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Russell’s paradox

Two fundamental principles.

Extensionality principle

Two sets are equal if and only if they have the same elements.

Thus a set is completely determined by its elements.

Comprehension principle

Any property P(x) defines a set, there is a set {z | P(z)}.

Russell's paradox

Consider property P(z) given by x ¢ x and let R = {z | = ¢ z}.

R¢R=RecRandRER= R¢R
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The axioms of MK

Fix a first order language L< with only a binary predicate €.
The objects of our studies are called classes.

Definition

A class A is a set iff A belongs to some class. Let Set(z) be the formula
asserting that x is a set: Jy(z € y). A proper class is a class that is not a
set.

We now define the Morse-Kelly MK first order theory in the language Lc.
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The axioms of MK

Extensionality Axiom

Vz(z€ez e zey)=c=y.

Comprehension Axiom-scheme

If = occurs free in @(x,y1,...,yn) and A is a variable distinct from
ZTyYly .-y Yn, then JAVZ (z € A= Fz(z € 2) A (2, y1,- -, Yn))-

In other words: for each ¢ and every choice of classes y1, ..., ¥y, there is
a class A of all elements satisfying @. By extensionality A is unique, and it
is denoted by

A={z | o(@.y1,- - ya)}

Warning;:
There are infinitely many axioms, one for each .
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The axioms of MK

Back to Russell's paradox: by comprehension R = {x | = ¢ x} is a class. If
R were a set, then R € R < R ¢ R, a contradiction. Therefore R is a
proper class.
Notation

o {xre A| @(x,y1,...,yn)} is the class given by the formula
r€ANQT, Y1y Yn)-
AnB={z|z€ANzeB}={zxecA|lzeB={zxeB|zec A}
AUB={z|ze AV € B}.
A\B={z|ze€ANx ¢ B}={x€ A|z ¢ B}.
AAB=(A\B)U(B\A).

By the Extensionality Axiom AN B=BNA, AUB=BUA and
AAB=BAA.
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The axioms of MK

Set Existence Axiom
Jz3y (x € y).

Definition |
x is a sub-class of y if and only if Vz(z € = z € y). In symbols x C y.

If y C x and z is a set, we want also that y be a set.

Power-set Axiom

If = is a set, then there is a set y such that Vz (z C x < z € y).

The set y is unique by extensionality, and is denoted by Z(z).

Corollary 16.2

If B is aset and A C B then A is a set. Equivalently: if A is a proper
class and A C B then B is a proper class.
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The axioms of MK

The empty class {z | z # z} = () is included in any set, so it is a set.

Pairing Axiom
Set(z) A Set(y) = Fz(Set(z) AVw(w €z w=zVw=y)).

The set z above is denoted by {x,y}. If x =y we write {z}. Define

(z,y) = {z} {z, y}}-

For all sets x, y, z, and w,

Proposition 16.3
(z,y) = (z,w) ©x=2Ay=w. ‘

See the textbook for the proof.
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The axioms of MK

Foundation Axiom
r#0=TylycxAzny=0).

If x € x, then {z} is a set, and by the axiom of foundation there is y € {x}
such that y N {z} = 0: but y =z and x € x N {z}, a contradiction.

Definition

V & {2 | = 2} is the class of all sets.

Definition

If Ais a class the union of Ais(JA =J,c2 Ly |3 e Ay ex)}

def

and the intersection of Ais A= \,c 2= {y| Ve c A(y € x)}.

By convention: if A= () then A= 0.
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The axioms of MK

Union Axiom
If Ais a set, then also [J A is a set.

def

If z and y are sets, then {z,y} and z Uy = |J{x,y} are sets.
AxBE{(z,y) |z € A,ye B} ={c|JaTb(a € ANbe BAc=(ab))}
is a class, and it exists by comprehension.

Proposition 16.6 |
If A and B are sets, then also A x B is a set.

Proof. |
It is enough to find a set containing A x B. If x € A and y € B, then
{z},{z,y} € AU B and therefore (z,y) = {{z},{z,y}} C Z(AUB). It
follows that A x B C Z(#(AU B)). O

.
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The axioms of MK

By the pairing and union axioms we can construct infinitely many new

sets: {0}, {{0}}, {{{0}}}, ({{{0}}}}, ... or
{0} = S(0),{0,{0}} = S({0}), {0, {0}, {0, {0}}} = S({0,{0}}), . .. where

S(z) ¥z U {z}

is the successor .
A class I is inductive if ) € I A Va(z € I = S(x) € I).

Axiom of Infinity
There is an inductive set.

Definition

N & (1Z where T is the class of all inductive sets.

0=0, 1=S5(0), 2 =S(1) = S(S(0)), ...
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The axioms of MK

Proposition 16.7
NeZandVn e N(n=0V3Im e N(n = S(m))).

Proof. |
0€forall I €Z, and hence 0 € (\Z =N.

Fix n € N: n € I and hence S(n) € I for all I € Z. Being I € T arbitrary,
then S(n) e YZ=N. Thus Ne Z.

Let n € N\ {0} and towards a contradiction suppose that n # S(m) for

all m € N. Then the set J = N\ {n} satisfies the formula defining Z and
hence J € Z. It follows that J O (1Z = N, but J C N by construction: a
contradiction. my

A. Andretta & R. Carroy (Torino) Elements of Mathematical Logic AA 2024-2025 11/20



The axioms of MK

Proposition 16.8—Principle of Induction on N
Suppose that 0 € ] C N and Vn(n € I = S(n) € I). Then I =N. (

Proof.
I €7 andsol DON. D(

A binary relation is a class of ordered pairs. A binary relation F is
functional if (z,y), (z,y) e F =y =1y

We write = R y rather than (z,y) € R. If R is functional, then
R(x) = the unique y (if it exists) such that (z,y) € R.

dom(R) = {z | y((z,y) € R)}
ran(R) = {y | z((x,y) € R)}
fld(R) = dom(R) Uran(R).
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The axioms of MK

Proposition 16.9
If R is a set, then dom(R), ran(R), fld(R) are sets.

Proof. ‘

If € dom(R) then x € {z} € (z,y) € R, for some y, and so
x € J(UR), hence dom(R) C |J|J R. The case for ran(R) and fld(R)
are similar. L)

Proposition 16.10 |

Let F be a class of functions and suppose it is upward-directed by C.
Then [J F is a functional relation.

Proof. |

|J F is a class of ordered pairs. Suppose (z,y) € |JF and (z,2) € UF
and hence (z,y) € f e (z,2) € g, for some f,g € F. Let h € F be such
that f,g C h: then (z,y), (z,2) € h and hence y = z. O
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The axioms of MK

Theorem 16.11

There is no function f such that dom(f) = N and f(S(n)) € f(n) for all
n €N

Proof.
Suppose such an f exists. As () # ran(f), by the axiom of foundation

there is y € ran(f) such that y Nran(f) = 0. Let n € N be such that
y = f(n). But f(S(n)) € f(n) Nran(f): a contradiction. O
Definition
If F'is a functional relation and A is a class, let
F[A] ={F(z) | z € Andom(F)}
FlA={(z,y) € F |z e A}.

A. Andretta & R. Carroy (Torino) Elements of Mathematical Logic AA 2024-2025 14 /20



The axioms of MK

Exercise
If F'is a set, then so is F[A].

Axiom of Replacement (strong form)

If F'is a functional relation and A is a set, then F[A] is a set.

AB=BA={F|F: A— B}
Proposition 16.13
If A and B are sets, then B is a set.

Proof.
BAC Z(A x B).
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The axioms of MK

From the axiom of replacement we obtain:

Proposition 16.14
If A is a proper class and A = B, then B is a proper class. ‘

Notation
(a; | i € I) is the function I 3 i — a;. ‘

For example, s = (ag,a1,...,an—1) is the function with domain
n=1{0,1,...,n — 1} assigning to every i < n the set q;.
n = dom(s) is the length of s, and it is denoted with lh(s).
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The axioms of MK

If X is a class, then X<N = {s | s is a finite string and ran(s) C X}.

Exercise
Show that if X is a set, then X<N = [J{X™ | n € N} is a set.

If I'is asetand (A; | i€ I)is a sequence of sets, let

XierAi = {f | [ is a function, dom(f) = I and Vi € I (f(i) € A;)}.

Thus if A; = A for each i € I, then X;e;A; = Al

If A;, = 0 for some ig € I then X;crA; = (). Does the vice-versa hold? We
want to exchange the quantifiers, from Vi € I3z(x € A;)' to

Vi e I(f(i) € Ay)'.

If A (isaset and VA € A(A # (), then thereis f: A — |JA such

Axiom of Choice (AC)
that VA € A(f(A) € A).
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The axioms of MK

Recapping: MKC = MK + AC, and the axioms of MK are:

Extensionality: Vz(z €ex &z €y)=>ax =y

Comprehension: 3AVz (x € A< Jz(x € 2) A @(x,Y1,---,Yn)),
where x is free in @(z,y1,...,yn) and A different from z,y1,...,yn

Set-existence: Jz3y (z € y)

Power-set: Set(z) = 3z (Set(2) AVt(t € z =t C x))

Pairing:

Set(x) A Set(y) = Jz(Set(z) AVw(w ez w=axVw=y))
Foundation: x # 0 = Jy(ycx AyNax =0)

Union: Set(z) = Ju (Set(u) AVz(z € u< Jy(y € x Az €y)))
Infinity: 37 (Set(I) AD € I AVx(x € I= S(z)e))
Replacement: VEVA ((Vz3ly(z,y) € F A Set(A)) = Set(F[A])).
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The axioms of ZF

The theory Zermelo-Fraenkel ZF is formulated in the language with just

one binary predicate €. The objects in this theory are sets. The axioms of
ZF are:

Extensionality: Vz(z ez &z €cy)=>ax =y
Separation: JAVz (x € A< x € BA (2,91, ..,Yn, B)), where x is
free in @(x,y1,...,yn, B) and A differs from z,y1,...,yn, B.

A={x € B| o(z,y1,...,Yn, B)} is the subset of B made-up of the
elements that enjoy property @.

Power-set: 32Vt (t € z &t C x)

Pairing: 32Vw (w € z & w =2z Vw =y)

Foundation: z 20 = Jy(y ez AyNaz =0)

Union: FuVz (z €eu < Jy(y ez Az € y))

Infinity: 31 (0 € I AVx(x € I = S(z) € I))

Replacement: Vx € Adlyp = dBVx € Ady € B, for any formula
o(x,y, A,wy,. .., wy).
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Functions and relations

Definition. |
A finitary function or operation on X is an f: X" — X for some n € N,
called arity of f, n = ar(f).

If n =0 then f: {0} — X, so the 0-ary functions on X can be identified
with the elements of X.
Y C X is closed under f if f[Y"] CY.

Exercise |
Let Y C X andletC={Z C X |Y C Z A Z closed under f}. Show that
C # 0 and that (\C is the smallest Z C X containing Y and closed under
f.

v

The set (C is the closure of Y under f, in symbols Cl¢(Y").
Similarly one defines Clz(Y') when F is a family of finitary functions on X.
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