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Problems 1.1

@ Let ¢ : U; : Viyi=1,2, be complex charts on X with U;NU, # @. Suppose
t’}_l.at ?2 2 ¢l. 01U NUy) — #2(Uy NU,) is holomorphic. Show that it is
bl]ectl:’?,‘\vlth inverse ¢, o b5 $2(Uy NU,) — ¢, (U; NU,), proving that

¢10¢; " is also holomorphic.

.Let ¢ : U — Vbeacomplexcharton X,and let ¥ : V — W be a
holomorphic bijection between two open sets in C. Show that o¢: U = W
is a complex chart on X. Show that ¥ o ¢ is compatible with any chart on
X which is compatible with ¢.

C. Verify that any two sub-charts of a complex chart are compatible (Example

1.9 of the text).

Verify that any two charts in Example 1.2 are compatible.

Verify that any two charts in Example 1.3 are compatible.

Check that no chart of Example 1.2 is compatible with any chart of Example

1.3 of the notes if their domains intersect.

G. In Example 1.13, where an atlas of the Riemann Sphere is defined, check
that indeed ¢, o ¢! sends z to 1/z as stated.

H. Show that equivalence of complex atlases is an equivalence relation.

I. Equivalent atlases may be partially ordered by inclusion. Show that any

atlas is equivalent to a unique maximal atlas.

J. Show that holomorphic bijections between open sets in the complex plane
preserve the local orientation.
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2. First Examples of Riemann Surfaces

In this section we'll present some easy examples of Riemann surfaces, espe-
cially of compact Riemann surfaces. These include the projective line, complex
tori, and smooth plane curves.

A Remark on Defining Riemann Surfaces. To define a Riemann surface,
it would appear that one needs to start with a topological space X, second
countable, connected and Hausdorff, and then define a complex atlas on it; in
other words, one needs to have the topology first, and then one can impose the
complex structure. This is not completely accurate; one can often use the data
defining an atlas to also define the topology.

This observation is based on the following remark: if an open cover {U,} of
a topological space X is given, then a subset U C X is open in X if and only if
each intersection U NU, is open in U,.

More generally, if any collection {U,} of subsets of a set X is given, and
topologies are given for each subset U,, then one can define a topology on X by
declaring a set U to be open if and only if each intersection U N U, is open in
Ua
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Problems 1.2
on of subsets {Ua} of a set X are given, and topolo-

A. Verify that if any collecti
gies are given for each subset Uas then a topology can be defined on X by
X if and only if U N Uq is open in

declaring that a subset U C X is open in
ach U, is connected. Form a graph with one

U, for every o.
em A, that e
connected by an edge to

B. Suppose, in probl
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vg if and only if Us NUp # 0. Prove or disprove: X is connected if and only

O if the graph is connected.
to 2 sending [z : w] to

C. Check that the function from P!
(2Re(wz), 2Im(wz), |wl* = [21°)/ (o] + |2[°)

is a homeomorphism onto the unit sphere in R®. Therefore the projective

lsilrlle is a compact Riemann surface of genus zero
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