : dom(r) = dom(a)} € M,
applying the Comprehension axiom in M to the set
{(r,b) € P(dom(c) x B)" x B} € M

and the formula ¢(z,0,B) stating that “z = (x,y) with z : dom(c) — B a
B-name and y = [z C og”.

We claim that
MGl (P5(0))c = {a € M[G] :a C o6}
for all G M-generic for B. Both inclusions follow by Lemma 5.2.8:

C: ng € (PB(0))¢ for some n € dom(PB(0)) iff [n C o] = PB(0)(n) € G,
giving that ng C og by the forcing theorem.

DO: Assume a C o¢ for some a € M[G]. Then a = 7¢ with [r C o] € G, by
the forcing theorem. By Lemma 5.2.8 we get that there is n € M® with
dom(n) = dom(o) such that [t =n] > [r C o]. Since [r C o] € G we
get that [1 =1n] € G as well, hence 7g = ng. However ng € (PB(0))q,
since dom(n) = dom(co) and

[nColz[rColnlr=n]edG.

Comprehension. Let o(z, z) be a formula, a € M|[G], 0¢ = a and 7 = d, where
T=(7,...,7) and 7g = ((11)g, . - -, (7)) Let

b={ce€a: M[G]E ¢(c,d)}.

We must show that the definable class b of M[G] is an element of M|[G].

Let
n={(r,[e(r,)]A[r €0c])): 7€ dom(o)} € M.

We claim that ng = b.
ng C b: We have that
ne = {7¢ : 7 € dom(o) and [p(7,7)] A [7 € 0] € G}
Hence 74 € b for all 7¢ € g, since
M[G] & ¢(16,7c) N6 € 0¢

by the forcing theorem.
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Ng 2 b: ¢ € biff 7¢ € 0g and
MIG]  é(7c, 7).

First observe that 7¢ € o¢ iff 7¢ = v for some v € dom(o) with o(v) €
G. This gives that [7 = v],o(v) € G by the forcing theorem.

Moreover

o(v) < \/ [u=v]Ao(u)=[veodad],

u€edom(o)

hence [v € o] A [T =v] € G.
The forcing theorem also gives that [¢(7,7)] € G. Hence

[o(v, )] 2 [o(r, DI A [T =v] € G,
We conclude that
n(v) = e, 7)|Nveded.
Hence 7¢ = vg € ng, concluding the proof.

Replacement. Let F' : M[G] — M]IG] be a functional class in M[G] and let
Y(z,y,7e) be the formula such that F(u) = v iff M[G] F ¢ (u,v,7g) and

MI[G] = Va3lyd(z,y, 7c),
where 7¢ = ((11)a, - - -, (Tn)g)- By the forcing theorem we have that
Vz3lyp(z,y,7)] € G.
Fix o € M|G] and in M consider the function
F*:M® — MB xB n = (U, by),

where
by = [Fyo(n, y)]

and v, is provided by the Fullness Lemma applied in M to M®B, to find a
v € M® such that

by = [Fyo(n,y,7)] = [¢(n,v,7)].

Then F* is a definable class in M (useful exercise for the reader). Hence we
can apply replacement in M to find 7 C M® x B with 7 € M such that

7= {{vy, by) : n € dom(0)}.

Since 7 € M and (it can be checked that) 7 is a function, we get that 7 € M®.
We claim that 7¢ = Flog].
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76 2 Flog]: Assume a = vg € Flog|. Then for some n € dom(o) with
o(n) € G we have that F(ng) = g holds in M[G].
By the forcing theorem we get that [¢(n, v, 7)] € G. This gives that

by = [, vy, D) = [Byo(n, v, 7)] > [6(n. v, 7)] € G
as well. Hence
MIG] = ¢(ne, (vy)a; Ta),

ie. F(ng) = (v,)e. This gives that (1,)¢ = a = vg. We conclude that
F(ne) = (vy)a € 7¢ since v, € dom(r) and 7(v,)) = b, € G.
¢ C Flog]: Assume v, € dom(7) and b, € G. Then

by = [Byé(n, y. 7)] = [o(n, vy, 7)] -
Since [Va3lyp(z,y, 7)) € G as well, we get that

M[G] = Ayé(ne, y, 7c)
and

MI[G] = é(ne (vy)e; 7a)-
Hence F(ng) = (v,;)¢. Since this holds for all ng € o we conclude that
7¢ C Flog].

Choice. We prove that M|G] satisfies that every set can be well-ordered. More
precisely, we show that VX € M[G], there exists an injection f : X — Ord
belonging to M[G].

Let 7¢ = X € M|G]. Since M F ZFC, there exists f € M such that M F f :
T — [ is a bijection. Recall the operation op defined in exercise 5.1.21 which
gives a canonical B-name for an ordered pair. Let

™ = {{op(o, &), 1g) : o € dom(7), f(0) = a} € MB.
Then:
7¢ = {op(0, @) : 0 € dom(), f(o) = a} =
={(0g, f(0)) : 0 € dom(7)} = R.

Notice that
R C{og:0edom(r)} x 8
may not be a functional relation (there could be distinct o, 0" € dom(7) such
that og = oy, with f(o) # f(o')). Notice also that 7¢ C dom(R): indeed
76 ={0g :7(0) € G} C{og: (0g, f(0)) € R: 0 € dom(7)} = dom(R).

By what we have shown so far M|G| = ZF. In particular we can use the
comprehension axiom in M[G] to refine R to a functional relation g with the
same domain letting:

g=A{(06.§) € R:V¥y € plog,7) € R=E <7}

Clearly R € M|G] implies that g € M|[G] by Comprehension applied in M[G].
We leave to the reader to check that g : dom(R) — Ord is an injective function.
Hence, g witnesses that X = 7 can be well ordered in M|[G].
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The proof that all axioms of ZFC hold in M[G] is complete. O

Corollary 5.4.3. Assume M is a transitive countable model of ZFC and G is M-
generic for a B € M which M models to be a complete boolean algebra. Then M|G]
1 the smallest transitive model N of ZFC with N O M and G € N. Moreover
M|G)NOrd = M N Ord

Proof. G = Gg € MI|G], where G € M?® is the B-name {<l3, b> :be B*}, and
M C MIG] since a¢ = a for all a € M. In particular M[G] C M for all M transitive
model of ZFC containing M and with G € M. Since M[G] |= ZFC and is transitive
we are done.

For the second part of the Corollary (i.e. the assertion that M[G] N Ord =
M N Ord, we proceed as follows: since M |G| = ZFC, we get that

Ord N M[G] = {tk(7¢) : 7 € M®}.

An easy induction show that rk(7¢) < rk(7) for all 7 € M[G], moreover rk(dg) =
rk(a) = o for all limit @ € M N Ord. We get that

MNOrd = {d¢:a € MnNOrd} C OrdN M[G] = {rk(rg) : 7 € M®} C M N Ord.

]



Chapter 6

Appendix

This appendix is meant as an integration to [5, Chapters 111, IV, V] for the parts of
this book which we cover in this course. [5, Chapters III, IV] is our basic reference
and the results in this appendix provides some more details on what is shown there.

Section 6.1 is an integration to [5, IV.1,IV.2IV.3,IV.5 |. Section 6.2 provide a
different approach to the results of [5, IV.8,1V.9,1V.10,V.1] and covers the fragmnt
of these results which we need to provide a solid metamathematical foundation for
our treatment of forcing in chapter 5.

6.1 Absoluteness

Definition 6.1.1.

e R C V™is a definable class if there exists a formula ¢r(z1, ..., 20, Y1, Ymp)
and b, ... bl € V (with the number mp of parameters depending on R)
such that

R={(a1,...,a,): (V,€,=) ):¢R(a1,...,an,bf,...,bﬁR)}.
e R C A? for some A C V is set-like if for all a € A
predg(a) ={b€ A: R(a,b)} € V.

e R C A? for some A C V is well-founded if for all Z C A non-empty, there
exists b € Z such that pred,(b) N Z is empty.

Given some M C N C V, a definable R C V" is absolute between M and N
iff bff,...,bF € M and for all ay,...,a, € M

(N, G,:) ): gbR(al, e ,an,bf, .. .,bﬁbR)
if and only if

(M, e,=) = orlay, ..., an, b, ... ,bﬁR).

Given some M C N C V, a definable G : V™ — V is absolute for M, N if the
graph of GG is absolute for M and N and both M and N models the formula

Vay .. Ve, yoa(zy, ... a0, 9,08, ... aC ).

) I'mag
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e A relation R is absolute for M if it is absolute for M and V. Similarly we
define the notion of a class function G being absolute for M.

e Given a definable class M C V and a formula ¢(zy,...,2y), 0™ (z1,...,2Tm)
is the formula obtained from ¢(zy,...,x,,) replacing all its universal quan-
tifiers Vo by the block of symbols Vady (z,b),... b5 ) — and all its exis-
tential quantifiers 3z by the block of symbols Jxdy, (z,bM, ... b A, Te.

s Ymoar
oM (z1,...,7,,) is the formula obtained restricting all its quantifers to range

over elements of M.

e Given a definable relation R C V™ and some M C V with b, ... bR € M,

»Ymp
RM ={(ay,...,a,) € M : (M, €,=) |:qﬁR(al,...,an,bf,...,bfm)}:
={(a1,...,a,) € M : (V,€,=) F(b%(al,...,an,b{%,...,bﬁR)}.

Fact 6.1.2. Assume R C A", M, A C V are all definable classes, with A and R
defined by formulae with parameters in M.
Then:

o RM = RN M" if and only if R is absolute for M.
o fRC A2 and b€ A,
predp(b) ={a € V:V = ¢a(a,by,..., b0 ) A dgr(a,b,b,... bk )}

YYMmR

is a definable class in the parameters bl . .. ,bﬁA, b bl ..., bﬁR.

o R C A? is well-founded if and only if

V EVz(Fzga(z, bd,... b3 YAz €2) =

1 Ymy
- [Elx(bA(vafa Tt 7b11’?1A) NT €2 /\Vy(qu(y,x,b{%, cee 7b11$13) —Y ¢ Z)]

o R C A? is set-like if and only if

V EVz[ga(z,bi,... b ) = 3yVzlz € y & (da(z, 0], ... b5 VAGR(z, 2, b, ... bE ).

7’n’LA ’mR

If R C A? is set-like, predy : A — V is a definable class given by

predp = {(a,b) : V = Vz[z € b+ (dalz,bi,..., b0 ) Adr(z,a,by, ... bk )]

’YMmR

Proof. Left to the reader. m

Lemma 6.1.3. Assume G; : V™" — V fori=1,....m and R C V™ are absolute
between M C N. Then so is R(G1(x1,...,&n,), .-, Gi(z1,...,2p,)).

Proof. [5, 1V.3.10]. O
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Definition 6.1.4. We enrich the first order syntax with bounded quantifiers Va € y,
dx € y with the provision that

Jr e yo(r,y,xq,...,2,) = d(x,y,21,...,2,) AT E Y

and
Ve € yo(x,y,x1,...,2,) =Vr(x €y) = d(x,y,T1,...,2,).

o(x1, ..., x,) is a Ag-formula in this expanded language if all the quantifiers in ¢
are bounded.

Lemma 6.1.5. Assume R C V"™ is defined by means of a Ag-formula

(i.e. ¢r(x1,...,20,a%, ... aZ ) is a Ag-formula). Then R is absolute between

Y MR
transitive models M C N of ZF — power-set azxiom.
The same holds for any G : V™ — V such that ¢g(z1,...,10,y,a, ... al ) is

a Ao-formula and M, N both model that
Vay .. Ve, yoa(zy, ..., xn,y,a8, ..., aC ).

Proof. [5, IV.3.6]. O

Lemma 6.1.6. Assume M C N and ¢(y, T1, ..., Tp, A1y, ), V(Y, T1, ...y Ty, ay, ...

define properties which are absolute for M, N. Assume moreover M, N are both
models of some theory T and that T proves

Vo1 ... VaVey o Ve, [Yyo(y, 1, .o @0, 21, - 26) < Y(Y, 1, oo Ty 215 - -5 2)]-
Then

R={(by,...,b,) : (V,€,=) EVyd(y,b1,...,bn,a1,...,a5)} =
={(b1,...,bn) : (V,€,=) F y(y,b1,...,bn,a1,...,ax)}
s absolute for M, N .
Proof. Assume RM(by,...,b,). Then for some b € M
(M, e,=) Ev(b,b,...,0n,a1,...,a5)
But ¢(b,by,...,by,a1,...,a;) is absolute between M, N, yielding that
(N,€,=) = Jap(z,b1,...,by,a1,...,a5)

as witnessed by b € M. Thus we get that RV (by,...,b,) holds.
Conversely assume R™(by,...,b,). Then for all b€ N

(N, €,=) E o(b,by,....by,a1,...,a;)
But ¢(b, by, ..., by, a1,...,a;) is absolute between M, N for all b € M, yielding that
(M, e,=) E o(b,by,...,bn,a1,...,ax)
for all b € M. Thus we get that
(M, e,=) EVyd(y,b1,...,bn,a1,...,ax)
and also that RM(by,...,b,) holds. O
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Definition 6.1.7. A relation R C V™ is provably A; over a theory T in the language
of set theory if for every transitive model M of T' we have that for Ag-formulae ¢, v
and by, ..., b, € M

RM ={(ay,...,a,) € M™: (M, €,=) | Jxo(x,a1,...,an,b1,...,bm)} =
={(a1,...,a,) € M": (M, €,=) EVa(x,a1,...,an,b1,...,bn)}.

The following is an immediate corollary of Lemmas 6.1.5, 6.1.6:

Lemma 6.1.8. Assume R is provably Ay over a theory T extending ZF—Power-set
axiom. Then R is absolute for M, N if both are transitive models of T'.

Lemma 6.1.9. Assume M is transitive and is a model of ZF — Power-Set Axiom.
Assume A C V and R C A? are definable classes defined by parameters in M.
Assume M models that R is set-like and well founded. Then M models that there
15 a unique definable class function

rk} 1A — Ord
a — 1k (a) = sup{rk} (b) + 1 : b € predy(a)}

Proof. Let ¢, (2,0, ...,b4 bE ... b2 ) be the following formula:

» Ym0 »Ymp

(z is a function ) A (ran(z) is an ordinal ) A (dom(z) C A)A
AVt € dom(z)(predg(t) € dom(z))A

AVt € dom(2)(2(t) = | J{z(u) U{u} : u € predp(t)})

We leave to the reader to check that the above expression can be meant as a short-
hand for a formula in the parameters bl ... b A,b{{, e ,bffm which are needed
to define the class-function predp, the formula (dom(z) C A), and the formula
(predg(t) € dom(z)). Now we can use the transfinite recursion theorem on the
well-founded relation R inside M, to check that

kY = {(a,b) € M?: (M, €,=) = 32(a,b) € 2 A b, (2,05, ..., 02 BE .. bE ) =

?VmAp? ’YMmRpR

= {(a,b) € M?: (M, €,=) = Vabu, (2,08, ..., 02 b . bE Yy Aa € dom(z) = z(a) = b}.

» Ym0 »Ymp

]

Lemma 6.1.10. Assume A CV and R C A? are definable classes and are absolute
between M and V. Assume R is set-like and such that predy is absolute between M
and V. Assume further that M is transitive and is a model of ZF — power-set azxiom.

Then RN M? = RM s well-founded in V if and only if RM is well-founded in
M.

Proof. Assume RM = RN M? is well-founded in V. Pick a non-empty Z € M such
that M = Z C AM  Since Z € M and M is transitive, we have that Z C M and
since A is absolute for M, we have that AM = AN M. In particular V | 0 # Z C
AM = AN M. Since RM is well-founded in V, Z has an RM-minimal element a in
V. Since Z C M, a € M and since RM = RN M?, we have that M models that a is
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RM_minimal. Since this holds for all Z € M, we conclude that M models that RM
is well-founded.

Conversely assume that RM = RN M? is well-founded in M. Towards a con-
tradiction assume R N M? is not well-founded in V. Then there exists a sequence
(a, :n € w) € V such that a; € M and R(aj+1,a;) holds in V for all j € w.

Now M = RM is well-founded and M is a transitive model of ZF—power-set axiom.
Thus in M we can define rk% : AM — Ord™ such that

vk} (a) = sup{rk (b) + 1 : b € pred} (a)}.

Observe that R(a,b) entails that rk} (a) € vk} (b). Since a; € M for all j € w, we
get that for all j € w

M [tk (aj) > kg (aj41).
But rk} (a;) is an ordinal of M and thus really an ordinal in V, since M is transitive.
This gives that (a; = rk} (a;) : j < w) € V is a strictly decreasing sequence in
Ord™ = OrdN M, which contradicts the validity of the Foundation axiom in V. O

One can check that many notions which are defined using transifinite recur-
sion over well-founded relation are absolute between transitive models of ZF —
power-set axiom.

Lemma 6.1.11. Assume A CV and R C A? are definable classes and are absolute
between M and V. Assume R is set-like and such that predy is absolute between M
and V. Assume further that M is transitive and is a model of ZF — power-set axiom.
Assume R is well-founded in V and F : AXV — V is a definable class-function
which s absolute for M.
Then G : A =V given by G(a) = F(a,G | predg(a)) is absolute between M and
V.

Proof. Assume for some a € M N A = AM we have that GM(a) # G(a). Let a be
R-minimal in V in the non-empty sub-class of A = AN M definable in V as:

{ac MNA:(V,e,=) = WIz(y # 2) Adala,y,af,...,aC A

Y 'mag

/\QSM(z,a{V[,...,a%M) A oY (a, z,a?,...,agc)}.

Then G(a) = F(G | a) = F(GM | a) = FM(GM | a) = GM(a), a contradiction. [
Examples on how to employ the above Lemma are given by the following:

Lemma 6.1.12. Let trcl : V. — V' be the class function mapping a set a to its
transitive closure trcl(a), i.e. the intersection of all transitive sets b O a. Then trcl
18 absolute for any M which is a transitive model of ZF — power-set aziom.

Proof. Tt can be checked that trcl(a) = U{UJ"(#) : n € w} where J°(z) = = and
U™ (z) = U(U"(z)). We show that this definition of trcl can be given by applying
the transifinite recursion theorem on the well founded order (w, €). Such an order
relation is well-founded and absolute for transitive models of ZF — power-set axiom.
To define trcl(a) consider the function F'(z,y, z) defined as follows:

{F(Jc,y,z) =Uy(r—1,2) if ) # 2 € w and y is a function and dom(y) = = x {z},

F(z,y,z) = z otherwise.



136 CHAPTER 6. APPENDIX

We leave to the reader to check that F(z,y,2) = w can be defined by means of a
Ag-formula.

Now apply the transfinite recursion theorem in M and in V' to (w, €), to get that
G(n,a) = F(n,G | n x {a},a) is absolute between M and V and G(n,a) = J" a.
Finally apply replacement in M and in V' to get that trcl(a) = | Glw x {a}]. Check
that the formula ¢(z,y,w,t) stating that

d(z,y,w,t) =(t =w) A (w is a function) A (dom(w) =t x {z})A
Ay = ran(w)) A (Vn € t(w(n, z) = F(n,w [ n x {z}, 2))

is expressible by a Ag-formula and that trcl(a) = b if and only if
V = Yy ¢la,y,w,w) =y =D

if and only if

V = Jwo(a, b, w,w).
Moreover this checking amounts to give a proof in ZF — power-set axiom of the
formula:

ViVuVz(z = w) = [(YwVyo(t,y, w, 2) = y = u) <> Jwe(t, u, w, 2)].

In particular Jwe(t, v, w,w) = YwVye(t,y, w,w) — y = w is a provably A;-property
in models of ZF — power-set axiom. Thus

Fwo(t, u, w,w) = VuVy(t, y, w,w) =y =u

defines a property which is absolute for transitive models of ZF — power-set axiom
by Lemma 6.1.8. O

We now give a second example in which the recursion is done on a more complex
relation which one can prove that it is well-founded in M, and then argue that it
remains well-founded in V' using Lemma 6.1.10.

Lemma 6.1.13. Let M be a transitive model of ZF — Power-set axiom and R € M
be a well founded relation in M on some set A € M. Then R is well-founded in V'
and the Mostowski collapsing map wg : A — V' given by mr(a) = mgrlpredg(a)] is
absolute between M and V.

Proof. Since R is a set, RM = R is set-like and such that the class-function pred, =
pred]\}g € M is absolute between M and V. Since M models that R is well-founded,
V models that R is well-founded by Lemma 6.1.10. Now 7y is defined by induction
on R = RM using the class function F': Ax V — V defined by (a, g) — g[predg(a)],
since
mr(a) = mr[predg(a)] = F(a, mR).

It can be checked by means of the standard methods that F'(a,g) = c is definable
by a formula ¢r(z,y,2) which is absolute for M. By Lemma 6.1.11, we get that
TR = W%.

O
Lemma 6.1.14. Letrk : V — Ord be the class function mapping a set a to its rank.
Then rk is absolute for any M which is a transitive model of ZF — Power-set axiom.

Proof. Left to the reader (hint: use the definition rk(a) = sup{rk(b)+1:b € a}). O
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6.2 Syntax and semantics inside V

We can code the syntax and the semantics of any first order language inside V' in
an absolute manner. We limit ourselves to describe how to code the syntax and the
semantics of the language for ZFC with two binary relation predicates for = and €.

6.2.1 Syntax

e The set of natural numbers w stands for the set of free variables {z,, : n € w}
of the language.

e (i,7,0) with 4,5 € w stands for the formula z; € x;.
e (i,7,1) with 4, j € w stands for the formula z; = x;.
e Given formulae ¢, v:

— (o, w, 0) stands for the formula ¢ V 1.

— (¢,1,1) stands for the formula ¢ A 1.

— (o, w 2) stands for the formula —¢.

— (¢, %, 2n + 3) stands for the formula Jx,,¢.
— {(¢,1,2n + 4) stands for the formula Vx,,¢.

Formally we define the set Form C V, by recursion on w, letting F': VZxw — V
be defined by F(z,y,w) = (x,y,w). Now we can let

AtForm = {(i,j,k) ;i €ewANjewNk €2}
represent in V' the set of atomic formulae and

Form:ﬂ{ZQVw:AtFormgZ/\VxEZVyGZVwGwF(z,y,w) €7}

represent in V' the set of formulae.

Clearly AtForm is absolute for transitive models of ZF — {Power-set axioms} and
by the same methods by which one can prove that w is absolute for transitive models
of ZF — {Power-set axioms}, one can also prove that Form is absolute for transitive
models of ZF — {Power-set axioms}.

Moreover the functions:

e Subform : Form — [Form]<¥ recognizing which are the proper subformulae of
a formula,

e Freevar : Form — [w]<* recognizing which are the free variables of a formula

can also be shown to be absolute for transitive models of ZF — {Power-set axioms}.
We leave the details to the reader.
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6.2.2 Semantics

As of now we have just defined certain subsets of V,, which are absolute for transitive
models of ZF — {Power-set axioms} . In order to show that they can really represent
the concept of formula as the extension of a set in V', we need to define a semantic
inside V' which given a Tarski structure (M, €,=) € V shows that our definition
in the meta-language of (M, €,=) = ¢(ay,...,a,) given according to Tarski truth
rules can be described as a definable property in V' of the triple (M, ¢, (a1,. .., a,))
where ¢ is the triple (z,y,j) in Form which codes the formula ¢ as an element of
Form.

Definition 6.2.1. The satisfaction predicate
Sat : V x Form x V=¥ — 3

(where 0 stands for false, 1 for true, 2 for meaningless) is defined by the following
rules:

(Sat(Z, ¢,d@) = 2 if Freevar(¢)  dom(a)
(i.e. @ does not give an assignment to some of the free variables of ¢),

orif d = {(ay,...,a,) & Z<¥, otherwise:

Sat(Z,z; € zj,(a1,...,a,)) = 1if q; € a; and 0 otherwise ,

Sat(Z,7; = z;, (a1, ...,a,)) = 1 if a; = a; and 0 otherwise ,
Sat(Z,0 A @, {ar,...,a,)) = Sat(Z,9, (a1, ..., a,)) - Sat(Z, ¢, (ay, ..., an)),
Sat(Z,% V ¢,{a1,...,a,)) = max{Sat(Z,v, (a1, ...,a,)),Sat(Z, ¢, (a1, ...,an))},

Sat(Z, =, {ay,...,a,)) =1 —Sat(Z,, {ay,...,a,)),

Sat(Z, 3wy, (i), ... T5,), (A, - -, Gn)) =
= sup{Sat(Z, (v, ..., 25), (a1, ... a;y_,, 0,0 ,...,0,)) @ € Z},

Sat(Z, Vi, Y(ziy, ..., Ty), (a1, ..., 0n)) =
= inf{Sat(Z, (@i, ..., 25), (a1, ... a;,_,,0,05,,,,...,a,)) :a € Z},

\

Lemma 6.2.2. Sat : V3 — 2 is a definable class-function which is absolute for
transitive models M of ZF — power-set axiom with Z € M.

Proof. We leave to the reader to check this property of Sat by means of the methods
developed in the first section of this chapter. m

Moreover:

Lemma 6.2.3. For any formula ¢(xy,...,x,) and any Z € V and (ay,...,a,) €
Z<w
(Z,€,=) = é(a,...,an)
iof and only if B
(V,e,=) = Sat(Z, ¢, (a1, ... ,ay))
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Proof. The proof is a straightforward induction on the complexity of ¢ and is left
to the reader. O

Lemma 6.2.4 (Downward Lowenheim-Skolem Theorem). Assume X C Z are sets
in V.. Then there is a set W € V with X CW C Z, such that |W| = |X|+ Xy and

V EVa € W<“V¢ € Form[Sat(Z, ¢,d) = Sat(W, ¢, d)]

Proof. Since V is a model of ZFC we can run inside V' the proof of the Downward
Lowenheim-Skolem Theorem where we replace the notion of formula by elements of
Form and the notion of Tarski truth is interpreted by means of the class function
Sat. O

6.2.3 Getting countable transitive models of ZFC

We use the previous results to argue the following:

Lemma 6.2.5. Assume there is a strongly inaccessible cardinal k € V. Then there
is a countable transitive M € V which is a model of ZFC.

Proof. By [5, Theorem IV.6.6], V,, = ZFC. Apply the previous Lemma to X = 0 to
get some countable W such that

V = Va € W<“V¢ € Form [Sat(Vy, ¢, @) = Sat(W, ¢, @)].

Then € NW? is extensional and well founded since (W, €, =) models the axiom of
extensionality, being a model of ZFC.

This gives that the Mostowski collapsing map my : W — V of the well-founded
relation € NWW? on W? is an isomorphism with its image M = my [W] and that
M € V is transitive and countable, being the image of the set W € V. Since
mw € V we get that

V Emy : W — M is an isomorphism of (W, €,=) with (M, €,=).
This gives that for all ¢ € Form and {ay,...,a,) € W<
V = Sat(W, ¢, (a1, ..., a,)) = Sat(M, ¢, (mw(ay), ..., mw(an))).
But this gives that (M, €,=) is a model of ZFC since for all axioms ¢ of ZFC
(V,€,=) = Sat(M, ¢,0)
and by Lemma 6.2.3 this occurs only if

(M7€7:> ): .
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